HW #9

ALGEBRAIC NUMBER THEORY, GU4043; INSTRUCTOR: GYUJIN OH

Reading Homework. Try Exercises 4.6, 4.7, 4.8, 4.9 in the textbook. Read its solutions in the
back.

Question 1.

(1) Find all integers a € Z such that 5X? = a has a solution in Z5 = Og,.
(2) Show that f(X) = X* —2X3 — X2 4 6 is irreducible in Q[ X].

Hint. Use the 2-adic Newton polygon (Theorem 4.43) and Gauss’s lemma to deduce that,
if f(X) is not irreducible, f(X) = g(X)h(X) for g(X),h(X) € Z[X] with degg =
deg h = 2. Deduce a contradiction by combining information you can obtain by applying
Hensel’s lemma mod 2 and mod 3.

Question 2. This generalizes HW#7, Question 2.

Let n > 1 be an integer, and let K’ be a number field that contains Q((,). Let &« € K. Suppose
that « is not an ¢-th power in K for any prime divisor ¢ of n (i.e., for each prime divisor ¢ of n,
there is no x € K such that o = z%). Consider L = K ({/a). Let p be a nonzero prime ideal of
Ok, and let p be the rational prime that p divides.

(1) Show that X™ — « is irreducible in K[X], so that [L : K] = n.

Hint. For a monic polynomial h(X) dividing X™ — q, its roots are all of the form ¢J {/a.
Look at the constant term of h(X).

(2) Show that L/ K is Galois, with Gal(L/K) = Z/nZ.

(3) If vy(v) is not divisible by n, show that p is ramified in L.

(4) Suppose that (n,p) = 1. If v,(«) is divisible by n, show that p is unramified in L.
Hint. Use the relative discriminant.

(5) More precisely, in (3), show that f, g can be described as follows. Take o« = 7™ u, where 7
is a uniformizer of K, m € Z, and v,(u) = 0. Consider the prime factorization of X™ —u
in kg, [X], where ki, is the residue field of K, written as

X" —u=hi(X) hn(X), hi(X), hn(X) € kg, [X].
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Then, g = m, and f = & = deghy = - -- = deg hp,.

Hint. Show that ¢} # 1 (mod p)forj = 1,--- ,n—1. Use this and Hensel’s lemma to show
that the prime fatcorization of X™ — u in K,[X] is given by X" — u = hy(X) - - - by, (X),
where deg h; = deg h;, and h; is a lift of h;. Use (1) and Theorem 4.53 to finish.

(6) Suppose that p|n, and let k = v,(n) (i.e., p* divides n and p**! does not). Suppose that

vy () is divisible by n, so that & = 7™« for a uniformizer 7 of K, m € Z, and v,(u) = 0.
Finally, let

B {O if p is odd

|1 ifpiseven
Show that p is unramified in L if u € Ok, isa pP-th power modulo 7%/ <O K-

Hint. Let n = p*n/, (p,n’) = 1. Use Exercise 4.4 to show that any element of 1 +
7K/ Oy is a pF-th power. Use Theorem 4.53 to show that p is unramified in K ( %/a)
if v is a p*-th power in K. Use (5) to show that p is unramified in K( /«).

Question 3. Let K be a number field, and let p be a prime ideal of Ok. For any positive integers
N, M > 0, show that there exists a number field L over K which has a prime ideal q that divides
p such that e(qlp) > N, f(alp) > M.

Hint. Use Krasner’s lemma, HW#8, Question 2(2).



