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PREFACE

This text is based on the lecture materials for GU4043, Undergraduate Algebraic Number The-
ory, taught in the Spring 2024 semester at Columbia University. The reader is assumed to have
taken the standard undergraduate courses in abstract algebra and Galois theory. A background
in complex analysis and Fourier analysis will also be helpful.

We aim to emphasize how the classical concepts in algebraic number theory connect to more
modern developments. In particular, we introduce the statements of class field theory without
providing proofs. The main focus is to understand the statements and their usefulness. We also
include many concrete applications, such as the connection to various generalizations of the
quadratic reciprocity law.

In addition, we provide a light introduction to the “analytic side of algebraic number theory”,
by which we mean the study of (special values of) L-functions. We highlight the amount of arith-
metic information encoded in these special values, again by invoking (without proofs) important
theorems such as the analytic class number formula.

Background material in commutative algebra is included in the Appendix. Each section ends
with a set of exercises, with solutions provided at the end of the text.

We thank the students of GU4043 for their participation.



INTRODUCTION: MORDELL’S EQUATIONS

One of the most fundamental problems in number theory is that of solving a Diophantine
problem. Generally speaking, a Diophantine problem means looking for solutions, in integers
or rational numbers, of an algebraic equation in several variables with integer coefficients. We
gently motivate ourselves with a particular type of Diophantine equations, Mordell’s equations.
We will be able to see the hints of many central themes of algebraic number theory by looking
at Mordell’s equations.

The Mordell curves or Mordell’s equations are equations of the form

v =2>+n, ncZ

It is called a curve because the implicit equation draws a curve in the xy-plane. Some Diophantine
problems that one can come up with from this equation are as follows.

(1) Is there an integer solution?
(2) Is there a rational solution?
(3) How many integer solutions are there?
(4) How many rational solutions are there?

In fact, the Mordell curves are examples of elliptic curves, and finding the rational solutions to
elliptic curves is a hard question related to a very subtle arithmetic invariant of an elliptic curve
(this is the subject of the Birch-Swinnerton-Dyer conjectures), which is beyond the scope of
the text. We can still say something about their integer solutions, and finding (or not finding)
them uses some elementary but crucial ideas in number theory, such as unique factorization
and quadratic reciprocity.

95% of people cannot solve this!
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Figure 1. Finding a rational solution to an elliptic curve is very much related to the notorious
“fruit equation meme”.!

As we work with integers, we can use prime factorization of numbers.
Theorem 0.1. The only integer solutions to y*> = z* + 16 are (z,y) = (0, +4).

Proof. We can write this as 2% = y* — 16 = (y — 4)(y + 4). If y is odd, then (y — 4,y +4) = 1,
so both y — 4 and y + 4 are odd cubes. No odd cubes differ by 8, so it is a contradiction. Thus,
y is even, so x is even. Since x° is divisible by 8, y? is divisible by 8, so y is divisible by 4. Thus,

The smallest solutions to this equation are
apple = 154476802108746166441951315019919837485664325669565431700026634898253202035277999,

banana = 36875131794129999827197811565225474825492979968971970996283137471637224634055579,
pineapple = 4373612677928697257861252602371390152816537558161613618621437993378423467772036.



y* — 16 is divisible by 16, so 23 is divisible by 16, so z is divisible by 4. Letting = 4s and y = 4t,
we get 453 = t2 —1,s0tisodd, t = 2n+ 1. So 453 = 4n? +4n, or s> = n> +n = n(n+1). Since
(n,n + 1) = 1, this means both n, n + 1 are cubes. The only possibilities of two cubes differing
by 1aren = —1 (sothatn+ 1 = 0)and n = 0 (so that n + 1 = 1). Thus ¢t = £1, y = +4, and
r=0. U

In fact, the prime factorization holds more generally in all unique factorization domains (UFDs),
which can be used for solving Mordell’s equations.

Theorem 0.2. The only integer solutions to y* = 2 — 1 are (z,y) = (1,0).

Proof. Note that 7 (mod 8) is not a square, so z is an odd number. Note also that 2% = y> + 1 =
(y —i)(y + i) in Z][i]. Since Z[i] is a Euclidean domain, it is a UFD. Let d be a greatest common
divisor of y — i and y + 4. Then, d divides (y + i) — (y — i) = 2i. Thus, N(d) = dd € N divides
N(2i) = 4. Moreover, d divides y — 7, so N(d) divides N(y —1) = (y —i)(y +i) = y* + 1 = 23,
which is odd. Thus, N(d) = 1, so dd = 1, which means d is a unit. By the unique factorization of
Z[i], both y — i and y + i are cubes up to a unit. On the other hand, if a + bi € Z[i] is a unit, then
N(a+bi) =1,s0a®+b* =1, so either (a,b) = (0,41) or (1,0). This implies that the units of
Z|[i] are {1, —1,4, —i}. Since any unit of Z[i] is a cube, this implies that y — ¢ and y + ¢ are both
cubes.
Now this means that there are ¢, d € Z such that

y+i=(c+di)® = (c* - 3cd?) + (3c*d — d*)i
This implies that d(3¢® — d?) = 3¢?d — d® = 1. Since d divides 1, d = +1. If d = 1, 3¢ — d*> = 1,
or 3¢ = 2, which is a contradiction. If d = —1, 3¢> — d> = —1, or 3¢® = 0, so ¢ = 0. Then,
y+i=(—i)>=4i,so0y=0and z = 1. O

In the above proof, we used two ingredients, one being that Z[i] is a UFD and the other being
the characterization of the units of Z[i]. In the process, we also used the notion of the norm.

Theorem 0.3. The only integer solutions to y*> = x> — 2 are (z,y) = (3, 45).

Proof. Note that 6 (mod 8) is not a square, so z is an odd number. Note also that 2% = y*+2 = (y—
V—=2)(y ++/—2) in Z[/—2]. Since Z[v/—2] is a Euclidean domain, it is a UFD. Let d be a greatest
common divisor of y — /—2 and y + v/—2. Then, d divides (y + v—2) — (y — v=2) = 2v/—2,
so N(d) = dd divides N(2y/—2) = 8, where a + b\/—2 = a — by/—2. On the other hand, N (d)
divides N(y + v/—2) = 3? + 2 = 23, which is odd. So, N(d) = 1, which means that d is a
unit. By the unique factorization of Z[/—2], both y — v/—2 and 5 + v/—2 are cubes up to a unit.
On the other hand, if a + b\/—2 € Z[y/—2] is a unit, then N(a + b\/=2) = a®> +20* = 1, so
(a,b) = (£1,0). This means that the units of Z[/—2] are precisely {4-1}. Therefore, all the units
of Z[v/—2| are cubes, and y — v/—2 and y + /—2 are both cubes.
Now this means that there are ¢, d € Z such that

y+vV—2=(c+dv-2) = (¢ —6cd*) + (3c*d — 2d*)/—2
Inparticular, 1 = 3c2d—2d® = d(3c¢*—2d?). This implies that d = +1. Ifd = 1, then 3¢*—2d* = 1,
soc? =1,soc==+1. Thusy = Fhandz = 3. Ifd = —1, then 3¢? — 2d®> = —1,s0 3¢? = 1,

which is a contradiction. O

As seen above, it is desirable to have a unique factorization property of rings like Z[i] and

Z[+/—2]. But most of the rings like this are not unique factorization domains.
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Example 0.4. The ring Z[v/—3] is not a UFD, as
2.2=4=(1+v=3)(1-V-3),
and 2 is an irreducible element in Z[v/—3].

Proof of the fact that 2 is irreducible in Z[\/—3]. If 2 = zy for some non-units x,y € Z[v/—3],
then using the norm N (a + by/—3) = (a + bv/=3)(a — by/—3) = a* + 3b%, we have 4 = N(2) =
N(x)N(y). Since x, y are nonunits and N (z), N (y) are positive, this implies that N(z) = N(y) =
2. If x = ¢ + dv/=3, then N(z) = ¢ + 3d?, which can never be 2 (mod 3), a contradiction.

However, Z[y/—3]| is not a UFD, because we are looking at the wrong ring in the first place.
In fact, the correct “number ring” for the field Q(1/—3) is not Z[v/—3] but a slightly larger ring

Z|(3] where
1473
G=—735

is a primitive third root of unity. This contains Z[v/—3] but is not equal to it. It is then true that
Z|(3] is a UFD. We will see some justifications later on why Z[+/—3] can never be a UFD.

On the other hand, even if we look at the correct number ring, it may still not be a UFD, and
this is the case most of the time. However, an important idea is that the unique factorization of
ideals is always true.

Another important theorem in algebraic number theory is the quadratic reciprocity law.
Definition 0.5 (Legendre symbol). Let p be an odd prime number, and a € Z. Then,

1 if a is a square mod p

a
(_>: —1 if a is not a square mod p

b 0 ifpla

We say that a is a quadratic residue mod p (quadratic nonresidue mod p, respectively) if a is a
square mod p (not a square mod p, respectively).

Theorem 0.6 (Quadratic reciprocity law). Let p, q be distinct odd primes. Then,

(0)() -

The quadratic reciprocity law, coupled with the following Theorem, enables us to compute any
Legendre symbol inductively.

Theorem 0.7. Let p be an odd prime number.

(1) We have
(—_1) _J1 ifp=1(mod4)
p/) -1 ifp=3(mod4)

<2> _ {1 ifp =1 or7 (mod8)

(2) We have

P —1 ifp=3or5 (mod8)
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There are many proofs to the quadratic reciprocity law. We will see three proofs of the quadratic
reciprocity law: algebraic, class-field theoretic, and analytic.

Remark 0.8 (On the “reciprocity laws”). The word “reciprocity” generally means things like “you
take what you give”, "an eye for an eye”, - - - . The quadratic reciprocity law is called a reciprocity
law because how a prime p treats another prime ¢ (in terms of the Legendre symbol) is determined
by how g treats p.
<g
P

¢

Figure 2. The quadratic reciprocity law.
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In general, in algebraic number theory, if there is a role-reversal of some sort in some rule, we
call it a reciprocity law. Although usually not stated in this way, another well-known instance
of reciprocity law is Galois correspondence; here, a role-reversal happens if you pass a subfield of
a Galois extension to the Galois group side, because the larger the field is, the smaller the Galois
group is, and vice versa.

QCcMCLCK?
© = ©
QC K Gak/Q) > Gal(k/M) > Gal(k/L) > Gal(K/K) Gal(E/Q)
Figure 3. Galois correspondence as a reciprocity law.

We will see in this course that many big theorems in algebraic number theory are stated as
reciprocity laws.

The quadratic reciprocity law, and more generally the notion of quadratic residues, can be
found useful in the context of Mordell’s equations.

Theorem 0.9. There are no integer solutions to y* = x> + 7.
Proof. If x is even, =7 (mod 8), which is impossible. So, x is odd, and y is even. Write
v+ 1=2"+8= (v +2)(a* —2v +4).
Since 22 — 2z + 4 = (z — 1)? + 3 and since z is odd, 2? — 22 + 4 = 3 (mod 4). This implies that

22 — 21 + 4 has a prime factor p = 3 (mod 4). Because p|(y? + 1), (%) = 1, which contradicts
p =3 (mod4). O

Theorem 0.10. There are no integer solutions to y*> = x3 — 5.
Proof. By considering mod 4, we note that y has to be even and = 1(mod 4). Write
Y 4+d=2"—1=(x—1)(2a* +z+1).

Since # = 1 (mod 4), 22 + x + 1 = 3 (mod 4), so there is a prime factor p = 3 (mod 4) dividing
y? + 4. This implies that (%) =1, or (’71) = 1, which is a contradiction. OJ



Remark 0.11. As mentioned above, enumerating all the Q-solutions to Mordell’s equations are
much more difficult. In fact, 4> = 2® — 2 has two Z-solutions, (3,£5), while it has infinitely
many (Q-solutions.

EXERCISES

Exercise 0.1. Let p be an odd prime, and a € Z. Using that F; is a cyclic group, show that

(9) = a"T (modp).

p

Exercise 0.2. This exercise aims to prove Fermat’s theorem: an odd prime number p € N is of
the form p = 2 + y? for some integers x, y if and only if p = 1 (mod 4).
(1) Show that p = 22 + y? implies that p = 1 (mod 4).

(2) Conversely, if p = 1 (mod 4), then we have (%) = 1, so there is an integer n such that

n? = —1 (mod p). This implies that p|(n? + 1).
By using the UFD property of Z][i], show that p has to be a reducible element in Z[i].
(3) Show that p being reducible in Z[i] implies that p = 22 + y? for some integers z, y.



1. NUMBER FIELDS

As seen in the Introduction, even if we are interested in solving equations in integers or rational
numbers, it is often useful to extend the setup to a slightly larger field, in a number field. In
this section, we generalize the situation of Z C (Q (integers inside the field of rational numbers)
to number fields.

1.1. The ring of integers of a number field. We first define what number fields are.

Definition 1.1 (Number fields). A number field is a finite field extension K of the field of
rational numbers Q. The degree [K : Q) is called the degree of a number field.

The simplest examples (other than Q) are quadratic fields.
Definition 1.2 (Quadratic fields). A quadratic field is a degree 2 number field.

Example 1.3. Every quadratic field is of the form Q(v/d) for some integer d. (Why?)

We would also like to define the notion of “integers” inside any number field, just like Z C Q
for the field of rational numbers. We have already seen that somehow 7Z[(3] is better-behaved
than Z[v/—3]. Namely, the correct notion of “integers” for K = Q(1/—3) should be those in

Z[(3], not just in Z[/—3].

Definition 1.4 (Algebraic integers). An element « in a number field K is an algebraic integer
if it is a root of a monic polynomial f(X) € Z[X] with integer coefficients, i.e. f(a) = 0.

Example 1.5. Even though the expression

—14++/-3
CSZT

“looks like” it has a denominator, it is an algebraic integer, as (3 — 1 = 0 (better: (3 + (3 +1 = 0).
Let’s go through a reality check:

Proposition 1.6. A rational number oo € Q is an algebraic integer if and only if o is an integer
(ie,a € 7).

Proof. If @ € 7Z, then « is an algebraic integer, as it is a root of a monic integral polynomial
f(X) = X —a. Conversely, if « € Q is an algebraic integer, there is a monic integral polynomial
f(X) € Z]X] with f(a) = 0. Suppose « is not an integer, and is denoted ov = ™ where m, n are
coprime integers with n > 1. Choose a prime factor p of n. Let f(X) = X9 +a, X Sl tag
Then,
m® 4+ alm I+ 4 adnd
fla) = nd =0,

som?+a;m?n+- - +agm? = 0. Thus, m? (mod p), so p|m, which is a contradiction. [J

What are the algebraic integers in a quadratic field Q(+/d)?

Theorem 1.7. Letd € 7Z — {0, 1} be a square-free integer.
(1) Ifd = 2,3 (mod4), an element o € Q(v/d) is an algebraic integer if and only if a €
ZIWVd =7 &7 -Vd.
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) Ifd = 1 (mod4), an element o € Q(\/d) is an algebraic integer if and only if o €
2|4l —zoz 154

Before we move on to prove the Theorem, we review the useful notions of norms and traces
for quadratic fields. The notion will later generalize to arbitrary number fields.

Definition 1.8 (Norms and traces, quadratic field case). Let K = Q(v/d) be a quadratic field.
Fora = a+ bV/d € K, a,b € Q, the conjugate of cisa = a — bv/d. The norm of « is
N(a) = aa = a® — db*. The trace of a is Tr(a) = a + @ = 2a.

Note that, for a € Q(v/d), N(a), Tr(a) € Q.

Proof of Theorem 1.7. Note that, if o« € Q(v/d), « is a solution to a monic polynomial
Pa(X) = X? = Tr(a)X + N(a) = (X —a)(X —a) € QX].

Thus, if Tr(r), N(a) € Z, then « is an algebraic integer. Thus, if @ = a+bv/d with a, b € Z, then
« is an algebraic integer. Furthermore, if d = 1 (mod4) and o = a + b%a = (a + g) + g\/a
a,b € Z, then Tr(a) = 2a + b € Z, and

2 2 2
1—
N(a)Z(a+g> —d<g> :a2+ab+%62.

Therefore, we have shown one direction of the Theorem.

Conversely, suppose a € Q(v/d) is an algebraic integer, so that there is a monic integral
polynomial f(X) € Z[X] with f(a) = 0. We would like to show that p,(X) € Z[X]. If
a € Q is actually a rational number, then we know that o € Z by the previous Proposition, so
Pa(X) = (X — a)(X —@) = (X — a)? is obviously an integer polynomial. Thus, suppose that
a ¢ Q, so that p,(X) is actually irreducible in Q[X].

Now, suppose that p,(X) € Q[X] is not integral, and let M/ > 1 be the common denominator
of Tr(a), N(a) € Q, so that q,(X) := Mp.(X) € Z[X]. Note that ¢,(X) is an irreducible
element in Z[X].

Since 0 = f(a) = f(@), pa(X) is a factor of f(X) in Q[X]. Thus,

F(X) = pa(X)r(X),
for some monic polynomial r(X) € Q[X]. Let N > 1 be the common denominator of the
coefficients of 7(X), and let s(X) := Nr(X) € Z[X]. Then,
MNf(X) = ga(X)s(X),
is a factorization in Z[X|. Note that Z[X] is a UFD, and by the definition of N, (N, (X)) = 1, so
this implies that N|q,(X). Since ¢, (X) is irreducible, N = 1. In particular, r(X) € Z[X]. Thus,
M[(X) = ga(X)r(X),

is a factorization in Z[X]. Since (M, q,(X)) = 1 by definition of M, M divides r(X). This
contradicts with the fact that (X') is a monic polynomial.

Therefore, we have just shown that, if & € Q(v/d) is an algebraic integer, p,(X) € Z[X]. If
we let @ = a + bv/d with a,b € Q, this means that

2a,a* — db* € Z.
10



If @ € Z, then db* € Z, and since d is square-free, this implies that b itself is an integer. If a ¢ 7Z
but 2a € Z, then a = % for some odd integer x. Thus,

1'2

2
— — Z.
1 db® e

This implies that b ¢ Z as well. Since db* € iZ, and since d is square-free, this implies that b = £
for some odd integer y. Then, we have

% — dy?

7
1<

or
2% = dy® (mod 4).

Note that as z,y are both odd, 22, y?> = 1 (mod 4), so this translates into d = 1 (mod 4). This

implies that, if a ¢ Z, then d must be 1 (mod 4), and both a, b must be halves of odd integers.

This implies the converse statement we want. U

From the above proof, it seems like the integrality of the minimal polynomial seems to be
what’s important for an algebraic number to be an algebraic integer. This is in fact true.

Theorem 1.9. Let K be a number field, and let o« € K have the minimal polynomial p,(X) € Q[X]
over Q. Then, « is an algebraic integer if and only if p,(X) € Z[X].

Proof. If p,(X) € Z[X], then this gives a monic integer polynomial to which « is a root, so « is
an algebraic integer. Conversely, suppose that « is an algebraic integer, so that there is a monic
integer polynomial f(X) € Z[X] to which « is a root. Then, by the UFD property of Q[X], as
Pa(X) € Q[X] is irreducible, p,(X) divides f(X). Therefore,

f(X) = pa(X)r(X),
for some monic polynomial 7(X) € Q[X]. Let M > 1 (N > 1, respectively) be the least common
denominator of the coefficients of p,, (X) (r(X), respectively). Then, ¢, (X) := Mp,(X), s(X) :=
Nr(X)arein Z[X], (M, q.(X)) = 1l and (N, s(X)) = 1, and q,(X) is irreducible in Z[X]. Then,
MNf(X) = ¢a(X)s(X).
Since Z[X ] is also a UFD, as (N, s(X)) = 1, N divides g, (X). Since ¢,(X) € Z[X] is irreducible,
N is a unit in Z[X ], which implies that NV = 1. Thus, we have
M f(X) = ga(X)r(X).
By the same reasoning, M divides r(X). As r(X) is a monic polynomial, this implies that M
divides 1, so M = 1. This implies that p,(X) € Z[X], as desired. O

Remark 1.10. The above proof is based on what’s usually referred to as the Gauss’s lemma:

Theorem 1.11 (Gauss’s lemma). Let A be a UFD, and f(X) € A[X] be a monic polynomial.
Then, f(X) as a polynomial in Frac(A)[X] has a factorization into irreducible monic polynomials
in Frac(A)[X].

As a consequence, a monic polynomial f(X) is irreducible in A[X] if and only if f(X) is irre-
ducible in Frac(A)[X].

A famous corollary to this is the following, which has been implicitly used in the course all the

time.
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Corollary 1.12. If A is a UFD, then A[X] is also a UFD.

From the previous examples, it seems like the collection of algebraic integers in a number field
forms a subring of the number field. This is in fact true.

Theorem 1.13. Let K be a number field. Then, the set of algebraic integers in K forms a subring of
K.

Proof. This is an immediate corollary of Theorem A.11. U

Definition 1.14 (Rings of integers). The subring of algebraic integers of a number field K is
called the ring of integers of K, and is denoted Oy.

The ring of integers O is the correct notion of the integers inside K, generalizing Z C Q.

1.2. Norms, traces, discriminants. Recall that, for the computation of the ring of integers of a
quadratic field, the notions of norms and traces were helpful. We would like to generalize these
notions to arbitrary number fields. A naive first guess will be, for @ in a number field K&,

N(«) L H conjugates of v, Tr(«) L Z conjugates of a.

This is indeed a good definition if K/Q is Galois, but not so much when it is not. The correct
definition is as follows.

Definition 1.15 (Norms and traces). Let L/K be a finite extension of fields, and let & € L. The
multiplication by « gives rise to a K -linear map,

me: L — L, x+— ax.
The norm Ny i (a) € K and the trace Try i (a) € K are defined as
Nk (o) :=det(my), Trpx(a):=Tr(m,).
If the base field K is Q, then one often omits the subscript for the norm and the trace.

You may compute these concretely by taking a basis and writing the multiplication map as a
square matrix. The matrix itself may depend on the choice of the basis, but its determinant and
trace do not depend on the choice.

Proposition 1.16 (Various properties of the norm and the trace). Let L/ K be a finite extension

of fields.
(1) Fora, 8 € L, we have
Npjx(af) = Nijx(a)Npk(B)-

(2) The trace Try i : L — K is a K-linear map.
(3) Both the norm and the trace are transitive. Namely, if M /L /K is a “tower” of finite exten-
sion of fields, then

NM/K = NL/K © NM/La TTM/K = TrL/K © TrM/L .
(4) If L/ K is Galois, then
Nyk(@)= ] ocla), Tryx@= > ola).

oeGal(L/K) o€Gal(L/K)
12



(5) Fora € L,

NL/K<Oz) = NK(Q)/K(Q)[L:K(Q)], TrL/K(a) = [L : K(C()] TrK(a)/K(oz).

(6) In general, the norm and the trace may be computed as follows. Let p,(X) € K|[X] be the
minimal polynomial of o over K, and let M /K be the Galois closure of L/ K. Let oy =
a,- -,y be the roots of p,(X) in M. Then,

n [L:K(a)] n
Npjr(a) = (H ai> , Trpx(a) =[L: K(a)] Za

In case when L/K is separable ®, the norm and the trace have the alternative description
as follows. As above, let M /L be a field extension which is normal over K (e.g. the Galois
closure of L/ K, an algebraic closure of L, etc.). Then,

Npk(a) = 11 ola), Trp(a)= > o(a).
all K -embeddings o: L— M all K -embeddings o: L— M
Proof. ®
(1) This follows immediately from that m,g = m, o mg.
(2) This follows immediately from that the map
L — Endg(L), a— mg,
is a K-linear map. More concretely, this means that, given o, f € L and a,b € K,

Maa+b3 = Mg + bmg,

as K -linear maps from L to itself.
(3) The separable case is an easy consequence of (6). We will not care much about the insep-
arable case; for those who are curious, see the handout by Conrad.
More precisely, let /' be a big enough field extension of M such that it is normal over
K (e.g. an algebraic closure of M). Then, F'/ K is Galois, so for a € M, the formula in (6)
in terms of Galois theory becomes *

Nyr(a) = 11 o).
0€Gal(F/K)/ Gal(F/M)
By the same reason,
Nyyp(a) = H o(a),
c€Gal(F/L)/ Gal(F/M)

and

Nijk o Nyyr(o) = H T H o(a)

reGal(F/K)/ Gal(F/L) o€Gal(F/L)/ Gal(F/M)

%You may safely assume that this is always the case in this course. For example, if K is either of characteristic 0
or a finite field, any field extension of K is separable over K.
3The logical order of dependence is a bit convoluted, because (3) and (4) will be proved as a consequence of (6).
This is fine because the proof of (6) will not use (3) or (4).
*Here, Gal(F/K)/ Gal(F/M) is merely the set of left cosets, not a group, as M /K is not necessarily a Galois
extension.
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= H H T(o()).

r€Gal(F/K)/ Gal(F/L) o€Gal(F/L)/ Gal(F/M)

It is now clear from the above expressions that NM/K(a) = Nk o Nuyr (). The same
proof works for the trace as well.

(4) This is a special case of (6).

(5) We can choose a K-basis of L in two stages: first, take a K («)-basis of L, say {e1, - ,em};
then, if n = [K () : K], the collection {&¢; }o<jcn1<j<m} is a K-basis of L. Under this
basis, the nm x mm matrix representing m,, : L — L is just the diagonal block matrix of
m copies of the n x n matrix representing m,, : K(«a) — K(«). The desired statement
now follows.

(6) Asbefore, we will only prove the separable case. Without loss of generality, we can assume
that M/ K is the Galois closure of L /K. We first prove the case when L. = K («) and then
prove the general case.

Note that, if L = K («), then there is a very appealing K -basis of L, namely {1, - - ,a" '},
where n = [K(a) : K]. Let po(X) = X" + a, 1 X" ' + - + a9 € K[X] be the mini-
mal polynomial of o over K. Then, under the choice of this K -basis, m, is given by the
following n x n matrix:

0 1 o - 0 0
0 0 | 0 0
Ma=119 0o 0 - 1 0
o 0 0 - 0 1

—Gp —a1 —az - —Ap—2 —0p-1

Thus, Trg(a)/x (@) = —@p—1, and Nk )k () = (=1)"ao.

Over M, the polynomial p,(X) factorizes into p,(X) = [[ (X — «;), with oy = .
Then, —a,—1 = Y, o, and (—1)"ag = [ [}, . Note that c;’s are precisely the possible
conjugates of « in M over K. Therefore, as specifying a K-embedding of L = K («) into

M is the same as specifying a K -conjugate of o in M,

a)/K Hal - H O'(Oé), TrK oc)/K Zaz = Z O'(Oé).

all K-embeddings o: K (a)—M all K-embeddings o: K (a)—M

As per (5), the general case will follow once we prove that there are exactly [L : K(«a)]
many different K-embeddings of L — M lifting a fixed K-embedding K (o) — M, or
in other words, given a K -conjugate «; of o, there are exactly [L : K («)] many different
K-embeddings of L — M sending « to «;. Note that there is at least one embedding
sending « to «;, as M /K («) is Galois, and #(Gal(M/K)/ Gal(M/K(«))) = n. Now,
given such embedding, the number of different K -embeddings of L — M sending « to
«; is really the same as the number of different & («v)-embeddings of L — M sending «
to « (by conjugating by a fixed element in Gal(M /K sending «; to «v), which is the same
as #(Gal(M/K(a))/ Gal(M/L)) = [L : K(«)], as desired.

O

Proposition 1.17 (Norm and Oy). Let K be a number field.

(1) Let L/ K be a finite extension. For any o € Op, N i (o) and Trp i (o) are both in Ok.
14



(2) Fora € Ok, N(«) = %1 ifand only if a € O} is a unit>.

Proof.

(1) By Proposition 1.16(6), N1,/ x (o) (Trrk (cv), respectively) is a product (a sum, respectively)
of conjugates of o Since a conjugate of an algebraic integer is an algebraic integer, both
Npk(a) and Try k() are algebraic integers.

(2) Suppose that « € Op. Then, there is another 5 € Oj such that af = 1. Then,
N(a)N(B) = N(1) = 1. However, as N(a), N(B) € Z, it follows that N(a) = £1.

Conversely, suppose that N («) = %1. By Proposition 1.16(5) and the proof of Proposi-
tion 1.16(6), this implies that the minimal polynomial p,(X) € Z[X] of « over Q has the
constant term equal to +1. Let K /Q be the Galois closure of K/Q, so that the minimal
polynomial p, (X) factorizes into p,(X) = [[\_(X — «;) for a1 = a, a9, -+ ,a, € K.
As po(X) € Z[X] is also the minimal polynomial of o; over Q (this is because p, (X) is
irreducible), it follows that ¢; is integral over Z, which means that o; € O. Note that
a0 - oy, = +a~! € K, but also that asas -+ - ay, € Op. Therefore, a~!is an element
in K integral over Z, so a~! € K is actually an element of Q. Therefore, o € Oxisa
unit.

O

The concept of norms and traces are extremely useful. One useful byproduct is the notion of
the discriminant of a number field. For the rest of this lecture, we assume that we already know
that, for a number field K, O is in fact a finitely generated, free Z-module of rank [K : Q.
This fact will be proved in the next lecture.

Definition 1.18 (Discriminant with respect to a Q-basis). Let K be a number field, n = [K : Q),
and {ey,--- ,e,} be a Q-basis of K. Then, the discriminant of K with respect to the basis
{e1, -+ ,en}is

D(ey, -+, en) = det({Trgg(eie;) h<ijn) € Q
Here, {Trx q(e:€;) }1<i j<n represents an n x n matrix with its (¢, j)-th entry equal to Trx /g (e;e;)
(called the Gram matrix).

We note the following.

Proposition 1.19. Let K be a number field, and let {e;,-- - ,e,} be a Q-basis of K. Let L/Q be
the Galois closure of K/Q, and let oy, - - , 0,, be the distinct Q-embeddings K — L. Then,

D(er, - s eq) = det({oi(e)) }r<ijzn)”
Proof. By Proposition 1.16(6),

TrK/Q elej E Ok elej

Therefore,
D(er, -+, en) = det {Zak Jon(e; } = det ({ok(€:) b1<ik<n{on(€;) r<n,j<n)
1<ij<n

3In general, for a commutative ring R with 1, we use the notation R* for the group of (multiplicative) units in R.
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= det ({oi(e;) h<ijzn)” -
]

Proposition 1.20. IftwoQ-bases{e1,- - ,e,} and{f1, -, fn} of K generate the same Z-submodule
of K, namely if
Z’ﬁEB“‘EBZ'en:Z-fl@“'EBZ'fnCK,
then
D(er, - ,en) = D(f1,-+, fo)-

Proof. That the two (Q-bases generate the same Z-module means that the change-of-basis matrix
M between the two bases has the property that both M and M ~! have only integer entries. This
means that det M and det M ~! are both integers. Since det M det M ~! = 1, this implies that
det M = +1.

Let us be a little more precise. The matrix M has the (i, j)-th entry equal to a;;, where

n
[ E aijfj-
Jj=1

Therefore,
n

Tri(eie;) = Tricyo( Y | aifrafy)-
k=1
Therefore,

{Tricjaleie;) hizijen = M{Trro(frf) hcricn M,
where M7 is the transpose of M. This implies that

Dey, -+ ,en) = (det M)D(fy,-- -, f)(det MT) = (det M)2D(f1,- -+, fu) = D(f1,-+ , fu),
as det M = £1. O

Therefore, assuming that O is a finitely generated free Z-module of rank [K : Q], we can
define the discriminant of a number field by using the basis coming from Ok.

Definition 1.21 (Discriminant of a number field). Let K be a number field, and n = [K : Q).
Let {e1,--- ,e,} be a Z-basis of Ok (namely, O is generated by {e1,--- ,e,} as a Z-module,
and there is no Z-linear relation between ey, - - - ,¢e,). Then, the discriminant of K, denoted
disc(K), is defined as D(ey, - - - ,e,). This is independent of the choice of a Z-basis of Ok by
Proposition 1.20.

The discriminant is a fundamental invariant of a number field that is later related to the notion
of ramification of primes. On the other hand, at the moment, this is also useful in the com-
putation of the ring of integers Ok in certain cases — so far we only explicitly know the ring of
integers of (Q and quadratic fields, and the general definition of O is pretty abstract.

One key trick to compute Ok using the discriminant is the following.

Proposition 1.22. Let K be a number field of degree n, and {ey,--- ,e,} be a Q-basis of K such
thateq,--- ,e, € Ok. Let
S=Z-e1®--®ZL-e, C Ok,
be a Z-submodule of Ok . Then,
D(ey, -+ ,e,) =[Ok : S]*disc(K).
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As a consequence, if D(ey, - - ,e,) = disc(K), then {e1,--- ,e,} is a Z-basis of Ok.

Proof. Let f1,- -, f, be a Z-basis of Ok. Then, this means that the change-of-basis matrix from
{fi, -, fa} to{e1, -+ ,e,} has integer entries (although its inverse may not have integer en-
tries). Namely, there are relations

n
€, = E aijfj, aij € Z..
Jj=1

Let M be the n x n matrix whose (i, j)-th entry is a;;. Then, as in the proof of Proposition 1.20,
D(ey, -+ ,e,) = (det M)?disc(K). We want to show that |det M| = [Of : S].

This can be seen easily by what’s known as the elementary divisor theorem, but let us
sketch another elementary proof without using this theorem. We can think of an actual Z-lattice
(namely, a Z-module) L generated by the vectors ¢; = (a;1,- - ,a;,) € R, i = 1,---  n. This
is a sublattice of the integer lattice Z" = {(z1, -+ ,x,) | ; € Z} C R". Then, the index [Of :
S| = [Z™ : L] is the ratio of the densities of the points in L and those of Z", respectively. Namely,
let’s define D, to be the open ball in R" centered at the origin with radius R, and then we have

[OK:S]:[Z”:L]:AEEO%

On the other hand, # (Dr NZ") is roughly the volume of Dp, and similarly # (Dr N L) is
roughly® the volume of Dy, divided by the parallelepiped P generated by 'y, - - - , #,,. Thus

n . VOI(DR)
[OK . S] = [Z L] :]%ggom :VOI(P) = ]detM\,
vol(P)
as desired. U
Corollary 1.23. Let K be a number field of degree n. If there is a Q-basis {eq,- -+ , e, } of K such
thatey,--- ,e, € Ok and D(ey,- - ,e,) is a square-free integer, then {e1,- - - ,e,} is a Z-basis of
Ok.

We now have one strategy to compute Ok: find a nice Q-basis of K consisting of algebraic
integers, and hope that its discriminant is a square-free integer.

Remark 1.24. There are certainly a lot of examples of number fields whose discriminants are
not square-free, so that Corollary 1.23 is not applicable. For example, disc(Q(+/2)) = 8.

One particular example of a simple Q-basis of K of algebraic integers is when K = Q(«) with
a € Og; then, one can take the Q-basis {1, ,--- ,a" '}, where n = [K : Q)]. The discriminant
with respect to this basis has a nice formula.

®One can make this very precise, that

VOI(DR)

n—1
voip) | <CET

#(DrNL) -

for a very explicit constant C' (note that vol(Dg) grows to the order of R™). This kind of inequality has been proved
by many mathematicians, starting from Gauss.
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Proposition 1.25. Let K = Q(«) witha € Ok, n = [K : Q|, and let p,(X) € Z[X] be the
minimal polynomial of o over Q. Suppose that p,(X) factors into [[;_, (X — «;) over the Galois
closure of K/Q. Then,

n(n—1)

D(La,-- 0" )= J] (m—a;)’=(-1)"7 Ngsp,(e)).

1<i<j<n

Proof. Note that
D(L Q- 7an—1) = det({TrQ(a)/Q(a“—j)}lﬁidﬁn)

n
= det E oy
k=1 1<i,j<n

= det ({a;f}lgl,kgn {O‘i}lgk,jgn>
= det ({ad hr<ijen)

2
= ( H (v —aj)> (Vandermonde matrix)

1<i<j<n

= (-p" I (i-a)

1<i,j<n, i#j
n(n—1) i n(n—1)
= ()77 [[pile) = (=177 Ngplph(a).
=1

U

Remark 1.26. This together with the primitive element theorem implies that disc(K’) is not
zero (see Exercise 1.3).

Remark 1.27. The quantity [[,,;_,, (i — ;)? can be computed purely in terms of the coeffi-
cients of p,(X) and p/, (X) by computing the determinant of a large matrix called the resultant.

Example 1.28 (Discriminant of the quadratic fields). Let’s compute disc(Q(v/d)), for a square-
free nonzero integer d. Of course, the case of d = 1 (mod4) is different from the case of d =
2,3 (mod 4).
(1) If d = 1 (mod 4), then disc(Q(v/d)) = D(1, o) where a = %ﬁ. The minimal polynomial
of o over QQ is
1—d

Pa(X) = X* = X + —— € Z[X],

Thus, by Proposition 1.25,
disc(Q(Vd)) = D(1, a) = —Ngya 020 — 1) = =Ny vy 0(Vd) = d.
(2) Ifd = 2,3 (mod 4), then disc(Q(v/d)) = D(1, &) where o = v/d. The minimal polynomial

of o over Q is
pa(X) = X% —d e Z[X].
Thus, by Proposition 1.25,
disc(Q(Vd)) = D(1,a) = —NQ(\@/Q(Z\/E) — 4d.

18



Example 1.29. Let f(X) = X® — X — 1. This is irreducible in Q[X], as it has no rational roots.
Therefore, if we let « be a root of f(X), then K = Q(«) is a degree 3 number field, and by
definition, the minimal polynomial of « is f(X ), which has integer coefficients, so « € O. Let
Q1 = @, ay, ag be the three roots of f(X) in the Galois closure of K. Since f'(X) = 3X?% — 1,

Nijo(f'(a)) = Ngjg(3a® — 1) = (3a] — 1)(3az — 1)(3a3 — 1)

= 27a3a503 — 9(adaj; + ajas + aza3) +3(ad + a3 +a3) — 1.
Note that

oy +ag+a3 =0, aay+ajag+agaz =—1, ajagag = 1.
Thus,

o +ai+ai= () +ay+a3)? —2(ay + ajas + asas) = 2,

adas + ajal + axa; = (apan + ajaz + azas)® — 2aqasa3(ag + ag + az) = 1.
Therefore, we have
Nijo(f'(e) =27—-9+6—1=23,

so D(1,a, a®) = —23, which is square-free. Therefore, we see that O = Z[a].
1.3. Finiteness of the ring of integers. The following, as promised before, is another very
important property of Ok.

Theorem 1.30. Given a number field K, its ring of integers Oy is a finitely generated, free Z-module
of rank [K : Q|. Equivalently, O = Z®I5U gs abelian groups.

Proof. Recall the Fundamental Theorem of finitely generated abelian groups: a finitely generated
abelian group G is always of the form

G227 X (Z/mZ) X -+ x (Z/nxZ), mni|nal---|ng.

Let n = [K : QJ, and choose a Q-basis of K, ey, - - - , e,,. Certainly, any element & € Ok can be
expressed as a Q-linear combination of ey, - - - , €,
a=aier+ - apln, a1, a0, €Q

Of course, aq,- - ,a, are not necessarily integers and merely rational numbers. However, if
one could somehow show that the common denominator of a4, - - - , a,, always divides some big
integer d, then this implies that ay, - - ,a, € éZ, SO

e e
() Ok CZ - ~a...07 2

d d
Since %, - - - , > have no Q-linear relation (they form a Q-basis), they have no Z-linear relation.

Thus, Z - 5 @ -+ @ Z - < is a free abelian group (=Z-module) of rank n.

This actually implies that Ok is a finitely generated free abelian group (=Z-module): any
abelian subgroup (=Z-submodule) of a finitely generated free group does not have a non-trivial
torsion element, so by the Fundamental Theorem invoked above, an abelian subgroup of a finitely
generated free group is finitely generated and free.

Note also that for a sufficiently divisible integer N, Na; € Ok. More precisely, we can let N be
any integer divisible by the common denominator of the coefficients of the minimal polynomial
of a; over Q for each i. Thus, by replacing ay, - - - , a, with Nay,--- , Na,, we can assume that
ai, - ,a, € Og. Then, we have

Z~€1@"'@Z'6nCOK.
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Therefore, if we prove (x), then not only we prove Ok is a finitely generated free abelian group
(=Z-module), we have

n:rankZ-eleB---@Z-enSrankOK§rankZ-%@---@Z~E:n,

so rank Ok = n. Thus, all we need to prove is (x).
Consider the symmetric bilinear pairing on K,

() KxK—=Q, (z,y)="Trgnry).

Here, “symmetric” means that (x, y) = (y, ), and “bilinear” means that (z+y, z) = (z, 2)+(y, 2)
and (z,y + 2) = (x,y) + (z, z). Anyway, it is clear that, if z,y € O, then (z,y) € Z.

Now consider x € Ok. Then, as {e1,- - ,e,} is a Q-basis of K, there are ¢, -+ , ¢, € Q such
that

r=ce +- --+cpe,.

We would like to bound the denominators of ¢y, - - - , ¢,,. Note that
n
(z,€5) = Zcz'<€z'7€j>,
i=1

which can be written as a matrix form as

(x,e1) (e1,e1) (e, e1) -+ (en,e1) a1
o | 2 [l el e o
(x,e,) (e1,en) (e2,€n) -+ (en,en) Cn,

Let the n X n matrix in the middle (the Gram matrix) be denoted as M. Note that det M
is precisely the discriminant D(ey,--- ,e,). By Proposition 1.22, this is a nonzero multiple of
disc(K), which is also nonzero by Exercise 1.3. Therefore, M is an invertible matrix. Using

Mt = L _Madi we obtain

T detM
<I7 €1> C1
1 adj <l’, 62> — Ca
det M e
<l'> 6n> Cn

<.I', €1>
{

Since x.’.e.ﬁ and M?%Y both have the integer entries, the denominators of ¢; divide det M,
(z,en)
which does not depend on x, and this is what we want. OJ

The proof of Theorem 1.30 gives a yet another interpretation of disc(K).
Definition 1.31 (Dual lattice). Let O), = {z € K | (z,a) € Z for all « € Ok }.
This is an abelian group that obviously contains O.

Theorem 1.32. The abelian group O}, /O is finite, and

| disc(K)| = |0k /Okl.
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Proof. Consider the Q-linear map f : K — Q" defined by
(x,eq)
flay = |
(z,en)

This is an injective map of Q-vector spaces of the same dimension, so it is bijective. By definition,
the image of Oy, under f is Z" C Q". On the other hand, from the equation (xx), the image of
Ok under f is MZ", where M = {(e;, €;) }1<; j<n is the Gram matrix. Therefore, |0}, /Ok| =
| det M| = | disc(K)|. O

From this, we obtain another useful property of the discriminant which will be later useful in
more sophisticated computation of Ok.

Theorem 1.33. Let L/ K be a field extension of two number fields. Then, disc(K) divides disc(L).
Proof. Let « € O}, C K. Then, for any € Oy,
Trpjg(af) = Trryo(Trrx(aB)) = Trig(aTrrk(8)) € Z,
as Ty, k(B) € Ok. Thus, Oy C Oy . Note also that
Ok =0,N0x CO,NO) CO,NK = Ok,
so Ok = Or N O, Thus, we have an inclusion of finite abelian groups,
Oy /O — O] /Oy.

Theorem follows from Theorem 1.32. O

The proof of Theorem 1.30 has some other interesting consequences.

Corollary 1.34. There is an algorithm (i.e. a deterministic procedure that is guaranteed to stop in
a finite number of steps) that computes O for any number field K.

Proof. In words, the algorithm is as follows.

(1) Choose a Q-basis ey, -+ , e, of K.

(2) Compute the minimal polynomial p;(X) € Q[X] of e; over Q.

(3) Let N; be the common denominator of the coefficients of p;(X). Then, f; := N;e; € Ok.
(4) Compute D = D(f1,---, fn) € Z\{0}. By the proof of Theorem 1.30, we know that

fl fn
7, . AR 7 - 2a...a7.
e 8Z- - f, COgC D oD D
Now one notices that the index between the two abelian groups sandwiching Oy is (very
big but still) finite:
z. 0. ez (Z-fh@®--®L-f,)| =D" < 0.

D D "

Therefore, to determine O, one has to check whether each of the D" cosets belongs to

Og. That is, for 1 < 7y,--- ,1, < D, check whether

11 Zn
Efl + + Efn;

is an algebraic integer.

This very long but still finite check will determine O.
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Of course, the above algorithm is not at all practical, as the discriminant is usually very big,
and the algorithm needs a power of the discriminant many steps. In practice, when computing
by hand, one usually relies on Corollary 1.23, or the knowledge of the ring of integers of a small
number field combined with the following Proposition.

Proposition 1.35. Let K, L be two number fields, both Galois over QQ, such that K N L = Q. Let
{e1, -+ ,em} be aZ-basis of O, and {f1,- - , fn} be a Z-basis of Op. If (disc(K), disc(L)) = 1,
then
{ez’fj}lgigm, 1<j<n,
is a Z-basis of Ok, and disc(K L) = disc(K )™ disc(L)™.
Proof. Note that K N L = Q implies that [K'L : Q] = mn, so {e; fj }1<i<m, 1<j<n forms a Q-basis
of K L. Furthermore, K L /Q is Galois (an exercise in Galois theory). Let
Gal(KL/L)={oy, - ,om}, Gal(KL/K)={m, - T},

so that

Gal(KL/Q) ={oim; |1 <i<m, 1<j<n}.
Let o € Ok, and let

o = Z aijeifj, CLZ'j c @
iij

We want to show that a;; € Z. Let

m

6]':Zaijei€Ka 1<j<n

i=1
Then, for 1 < k < n,

(@) = Zm(ﬁjfj) = Zﬁﬂk(fj)a

as 7y, fixes K. Therefore,

(@) n(f1) m(f2) - mlfa)\ (B
n(a) | _ | (f1) 7(fo) - (fa) B2

n@))  \n(h) m) - mn) s,

Let the n x n matrix in the middle be denoted as A. Then, by Proposition 1.19, disc(L) = det(A)2.
Thus,

() b
i 72-(.@ = det(A) 62
Tn(Oé) ﬁn

~ To (v . L . .
Note that both A*Y and 2( ) have their entries in O, because a Galois conjugate of an

o)
algebraic integer is an algebraic integer. Therefore, det(A)3; € Oy for 1 < j < n, which
22



implies that disc(L)5; € Okr. Now note that disc(L)g; € K, so disc(L)5; € Ok, which means
that

disc(L)B; = Z disc(L)asje;,

has the integer coefficients, namely disc(L)a;; € Z for all 4, j.

We can swap the roles of K and L and go through the argument as above, which will then
yield disc(K')a;; € Z for all 4, j. Since disc(/K) and disc(L) are coprime to each other, a;; € Z
for all 4, j, as desired.

To compute the discriminant, we again use Proposition 1.19. Namely, disc(KL) = det(B)?,
where B is the mn X mn matrix given by

B = {oij(erfi) hi<ikem, 1<jien-

Here, we use the description of the elements of Gal(/K L/Q) and the just-proven fact that {e, f; }
is a Z-basis of O . Note that

oiTi(exfr) = oi(er)7; (1),
so B = C'® D is the tensor product of the two square matrices C' and D, where C' and D are the
m X m and n X n matrices with entries

C ={oi(ex) hi<ikg<m, D ={7(fi)h1<ji<n,
respectively. Thus,
det(B) = det(C)" det(D)™.

Since Proposition 1.19 implies that disc(K) = det(C')? and disc(L) = det(D)?, we get
disc(K L) = disc(K)" disc(L)™.
U

Example 1.36. We know that all quadratic fields are Galois over Q. Thus, for example, we
can use Proposition 1.35 to compute the Z-basis of the ring of integers of Q(¢,/—3), because
disc(Q(7)) = —4 and disc(Q(v/—3)) = —3 by Example 1.28. Namely,

disc(Q(i, v/ —3)) = disc(Q(i))? disc(Q(v/—3))* = 16 - 9 = 144,
and a Z-basis of Og; ,/=3) can be taken to be

{1@ L+ V-3 i_\/g}.

2 T2

EXERCISES
Exercise 1.1. Show that every quadratic field is of the form Q(\/E) for some integer d € Z.

Exercise 1.2. Let f(X) = X? +aX + b, a,b € Q, such that f(X) is irreducible in Q[X] (i.e.
f(X) has no rational roots). Let o be a root of f(X), and let K = Q(«) be a degree 3 number
field. Show that

D(1,a,0?) = —27b* — 4a®.

Exercise 1.3. Read the proof of the Primitive Element Theorem. Using the Primitive Element

Theorem, we aim to prove that, for a number field K, disc(K) # 0.
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(1) Use the Primitive Element Theorem to show that one can find a@ € O satisfying K =
Q().
(2) Show that D(1, v, -+ ,a"!) # 0, where n = [K : Q]. Deduce that disc(K) # 0.

Exercise 1.4. Let n > 1 be an integer, and choose a primitive n-th root of unity ¢,, € C. This is
an algebraic integer, and the field Q((,,) is called the n-th cyclotomic field. We will focus on
the case when n = p“ is a prime power.

(1) Prove the Eisenstein’s irreducibility criterion: given a polynomial
fX)=X"+a, 1 X" "+ + a1 X +ay € Z[X],

if there is a prime number p such that the following two Conditions are satisfied, then
f(X) is irreducible in Z[ X ] (and thus Q[X], by Gauss’s Lemma).

Condition 1. p divides a,,_1, a,_2,- - , ao.
Condition 2. p? does not divide ay.

(2) Using the Eisenstein’s irreducibility criterion, show that the minimal polynomial of (ya
over QQ is
D (X) = XP el o xrt TN e-2)  xT
This polynomial is called the p®-th cyclotomic polynomial.

Hint. First, note that the minimal polynomial of (,« must divide
X —1
Then, use the Eisenstein’s irreducibility criterion to ®,. (X + 1).
(3) Deduce that the conjugates of (e are (%, 1 < k < p% (k,p) = 1, and that Q((p=)/Q is

Galois with
Gal(Q(¢pr)/Q) = (Z/p"Z)".
In particular, Q({,«) does not depend on the choice of a primitive p®-th root of unity.

= B0 (X).

Exercise 1.5. Let p be a prime number, and a > 1.

(1) Compute D(1, Gy, - - - ’Cg;’*l(p—l)ﬂ)_

(2) Show that N@(cpa)/Q(l — (pe) = p. Deduce that, for any k € (Z/p°Z)*,
1— Cz’fa O
1 - Cpa Q(Cpa).

This kind of a unit is called a cyclotomic unit.
(3) Let p > 5. Show that

2
1_—@”:1+§ae(’ﬁ :
1_€p’1 P Q(Cpa)

is of infinite order. This shows that the multiplicative group of units (96( () @S an abelian
D

group is infinite.

>1

27 2mi
Hint. We have a freedom to choose (.. Choose (,« = e¢*", and show that |1 + e»*

(the absolute value as a complex number).
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Exercise 1.6. Let p be an odd prime. In Exercise 1.4, we proved that Q((,)/Q is Galois with Galois
group (Z/pZ)*. As this Galois group is a cyclic group of even order, there is a unique nontriv-
ial group homomorphism Gal(Q((,)/Q) — Z/2Z. By Galois theory, there is a corresponding
subfield K C Q((,), which is the unique quadratic subfield. Show that

K — Q(/p) ifp=1(mod4)
Q(v/—p) ifp=3(mod4).
Hint. Use disc(K)| disc(Q(¢p))-

Exercise 1.7. Let K = Q(«) be a number field of degree n with @ € Ok, such that the mini-
mal polynomial p,(X) of a over Q satisfies the Eisenstein’s irreducibility criterion with a prime
number p (we say that p,(X) is Eisenstein at p in short).

(1) Ifag, -+ ,a,—1 € Z are integers such that
ap + aya+ -+ a, 10" € pOy,
then show that ag,ay,--- ,a,_1 € pZ.
Hint. First, multiply the expression by a”~! to show that ay € pZ. Then, inductively
show that ay € pZ, ay € pZ, - - -.
(2) If x € Ok has an expression
x=by+ba+--+b,1a"", by, by €Q,

show that each b; € Q has no p in its denominator.
(3) Prove that (p, [Ok : Z[a]]) = 1 by showing that there is no element of order p in the finite
abelian group O /Z]q].
(4) Show that Oy 35, = Z[/2] as follows.
e Note that [Og 35, Z[3/2]] divides disc(1, /2, - - - , v/2%), which has only 2 and 5 as
prime factors (compute it).
e 2 does not divide [(’)Q( ¥s) - Z[\E’/iﬂ as the minimal polynomial of /2 over Q, X° — 2,
is Eisenstein at 2.
e 5 does not divide [Og 35 : Z[v/2]] as the minimal polynomial of v/2 — 2 over Q,
(X +2)° — 2, is Eisenstein at 5.
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2. PRIME IDEALS

As we have seen before, the unique factorization property does not hold in general for O. As
the unique factorization property is an extremely useful arithmetic property to have for number-
theoretic applications (e.g. the first Lecture), one may wonder how to retain the unique factoriza-
tion property in general number fields. It turns out that the unique factorization property holds
in great generality once we start to work with ideals instead of numbers.

Indeed, the notion of “a divides b” can be reinterpreted in ideal-theoretic terms as “b is an
element of the ideal (a) generated by a”, or even better as “(b) C (a)”. Thus, the discussion of
divisibility of numbers can all be recast in terms of the ideals. We will see that

e the notions like the prime numbers and the unique factorization property all translate
very well in great generality in terms of ideals,

e and that the failure of the unique factorization of numbers is actually the failure of a
general ideal being a principal ideal (i.e. Ok is not UFD if and only if Ok is not a PID,
a principal ideal domain).

2.1. Unique prime ideal factorization. Recall that, in Definition A.13, we defined the notion
of Dedekind domains, and showed that the unique ideal factorization holds (Theorem A.24).
The theory of Dedekind domains is relevant, as the ring of integers of a number field is a Dedekind
domain.

Theorem 2.1 (O is Dedekind). For a number field X, O is a Dedekind domain.

Proof. We need to show that O is a Noetherian normal integral domain which is not a field and
whose nonzero prime ideals are maximal.

By Theorem 1.30, O is a finitely generated Z-module, and Z is a Noetherian ring as it is a
PID. Thus, by Theorem A.19(2), O is a Noetherian ring.

To show the normality of O, it suffices to show the following more general statement:

Lemma 2.2. Let L/ K be a field extension of two number fields. Then, Oy, is the integral closure of
OK in L.
In particular, setting L = K, this shows that Ok is normal.

Proof. Let @ € L be integral over Ok. By Theorem A.11(1), Ok|[a] is a finitely generated Ok-
module. As Ok is a finitely generated Z-module, this implies that Ok [a] is a finitely generated
Z-module. This implies that Z[a| C Ok]|a] is a finitely generated Z-module (=abelian group),
or, in other words, « is integral over Z. Thus, a € Oy. Thus, the integral closure of O in L is
contained in Oy. The reverse containment is obvious. O

It is obvious that O is not a field, so we are only left to prove that all nonzero prime ideals of
Oy are maximal.

Let p C Ok be a nonzero prime ideal. Then, there is some nonzero integer contained in p (e.g.
for @ € p nonzero, N(«) € p), so p’ := pNZ is anonzero ideal of Z. Note that, by definition, the
natural map

Z/p/ — OK/pJ

is injective. This implies that Z/p’ is a subring of an integral domain, so it is also an integral
domain. Therefore, p’ C Z is a nonzero prime ideal, generated by an actual prime number p.

Therefore, Z/p" = F,, is a finite field.
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Now we use that O is a finitely generated Z-module. Let ey, - - - , e, € Ok generate Ok as a

Z-module. Then, their natural images ey, - - - , e, € Ok /p generate O /pasaZ/p’ = [F,-module.
As Ok /p is an integral domain, by Exercise A.3, this implies that O /p is a field, which means
that p is a maximal ideal. 0

Therefore, in Ok, every nonzero fractional ideal has a unique prime ideal factorization.

From Theorem A.34, one sees that, as promised, a Dedekind domain may not be a UFD because
the prime factorization of ideals does not translate to the prime factorization of elements, and
this is because not all ideals are principal. Thus, it is important to measure the “failure of being a
UFD” = “failure of being a PID” in a precise manner.

Definition 2.3 (Ideal class group). Let & be a number field. Then, the set of nonzero fractional
ideals of Ok forms an abelian group, called the ideal group of K, Ji, where the multiplication
is given by the multiplication of the fractional ideals. Inside Jk, there is an abelian subgroup of
principal ideals, consisting of the fractional ideals of the form aO for a € K*. The quotient
group is called the (ideal) class group of K,

ClK) := Jx/Pxk.
For an ideal I C Ok, one writes [I| € CI(K) for the ideal class that I belongs to.

Thus, CI(K) = {1} precisely if and only if O is a PID (=a UFD). The class group is one of
the most important invariants of a number field. Its most fundamental property is that the class
group is a finite group (see Theorem 3.9 for a more precise statement).

Theorem 2.4 (Finiteness of the class number; to be proved later). For any number field K, C1(K)
is always a finite abelian group.

2.2. Splitting of rational primes. We are now interested in how the prime factorization of
ideals is done. The first thing to note is that every nonzero prime ideal in Oy is associated with
a prime number.

Proposition 2.5. Let K be a number field, and let p C Ok be a nonzero prime ideal. Then,
p NZ = pZ for some rational prime p € Z, and therefore, p divides (p).

Here, the rational prime means that a prime element in Z = Oy, to distinguish it from the
prime ideals/elements in a general number field. If p N Z = pZ, we call that p lies over (p) C Z
(or p € Z).

Proof. Since p divides a principal ideal, and since any principal ideal (o) divides (Ng/g(c)), p N
Z # (0). Furthermore, it is easy to see that pNZ is a prime ideal of Z. Thus, pNZ = pZ for some
rational prime p € Z. U

The notion of ideal norm is very useful.

Definition 2.6 (Ideal norm). Let K be a number field, and a C O be a nonzero ideal. Then, the
norm of a is defined as

N(a) := #(Ox/a),
which makes sense as O /a is a finite abelian group.
Theorem 2.7. Let K be a number field.

(1) If a, b C Ok are nonzero ideals, then N(ab) = N(a)N(b).
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(2) Ifp C Ok is a prime ideal that divides (p) for a rational prime p € 7Z, then N(p) = p® for
some integer a > 1.
(3) For a nonzero o € Ok, N((a)) = | Nk ()l

Proof.

(1) By using the prime factorization of b, it is sufficient to prove it when b = p is a prime
ideal. Then,
N(ap) = #(Ox /ap) = #(Ox /a) - #(a/ap),
so it suffices to show that a/ap = Og/p as finite abelian groups. Note that, as p is a
maximal ideal, Ok /p is a finite field. Also, a/ap is naturally an Ok /p-module, as multi-
plication by an element in Ok on a/ap does not change when you change the element by
an element in p. Thus, a/ap is a nonzero vector space over the finite field O /p.
Suppose on the contrary that dime, ,, a/ap > 1. Then, there is a proper nontriv-
ial Ok /p-submodule M C a/ap. This translates into the strict containment of O-

submgiiules ap C M C a. Since M C Ok is an Og-submodule of O, it turns out

that M is an ideal of Ok. Therefore, M is an ideal that divides ap and is divisible by a,
which by the unique factorization of ideals means that either M/ = a or M = ap, and both
cases are prohibited by the assumption, hence a contradiction. Thus, dime, a/ap =1,
as desired.

(2) This follows from the fact that Ok /p is a field that is a field extension of Z/(p) = F,,
which can be easily checked.

(3) Consider the multiplication-by-a map m,, : O — Og. It is an injective Z-linear map
(=homomorphism of abelian groups) whose cokernel has the size N((«)), which is of
course equal to | det(ma)| = | Nk g(a)|.

O

Therefore, for a C O, by looking at N (a), you are left with finitely many possibilities for the
prime factors of a. Namely, take the prime factorization of the integer N(a), and for each prime
factor p| N (a), the prime ideals of Ok lying over p may appear as a prime ideal factor of a.

Thus, the question is: what are the prime ideals of O that lie over p € Z? Namely, what is
the prime factorization of (p) C Ok? The prime factorization of (p) C Ok is often called as the
splitting of p in K (i.e. how a prime ideal in a smaller field splits off as a product of prime ideals

in a larger field).

Example 2.8 (Factorization of rational primes in quadratic fields). Let us consider the simplest
case, when K = Q(v/d) is a quadratic field. Consider first the simplest case of d = 2,3 (mod 4).
Then, O = Z[V/d], so as a ring, O = Z[X]/(X? — d). Thus,

O [pOx = ZIX]/(p, X* — d) = F,[X]/(X* — d).
Since F,[X] is a UFD, we can talk about the prime factorization of X? — d in F,[X]:

X? if d = 0 (mod p)

2 g X% —d if p is odd and d is not a square mod p
(X —a)(X +a) ifpisoddandd = a® (modp)
(X —d)? ifp=2.
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Thus,
F,[X]/(X?) ifp=2ord=0 (modp)
Ok /pOk = { F, xF, if p is odd and d is a square mod p
Fpe if p is odd and d is not a square mod p.

We would like to use the above information in conjuction with the Chinese Remainder Theorem.
Note that N((p)) = [Ngva) o) = p?, so (p) has at most two prime factors. Thus, there are
three possibilities:

(1) (p) = (p) itself is a prime ideal in Of;

(2) (p) = pp’ is a product of two different prime ideals;

(3) (p) = p? is a square of a prime ideal.
By the Chinese Remainder Theorem, these three cases are completely characterized by the ring
structure of Ok /pOk:

(1) (p) is a prime ideal in Ok if and only if Ok /pOf is a field;

(2) (p) = pp’ is a product of two different prime ideals if and only if Ok /pOf is a product of

two fields;
(3) (p) = p? is a square of a prime ideal if neither of the above holds.

Thus, we see that the prime factorization of (p) in Ok is of the form

(p) if pis odd and d is not a square mod p
(p) =< pp’ ifpisoddand d is a square mod p
p?  ifp=2ord=0 (modp).

In fact, one can give a precise description of these prime factors using the Chinese Remainder
Theorem.

Theorem 2.9 (Splitting of rational primes in quadratic fields). Letd = 2,3 (mod 4) be a squarefree
integer. Then, the prime factorization of (p) C Ok, K = Q(v/d), is given as follows.

(p) if p is odd and d is not a square mod p
(p) =} (p,Vd+a)(p,v/d—a) ifpisoddandd= a® (mod p)
(p, Vd — d)* ifp=2ord =0 (modp).

Proof. The general strategy is as follows.

e Describe the ring structure O /pOk explicitly.
e Find the prime ideals of Ok /pOf, and backtrack to obtain the prime ideals of Ok con-
taining (p).
Indeed, knowing what prime ideals contain (p) will give the factorization, because we already
know the multiplicities of the prime factors in each case. Below we will repeatedly use Lemma A.36.
There is nothing to do in the first case of p odd and d non-square mod p. Suppose that we are
in the second case, that p is odd and d = a* (mod p). Then, we have an explicit isomorphism

Ok /pOx = Z[X]/(p, X* —d) = Fp[X]/(X* —d) = F,[X]/(X —a) xF,[X]/(X +a) = F, xF,,

where the first isomorphism is given by the natural map (this is the Chinese Remainder Theorem
for F,[ X]!). Note that the prime ideals of F,xF, are ((1,0)) = F,x0and ((0,1)) = 0xF,. In turn,

we see that the prime ideals of F,,[ X]/(X?—d) are (X —a) and (X +a). Thus, the prime ideals of
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Ok = Z[X]/(X? — d) containing (p) are (p, Vd—a) = (p, X —a) and (p, Vd+a) = (p, X +a),
as desired.
Finally, suppose that we are in the third case, that either p = 2 or d = 0 (mod p). In any case,
then X? — d = (X — d)*(mod p), so we have an explicit isomorphism
Ok [pOk = ZIX]/(p, X* — d) = F,[X]/(X* — d) = F,[X]/(X — d)* = F,[X]/(X)*,

where the last isomorphism is given by X — X + d. Note that any element in F,[X]/(X)? is of
the form a + bX for some a,b € F,, and if a # 0, then (a + bX)(a™' —ba™?X) = 1,s0 a + bX
is a unit. Therefore, any prime ideal of F,[X]/(X)? must be contained in (X). The only ideals
contained in (X) are (X) and (0), as (X) C F,[X]/(X)? is an F,-vector subspace of dimension
1. Note that (X) is indeed a prime ideal, as it is a maximal ideal, while (0) is not a prime ideal,
as X - X € (0) but X ¢ (0). Thus, the only prime ideal of F,[X]/(X)? is (X ). Backtracking, the

only prime ideal of O = Z[X]/(X? — d) containing (p) is (p, Vd — d) = (p, X — d). O
The case of K = Q(+/d) with d = 1 (mod 4) will be dealt in Exercise 2.1.

Example 2.10. We can now systematically factorize any ideals / C Oy for a quadratic field K.
Let us take the example of K = Q(1/—5), so that O = Z[v/—5|. The ring Ok is not a UFD,

because we have two different prime factorizations of the same element
6=2-3=(1++v-5)(1—-+v-5).

Let’s see how this can be explained with the prime ideal factorization of (6). From our recipe, we
have the prime ideal factorizations of (2) and (3),

(2) = (2,V-5+5)=(21+V=5?* (3)=(31+V-5(,1-V-5)
using that —5 = 12 (mod 3). Thus, the prime ideal factorization of (6) is given as
(6) =p’qr, p=(21+V=5), 9=(31+V-5), r=(3,1-V-5)
Let’s see how the principal ideals (1 + y/—5) and (1 — \/=5) factor. Note that
N((1+V=5)) = [Ng(=5/0(1 + V=5)| =6,
so (1 + 4/—5) must factor into a product of two prime ideals,
(1+V=5) =paps, N(p2) =2, N(ps) =3.

We know already that the only prime ideal of Ok lying over 2 is (2,1 + v/=5), so ps = (2,1 +
v/—5). On the other hand, there are two choices for ps, either (3,1 + +/=5) or (3,1 — v/=5). On
the other hand, the factorization (1++/—5) = pop3 implies that p3 is the unique prime ideal of O
lying over 3 such that (14++/—5) C ps, or 1++/—5 € ps. Since obviously 1++/—5 € (3, 1++v/=5),
we know that p; = (3,1 + v/—5). Thus, we know that

(1+v=5) =pg=(2,1+V=5)(3,1+V-5).
Indeed, we can check manually that
(2,14+v=5)(3,1 ++v—=5) = (6,3+3vV—5,2+2V-5,(1++/-5)?)
= (6,1+v=5,(1+v=5)?)
= (1++/-5).



By the same reasoning, we have
(1-=+v=5)=pr=(2,1+vV-5)(3,1—+v-b).

Thus, the factorization 6 = 2-3 = (1++1/—5)(1 —y/—5) in terms of the prime ideal factorization
can be explained as

p’qr = (p°) - (qt) = (pq) - (pr).

Now, inspired by the tools we used in the quadratic field case, we discuss the case of general
number fields Op.

Definition 2.11 (Ramification indices, residue degrees, ramified/unramified primes). Let K be a
number field, and let p be a rational prime. In the factorization of (p) C Ok,

(p) = pil .. .p;g’

where pq, - - -, p, are mutually distinct prime ideals of Ok, we call e; the ramification index of
p; over p. If e; > 1 for some p;, we say that p ramifies in /. Otherwise (i.e. e; = 1 for all 7), we
say p is unramified in K.

We also have

Ok /pi =Fp,
for some f; > 1. We call f; the residue degree of p,.

The following is the fundamental relation between the residue degrees, the ramification indices,
and [K : Q.

Theorem 2.12 (Relations on “e, f, ¢”). If K is a number field and p is a rational prime with a prime
factorization (p) = p§* - - pg’ in Ok, we have

g
Zeifi = [K : @]-
i=1
Proof. Since O /p; = Fr,, N(p;) = p/i. Thus,

9
P = Nigolp)| = N(@) = [T Npi)e = p=es,

i=1

which gives the desired relation. O
We have some special adjectives for the extreme cases of ¢, f, g:

Definition 2.13 (Extreme cases of “e, f, g”). Let K be a number field, and let p be a rational prime
that splits as

(p) = pil .. .p;g_
e If we have ¢; = f; = 1 for all i (equivalently, ¢ = [K : Q]), then we say p splits com-
pletely in K.
e If we have g = 1 and e; = 1 (equivalently, f; = [K : Q)]), then we say p is inert in K.

e If we have ¢ = 1 and f; = 1 (equivalently, e; = [K : Q]), then we say p is totally

ramified in K.
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In the quadratic field case, we saw the following: if O = Z[a] = Z[X]/(f(X)) for some
monic f(X) € Z[X], then the prime factorization of (p) in O is governed by how f(X) (mod p)
factorizes in F,[X]. This is in fact true in general, and gives a very useful and versatile method
to find a prime factorization.

Theorem 2.14 (Dedekind’s criterion). Let K be a number field, and o € Oy be a primitive element
(ie. K = Q(«)). Let f(X) € Z[X]| be the minimal polynomial of « over Q. If p € Z is a rational
prime such that (p, [Ok : Z|a]]) = 1, then we can find the prime factorization of (p) in terms of the
factorization of f(X) (mod p) in F,[X]. More precisely, let f(X) € F,[X] be the mod p reduction
of f(X). Suppose that
J(X) = ha(X) - hy (X)),

is a prime factorization of f(X) inF,[X], where h;(X)’s are distinct monic irreducible polynomials
inF,[X]. Foreach 1 < i < g, choose h;(X) € Z[X] a monic polynomial whose mod p reduction is
equal to hi(X). Then, (p) C Oy has a prime factorization

(p) =192, pi= (p, hi(a)).
Furthermore, the residue degree of p; is equal to deg h;(X).

Proof. Consider the natural inclusion map Z[a] — Ok, which is a Z-algebra map. By taking mod
p reduction, we get a natural F,-algebra map Z[«]/pZ[a] — Ok /pOk. We claim that this is an
isomorphism.

Indeed, both O /pOk and Z[a|/pZ[c] are [K : Q]-dimensional IF,,-vector spaces, so to prove
that the given map is bijective, it is sufficient to prove that the map is surjective. Let v+ € Ok.
Then, as Ok /Z|c] is a finite abelian group, [Of : Z[al|x € Z[a]. As [Ok : Z|a]] is coprime to
p, there are integers a,b € Z such that a[Ok : Z[a]] + bp = 1. Then, a|Ok : Z[a]|z € Z|a],
so (1 — bp)x € Z[a]. The image of mod p reduction of (1 — bp)x € Z[a] under the natural
map Z|a]/pZ[a] — Ok /pOk is congruent to the mod p reduction of z, so this proves that any
x € Ok /pOk is in the image of the natural map, as desired.

This implies that the natural map gives rise to a ring isomorphism Z[a|/pZ[a] = Ok /pOk.
We now see that

Zla)/pZle] = ZIX]/(p, (X)) = F,[X]/(F(X)) = HFp[X}/(E(X))”,

by Chinese Remainder Theorem. B _ _
Now we use Lemma A.37. InF,[X]/(h;(X))%, any prime ideal must contain h;(X), as h;(X)% =

0 in this ring. However, as (h;(X)) C F,[X] is a maximal ideal, (h;(X)) C F,[X]/(h:(X))% is
the only prime ideal. Therefore, the prime ideals of [[?_, F,[X]/(h:(X))¢ are precisely
Fpl X1/ (ha (X)) x - x (ha( X))/ (i (X)) x -+ x Fy[X]/(hg(X))*, 1<i<y.

One sees easily that these correspond to the principal ideals

(hi(X)) CFp[X]/(F(X)), 1<i<y
under the natural map. These correspond to the principal ideals

(hi(@)) C Zla]/pZla], 1<i<yg

and under the natural map these correspond to the principal ideals

(hi(e)) C Ok /pOk, 1<i<y.
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These correspond to the ideals
pi = (p,hi(a)) C Ok, 1<i<y.
Therefore, we see that p,’s are precisely the prime factors in the prime factorization of (p) C Ok.

Let €} be the ramification index of p; in (p). By looking at the Chinese Remainder Theorem,
we see that, inside O /pOy, pf;_l 2 pf; = pf;H. By looking at the corresponding ideals in
Ok /pOx = 19, F,[X]/(hi(X))%, we see that €] = e;. Finally, since Ok /p; = F,[X]/(hi(X))
is, as a F-vector space, of dimension deg h;(X) = deg h;(X), we see that the residue deree of p;
is precisely deg h;(X). O

As we have
disc(1, a, - - - , o B U1 = (O - Z]a])? disc(K),

we have in many cases a way to compute the splitting of a rational prime p in a number field.

Example 2.15. Consider K = Q(+/3). We don’t really know whether Oy is equal to Z[v/3] (it
is in fact equal to each other, by using the technique introduced in Exercise 1.7). On the other
hand, we know that, from Exercise 1.2,

disc(1, V/3, V/32) = —3°.
Thus, by Dedekind’s criterion, any prime p # 3 will factor in K precisely based on how the
minimal polynomial f(X) = X? — 3 of /3 factors mod p.

o Let p = 2. Then, X® — 3 = (X — 1)(X? + X + 1) is a prime factorization in Fy[X].
Accordingly, we have a prime ideal factorization

(2) =pip2, P1=(2,V3-1), pa= (2, V32 + V3 +1).

In this case, the residue degrees are f; = 1, fo = 2.
e Let p = 7. Note that no cube is congruent to 3 mod 7 1P=1,2=1,3=-1,4 =1,
5% = —1,6° = —1 mod 7). Thus, X® — 3 is irreducible in F;[X], which means that (7)
remains a prime (i.e. 7 is inert) in K.
As mentioned above, using the technique introduced in Exercise 1.7, we can show that O =
7Z[V/3] as follows. Namely, we know that the only possible prime factor of [Ox : Z[v/3]] is 3, but
(3,[Ok : Z[¥/3]]) = 1 as the minimal polynomial X® — 3 of /3 is Eisenstein at 3. This implies
that [Ok : Z[v/3]] = 1. This means that we can also use Dedekind’s criterion to factor (3).
e Let p = 3. Then, X3 — 3 = X3 is a prime factorization in F3[X]. Accordingly, we have a
prime ideal factorization

(3) = q37 q= (37 \3/§>
In other words, 3 is totally ramified in K.
Challenge. Can you find a rational prime p € Z that splits completely in K7
Remark 2.16. The Dedekind’s criterion can be enhanced into the Dedekind index theorem,
which tells you exactly which prime p divides [Of : Z|a]]. The handout by Keith Conrad linked

on the website shows that, if there is p dividing [Ok : Z|a/]], the Dedekind index theorem even

gives a systematic construction of an algebraic integer x € O such that x ¢ Z[o] but pz € Z[a].
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2.3. Galois action on the splitting of rational primes. In the case of K /Q Galois, the splitting
of a rational prime p in K has more structure, with respect to the action of the Galois group
Gal(K/Q). It is easy to see that, for 0 € Gal(K/Q) and a prime ideal p C O, then o(p) C Ok
is also a prime ideal.

Therefore, if (p) has a prime ideal factorization in O as

(p) = p? te 'nga
then by applying 0 € Gal(K/Q), we obtain
(p) = a(p) = a(p2)™ -+ o(pg)™.

As the prime ideal factorization of (p) is unique, this implies that o gives rise to a permutation
of the prime factors py, - - - ,p, of (p) in Of. Namely, we have an action of the group Gal(K/Q)
on the set {py,--- ,p,},

Gal(K/Q) X {ph T apg} — {plv e 7pg}7 (U7 pl) = O-(pl)

Theorem 2.17. The action of Gal(K/Q) on the set of prime ideals of O dividing (p) is transitive,
ie. foranyl < i,j < g, there isoc € Gal(K/Q) such that o(p;) = p;. Consequently, the
ramification indices e; of the prime ideal factors of (p) are all equal, and the residue degrees f; of the
prime ideal factors of (p) are all equal.

Proof. Suppose the contrary that there exist 1 < i,j < g such that, for every 0 € Gal(K/Q),
o(p;) # p;. By the Chinese Remainder Theorem (or the weak approximation theorem as
in Exercise A.5), there exists an element z € O such that x € p; but z ¢ o(p;) forall o €

Gal(K/Q).
Now consider Ny q(z) € Z. Onone hand, Nk/q(2) = [, cax/g) (%) € Ok, 50 Nio(z) €

p;. This implies that N /q(z) € Z N p; = pZ. On the other hand, this implies that
Nijo(e)= ][ ol@)e® cw,
ceGal(K/Q)
so by the primality of p;, there exists 0 € Gal(K/Q) such that o(x) € p;. This implies that

x € o~ *(p;), which is a contradiction. O

As per Theorem 2.17, in the Galois K/Q case, we denote the common ramification indices
(residue degrees, respectively) of the prime ideals dividing (p) as e (f, respectively). Then, Theo-
rem 2.12 implies that, in the Galois case,

efg=[K:Ql.
Now we can give more structure on the Galois group Gal(//Q) based on its action on the primes

in K lying over p.

Definition 2.18 (Decomposition/inertia groups). Let K/Q be Galois, and let p C Ok lie over a
rational prime p € Z. Then, the decomposition group at p over p is

D(plp) = {o € Gal(K/Q) | o(p) = p},
which is naturally a subgroup of Gal(K/Q). The inertia group at p over p is
I(plp) = {0 € Gal(K/Q) | o(z) —z € pforallz € Ok},

which is naturally a subgroup of D(p|p) (check this).
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Proposition 2.19. Let K/Q be Galois, and let p C Ok lie over a rational prime p € Z. Then, for
each o € Gal(K/Q),

D(o(p)lp) = o D(plp)o,  I(o(p)lp) = ol (plp)o~".
In particular, if Gal(K/Q) is abelian, D(p|p) and I(p|p) do not depend on p and only depend on p.
Proof. Immediate from the definitions. O

The inertia group can be thought in the following way. Note that
Auty, (O /p) :={f : Ok /p — Ok /p an F-algebra isomorphism},
is a group, with the group multiplication given by the composition of maps.
Theorem 2.20. Let K /Q be Galois, with p lying over p. There is a natural group homomorphism
D(plp) — Autg, (O /p), o= 0 (modp).

This group homomorphism is surjective, with the kernel equal to I(p|p) C D(p|p).

Proof. 1t is immediate that, if 0 € D(p|p), then as o(p) = p, o gives rise to an [F,-algebra map
Ok /p — Ok /p, which is in fact an isomorphism as ¢! (mod p) is its inverse. By definition, the
kernel of this map is the inertia group I(p[p).

Letey,--- , e, be aZ-basis of Ok. To prove the surjectivity of this map, we want to show that,
for any g € Autg, (Ok /p), there exists 0 € Gal(//Q) such that, for any a € Ok, we have

o(a) = ga (modp).
This can be asserted if we have
U(éz) = gé’n
where €, € Ok/p is the mod p reduction of e;, for 1 < ¢ < n. Now consider a polynomial in
(n + 1)-variables,

X X0 = ] (Y—io—(ei)xi>eOK[Y,Xl,.--,Xn].

o€Gal(K/Q)

Note that, if 7 € Gal(K/Q), we have’

TfV Xy, X)) = ] (Y—Zf(a(ei))xi> = ] <Y—Za(ei)Xi> :

c€Gal(K/Q) i=1 o€Gal(K/Q) i=1

because Gal(K/Q) 2% Gal(K/Q) is a bijection of sets, we know that f(Y, Xy, --- , X,) has

coefficients in (’)S}al(K/ O _ Ox N KCGUEK/Q = O, NQ = Z. Note now that, as there is a term in
the product with o = 1, we have

fles X1+ +eXn, Xq,--+, X,) =0.
This means that, under the natural map
OklY, X1, -, X,] » OglY, Xy, -, X, ]/ (Y —er Xy — - — e, X)),
the element f(Y, X;,---,X,) € Ok[Y, Xy, -+, X,] is sent to zero.

3

"Here, 7(f(Y, X1,--- , X,,)) means that you apply 7 to the coefficients of the polynomial.
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Let f(Y, X1, -+, X,,) € F,[Y, Xy, -+, X,] be the mod p reduction of f(Y, X1, --- , X,,). Namely,
let f(Y,Xy,---,X,) be the image of f(Y, X},---, X,,) under the natural map
Z’[Y7X17 e JXTL] —> IE?p[Y; X17 e 7Xn}
Then, we have

f(€1X1+"' +€an7X17"' aXn) =0e (OK/p)[Yva 7Xn]7

which means that the element f(Y, X3, -+, X,,) is sent to zero in the bottom right corner of the
diagram

Z[Y7X1,"' aXn](—>'OK[Y>X17"’ ,Xn] OK[Y,Xh"' 7Xn]/(Y_ e1X1q —~--—ean)

| | i

Fp[Y, X, Xa) = (Ok /)Y, X0, -+, Xo] == (O /p)[Y, Xy, -, X ] /(Y =& Xy — - =2 X))

Here, the arrows that you take to arrive from the top left to the bottom right do not matter, as
this is a commutative diagram; namely, the arrows you take do not matter (check it yourself).
Applying g € Autg, (O /p) on the bottom row, we have an even bigger commutative diagram,

Z[Y7X1,"' aXn](—>'OK[Y>X17"’ ,Xn] OK[Y, Xy, 7Xn]/(Y —er Xy — - — €an)

| | i

Fp[Y, Xy, Xo] = (Ok /p)Y, Iﬁ » Xn] ——= (Ox /)Y, X, - ,Xn]/iYéle — e Xy)
Fp[Y, Xy, Xo] = (O /p)[Y, Xy, -, Xa] — (O /p)[Y, Xu, -, Xo] /(Y — ger Xy — -+ — gen X))

where f(Y, X1, , X,,) € Z[Y, Xy, -+ , X,)] is sent to 0 in the bottom right corner. On the other
hand, when you go through the veritcal arrows and then the horizontal arrows, you notice that
the image of f(Y, Xi, -+, X,) in the bottom middle entry is just

v x,- . x)= ] (Y—Za(éi)Xi)e((’)K/p)[Y,Xl,m,Xn}.

s€Gal(K/Q)
As Ok /pisafield, (Ok/p)[Y, X1, -+, X,] is a domain, so there exists some o € Gal(K/Q) such

that
(Z gEiXi> - (Z a(éi)XZ) =0e (Og/p)Y, X1, , X,].
i=1 i=1
Therefore, 0(¢;) = gé; for all 1 < i < n, which is what we wanted. O

Remark 2.21. In most texts in undergraduate algebraic number theory, this is proved using the
notion of the decomposition fields, but this notion is barely used in practice.

Theorem 2.22. Let K/Q be Galois, with p lying over p. If p is unramified in K, then I (p|p) = 1.
Therefore, if p is unramified in K, we have a natural isomorphism D(p|p) = Autg, (Ok /p).

Proof. Note that O /p = F,r, so Autg, (Og /p) = Gal(F,/F,) is a cyclic group of order f. On
the other hand, as the Galois group acts transitively on the set of g prime ideals lying over p, the
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order of D(p|p) is [KST@ = ef. Thus, if e = 1, then the natural map D(p|p) = Auty,(Ox/p) is a

surjective map between two finite sets of the same cardinality, so is bijective. U

What Theorem 2.22 proves is that, if p is unramified in Galois K/Q, then D(p|p) is also a
cyclic group of order f. Note that Gal(F,s/IF,,), a cyclic group of order f, actually has a natural
generator, called the Frobenius automorphism:

Frp S Gal(Ipr/Fp)> Frp(ZE) = 2P,
Exercise. Check that Fr, is indeed a generator of Gal(FF, /IF,,).
In terms of Autg, (O /p), this corresponds to the element
Fr, € Autg, (Ok/p), Frp(z) = 2P,

Definition 2.23 (Frobenius element). Let K/Q be Galois with a prime p € Z unramified in K.
Let Fr(p|p) € D(p|p) be the element correspoding to Fr, € Autg,(Og/p) under the natural
isomorphism D(p|p) = Autg,(Ok/p). In other words, Fr(p|p) € D(p|p) is the unique element
such that
Fr(plp)(z) = ¥ (modp),

for all x € Og.
Proposition 2.24. Let K /Q be Galois with a prime p € Z unramified in K. For o € Gal(K/Q),
o Fr(p|p)o~ = Fr(o(p)|p). Therefore, Fr(p|p) lies in a single conjugacy class (i.e. a set of elements
conjugate to each other) in Gal(K/Q) regardless of what p is. The conjugacy class is often denoted
as Fr, C Gal(K/Q) and called the Frobenius conjugacy class.

In particular, if Gal(K/Q) is abelian, Fr(p|p) € Gal(K/Q) does not depend on p and only
depends on p, in which case we denote the Frobenius element at p as Fr, € Gal(K/Q).

Proof. Easy exercise. 0
The Frobenius elements are extremely important, as we will see in many instances.

Example 2.25. Let K = Q(v/d) with d = 2,3 (mod 4) a squarefree integer. We then know that
Ok = Z[V/d), and we know that splitting of the rational primes:

p?  ifp=2ord=0 (modp)
(p) = < (p) ifpisoddand d is not a square mod p
pp’  if pis odd and d is a square mod p.

Thus, p is unramified in K if and only if p is odd and p does not divide d. Note that K /Q is Galois
with Gal(K/Q) abelian. Let’s compute Fr,, for each unramified p.
e If p is odd and a square mod p, then p splits completely in K. Thus, Fr, € Gal(K/Q) is
the unique element such that Fr,(z) = 2P (mod p) for a prime p lying over p and = € Ok.
We can take p = (p,v/d + a) for d = a?> (modp). Note that there are two elements
in Gal(K/Q), 1 and o, where o(v/d) = —V/d. So, we wonder if v/d' is congruent mod
(p,v/d — a) to either v/d or —v/d. This is the same as

+1Z2Vd (mod (p, Vid — a)).

If you unravel, this is asking what element does X?~! correspond to in F,[X]/(X — a),
so really about what a?~! is congruent to mod p, which is obviously 1 by Fermat’s little

theorem. Thus, this means that Fr, = 1.
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e If p is odd and a non-square mod p, then p is inert in K. Thus, Fr, € Gal(K/Q) is the
unique element such that Fr,,(z) = 2” (mod p). Thus, we wonder if Vd' is congruent mod

p to either V/d or —/d. On the other hand, as \/Epi1 —d"7 = —lasdisa non-square
mod p, we have Vd = —v/dmod p. This means that Fr, = ¢ is the nontrivial element of
Gal(K/Q).
In particular, one can concisely state the above results as follows. Identify Gal(K/Q) with
7,)27, = {#£1}. Then, for (p,disc(Q(+v/d))) = 1 with d = 2,3 (mod 4) squarefree (recall that
in this case disc(Q(v/d)) = 4d),

d
Fr, = (5) € {£1} = Gal(K/Q).
One can easily check that this continues to hold when d = 1 (mod 4) (exercise).

The above example tells us that the splitting behavior of a rational prime is somehow related
to what Fr, € Gal(K/Q) is. This is largely true in general, for example:

Theorem 2.26. Let K/Q be Galois, with p a rational prime unramified in K. Then, Fr, = 1 €
Gal(K/Q)? if and only if p splits completely in K.

Proof. As the Frobenius element generates the decomposition group, Fr, = 1 means that the
decomposition group D(p|p) for any prime p lying above p is a trivial group, which is the same
as f = 1. Since e = 1 by assumption, this is equivalent to p splitting completely in K. U

The natural question is then what does it mean for Fr, = 0 € Gal(K/Q) for an element
o € Gal(K/Q)? This is related to the class field theory, which we will briefly see in the section
about the Artin reciprocity. As an example of how Fr(p|p) determines the prime splitting in
general:

Theorem 2.27. Let K/Q be Galois, with p a rational prime unramified in K. Let G = Gal(K/Q)
and H < G be a subgroup, and let L = K be the fixed field of H. Then, the splitting of the rational
prime (p) in Of, can be described in terms of the Frobenius element in G as follows.
e Choose a prime ideal p of Ok lying over p.
e The Frobenius element Fr(p|p) € G acts on the right on the set of right cosets H\G by
Ho — Ho Fr(p|p).
e The set H\G splits into the orbits under the action of Fr(p|p) as

H\G = {H017 Hoy Fl"(p|p), o Hoy Fr(p|p)m1_l}ﬂ' ’ 'H{HO—W Ho, Fr(p|p), -+, Ho, Fr(plp)mr_l}'
o Then, the prime ideal factorization of (p) in Oy is
(p) :ql-..qr’
where q; = o;p N Or. Moreover, f(q;|p) = m,.
Proof. 1t is true by generalities of prime ideals that q; = o;p N Oy, is a prime ideal of Oy, lying
over p, and that p is unramified in L. If q; = q;, then o;p and o;p are the prime ideals of O

lying over the same prime ideal of Oy. Since K /L is Galois, by the relative analogue of Theorem
2.17 (which we will develop in the later lectures), o;p = 70;p for some 7 € Gal(K/L) = H.

8Note that Fr,, is usually well-defined up to conjugation, but 1 € Gal(K/Q) always forms a conjugacy class with
a single element regardless of whether Gal(K/Q) is abelian or not.
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Thus, o; '7o; € D(p|p). Since D(p|p) is a cyclic group generated by Fr(p|p), it follows that
o, 'ro; = Fr(p|p)* for some k € N. This implies that Ho; = Ho; Fr(p|p)¥, so i = j. This implies
that qq, - - - , g, are distinct prime ideals in Oy.

Note that Oy, /q; — Ok /o;p, which is a field extension of finite fields. Furthermore, Oy, /q; =
F,s(aiim, 50 an element in = € O /o;p is an element of the subfield Oy, /q; if and only if P! i
x. By definition, for z € O, Fr(o;p|p)/ P (2) = 2/(lP) (mod o;p). By the relative version
of Theorem 2.20, this implies that Fr(o;p|p)’ P = Fr(o;p|q; ) € H (the relative version of
Frobenius; again, will be developed later). Therefore Fr(op|p)?@lP) € H, or o; Fr(p|p)?@lP) ¢

Hoy, or Ho; Fr(p|p)/ilP) = Hoy, which implies that m; < f(g,|p). This implies that

[L:Q] = [H\G| = Zmz < Zf q:|p) = [L - Q],

so it follows that m; = f(q;|p) for all 1 < i < r, as desired. O

2.4. Cyclotomic fields. We study the cyclotomic fields in more detail. Recall:

Definition 2.28. Let m > 1 be an integer. The m-th cyclotomic field is Q((,,), where ¢, € C

27

is a primitive m-th root of unity (for example, (,,, = e ).

We have seen in Exercise 1.4 that, if m = p® is a prime power, then Q((,«) is independent of

the choice of primitive p®-th root of unity in C, has discriminant equal to + of a power of p, and
that is Galois over Q with the Galois group Gal(Q((,.)/Q) = (Z/p°Z)*.

Theorem 2.29. Let m = p® be a prime power, and K = Q((pe).
(1) The ring of integers of K is O = Z[(pa].
(2) Any rational prime ¢ # p is unramified in K.
(3) The element T := 1 — (pa is an irreducible element in Oy, and (p) = (7)?" =V is the
prime ideal factorization of (p) in Of.

Proof. Itis obvious that (,« € Ok, s0Z[(ya] C Ok. We know from Exercise 1.5 that D(1, (e, - - -, Cg:il(p_l)_l)
is+ apower of p, soforany ¢ # p, (¢, [Ok : Z|[(]]) = 1. Thus, the prime ideal factorization of ()
XP" 1

in Ok can be computed by using the factorization of the minimal polynomial ®,.(X) = T ]

mod /. Thus, ¢ is unramified in O if ®,.(X) has no repeated roots mod ¢. As ®,.(X) divides
XP" — 1, it is sufficient to prove that X?* — 1 has no repeated roots mod ¢. This can be checked
by whether X?* — 1 and its derivative has any common divisor mod /. Note that the derivative
of XP* — 1is p?XP"~! so as p® is not 0 mod /, this obviously is coprime to XP" —1in F,[X],
which means that X?* — 1 has no repeated roots mod /. Thus, ¢ is unramified in K, proving (2).

Note also that in Exercise 1.5 we showed that N /q(7) = p. This means that 7 is irreducible
in Ok, as otherwise its norm must be a composite number. Therefore, (7) C Ok is a prime ideal.
Let us denote this as

p = (m).
Also, note that

) 11— ia a—1
p=Cp(l) = H (1—¢) = H _CP P 1)

(i,p)=1, 1<i<pe (i,p)=1, 1<i<pe
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and the big product is a unit in Ok by Exercise 1.5! Therefore, we have an equality of ideals

(p) = ppa‘l(p71)7

in Ok, and this is therefore the unique prime ideal factorization of (p) in O. This proves (3).
What (3) implies is that p is totally ramified in K, so in particular f = 1, or

Z/p — OK/T('OK,

is an isomorphism. This implies that the elements in O /TOf can be taken to have integers as
representatives, or

O =7+ 70k.

Thus, obviously,

Ok = Z[(pe] + 10k
Multiplying by 7, we get

10k = 7Z[Cpe] + T Ok
Thus,
Ok = Z[Cpa] + mO = Z[(pa] + 7TZ[Cpe]| + T2 Of = Z[pa] + 72Ok

We can repeat this, to get

Ok = Z[(pa] + " Ok,
for any m > 1. In particular, if you put m = np®~!(p — 1), then as 7™ is a unit times p", we get

Ok = Z[Gpe] + p" Ok,
for any n > 1. On the other hand, by the proof of the finiteness of O, we know that

D(L,Go, -+ 5 G "V TOK C ZiG),
so for a big enough n, p"Ok C Z[(y.]. Therefore, this proves that

Ok = Z[Cp“] +p" Ok C Z[Cp“]a
which implies that O = Z[(a], proving (1). O

Now we can combine the prime-power cases to obtain a general statement.

Theorem 2.30. Let n > 1 be an integer, and let (,, be a primitive n-th root of unity in C, and

(1) We have [K : Q] = (n),” and the conjugates of ¢, are (¥ for1 < k < mn, (k,n) = 1. In
particular, K = Q((,) is independent of the choice of the primitive n-th root of unity (,.
(2) The field extension K /Q is Galois, with the Galois group

Cal(K/Q) & (Z/nZ)*.
9This is the Euler totient function, defined by
o) =[] i - 1),
i=1

when n = p{' -+ - p¢r is a prime factorization.
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(3) The minimal polynomial of (,, over Q is inductively defined as

X" -1
B,(X) = = ]I -wezix
Hm\n, m#n ©,(X) 1<k<n, (kn)=1

This is called the n-th cyclotomic polynomial.
(4) The ring of integers of K is Z[(,].
(5) Any rational prime { not dividing n does not divide disc(K), and is unramified in K.
(6) If n = p"m for (m,p) = 1, then the prime ideal decomposition of (p) in Ok is of the form

(p) = (pr---ps)*¥",
for some g, where py,--- ,p, are mutually distinct prime ideals in Or. In other words, ¢ =
w(p").
Proof. Let us prove this Theorem by induction on the number of prime factors of n. The base case
of n being a prime power has already been proved. Suppose that n = p"m for (m, p) = 1. Note
that (?" is a primitive m-th root of unity, while (™ is a primitive p"-th root of unity. Thus,
As (p",m) = 1, there are a, b € Z such that ap” + bm = 1. Thus, ¢, = (7" = (2.5, so

@(Cn) - @(Cp’)@(gm)

Therefore, Q((,) = Q((,r)Q((r ), which is independendent of the choice of ¢,,. This implies that
Q(¢,)/Q is, as a compositum of two Galois extensions, Galois. Moreover, the field Q((,) does
not depend on the choice of (,,, as Q(¢,,) = Q((,r)Q((,r,) and the right hand side does not depend
on any choice. Note also that there is a natural homomorphism

Gal(Q(¢n)/Q) = (Z/nZ)*, o+ alo),

where 0((,,) = ¢ (note 0((,) must be a root of X™ — 1, so it should be a power of (,,). This is
injective, as an automorphism of Q((,,) is determined by where (, is sent to. As

| Gal(Q(C)/Q)] = [Q(¢n) = Q] = [Q(Gr) : QJQGm) : Q = ¢(p")p(m) = ¢(n) = [(Z/nZ)*],
the natural homomorphism is an isomorphism (here, we used that p(ab) = ¢(a)p(b) for (a,b) =
1). This proves (1) and (2).
By induction, we have

II e.x)= 1] I &x-¢

m|n, m#n mln, m#n 1<k<m, (k,m)=1
= I I &-a= 1 &-a)
n=md, d#1 1<k'<n, (k',n)=d 1<k'<n, (k' ,n)>1

sO
e (X)= ][ (x—=¢).
1<k<n, (k,n)=1
Therefore, (, is a root of ®,,(X), and as [Q({,) : Q] = ¢(n) = deg ®,,(X), we see that ,,(X) is
the minimal polynomial of ,, over Q, proving (3).
By induction, disc(Q((,r)) and disc(Q((,,)) are coprime to each other. Therefore, by Proposi-
tion 1.35,

disc(Q(¢,)) = disc(Q(¢pr )™ disc(Q(¢n)) ™).



Furthermore, by induction, Og,.) = Z[(yr| and Ogy,,) = Z[(m], so again by Proposition 1.35,
O,y = Z[(,], proving (4). Finally, by Dedekind’s criterion, to prove that ¢ not dividing n
is unramified in Q((,), it is sufficient to prove that ®,,(X) has no repeated roots mod /. It is
sufficient to prove that there is a polynomial divisible by ®,,(X) with no repeated roots mod /,
so in particular it is sufficient to prove that X™ — 1 has no repeated roots mod ¢. This statement
is equivalent to that X — 1 and its derivative are coprime to each other mod /, i.e.

ged(X™ — 1 (mod £),nX™ ! (mod /) =

This follows from that gcd (X" —1 (mod ¢), X (mod ¢)) = 1 and ged(X"—1 (mod ¢), n (mod ¢)) =
1. Thus, we proved (4).

Finally, to prove (6), we have to show that ®,,(X) mod p is the p(p")-power of a polynomial
with no repeated roots. Note first that

X" —1=(X"—1)" (modp).

Therefore, ¥
n_ 1 '
Since
X"—1= ][] ®u(X), X" —1= ][ @u(X
alp™m alp™—'m
therefore

Xn/p -1 1|I CI)p "a
Note that X" —1 has no repeated roots mod p by the induction hypothesis on (5), and ®,,,(X) for
alm, a # m, is the ¢(p")-power of a polynomial with no repeated roots mod p by the induction
hypothesis on (6). Therefore, ®,,(X) = ®,-,,(X) is also the p(p")-power of a polynomial with
no repeated roots mod p, proving (6). U

From the definition of the Frobenius element, the following Corollary is obvious.

Corollary 2.31. For a rational prime { not dividing n, Fr, € Gal(Q((,)/Q) corresponds to { €
(Z/nZ)* by the isomorphism in Theorem 2.30(2). Namely, Fr,(¢,) = (.

Corollary 2.32 (Cyclotomic Reciprocity Law). Let p be an odd rational prime, and let q be any
rational prime # p. Letd|(p—1), and let F;; C Q((,) be the unique subfield of degree d over Q. Then,
q is a d-th power mod p if and only if Fr, = 1 in Gal(F,;/Q) (i.e. if and only if q splits completely
in F; by Theorem 2.26).

Proof. Note that H = Gal(Q((,)/Fy) C G = Gal(Q((,)/Q) is the unique cyclic subgroup
of order 251, Using Theorem 2.27, we know that ¢ splits completely in F} if and only if Ho =
Ho Fry o Q for all 0 € G, where Fr,q(,) € G is the Frobenius element of ¢ in G. Since G is
abelian, th1s is the same as Fry g(¢,) € H. Note that Fr, o) € G correspondsto ¢ € (Z/pZ)* and
H C G corresponds to the cyclic subgroup of d-th powers 1n (Z/pZ)*, the statement follows. [J

Remark 2.33. Often the Cyclotomic Reciprocity Law means a special case of Corollary 2.32, that
the cyclotomic polynomial ®,(.X) factorizes into a product of distinct linear factors mod ¢ if and
only if ¢ = 1 (mod p).

Now we are ready to prove the quadratic reciprocity law.
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Theorem 2.34 (Quadratic reciprocity law). Let p be an odd prime.

(1) We have
(—_1)_ 1 ifp=1 (mod4)
p/) |-1 ifp=3(mod4).
(2)_ 1 ifp=1,7 (mod8)
p) | -1 ifp=3,5(mod8).
(3) If ¢ # p is an odd prime,
P\ (€)= Ly
(Q) (p) = '

Proof. Let ¢ # p be a prime. Then, by Corollary 2.32, <%> = 1 if and only if ¢ splits completely

in the unique quadratic subfield K of Q((,), which by Exercise 1.6 we know that K = Q(,/ép),
where ¢ = 1if p = 1 (mod4) and e = —1 if p = 3 (mod 4). By Exercise 2.3, we know that this

B-)
(0(2)

Therefore, the statement of (3) in the case of either p or ¢ = 1 (mod4) follows from this (by

possibly swapping the roles of p and ¢).
Now we prove (1) in the case of p = 1 (mod 4). As p # 3, we have

(2) We have

happens if and only if (Eq—p> =1, or that

or

but also we have

Therefore, it follows that (%) = 1, as desired.

Now we prove (1) in the case of p = 3 (mod 4). Firstly, it is easy to see that (%1) = —1,as2
is not a square mod 3. If p # 3, then we have

<2> “(3)-6G)--6)
9-G)-6)G)

Therefore, it follows that (%) = —1forallp=3 (mod 4). This completely proves (1).
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Now we prove the remaining cases of (3), that is that (§> =— ( ) if p=¢q =3 (mod4). This

q
P
follows easily from (1) as

0-6)-06)-0)

Now it remains to prove (2). Note that (%) = 1ifand only if 2 splits completely in KX = Q(,/€p).
Note that ep = 1 (mod4) by definition. By Exercise 2.1, 2 is inert in Q(,/ép) if and only if

=2 =1 (mod2), or ep = 5 (mod 8). Thus, (%) = —1if and only if ep = 5 (mod 8), so either

p =5 (mod &) or p = 3 (mod 8). Thus, (2) follows. O

Remark 2.35. We will later prove the quadratic reciprocity in a more “analytic way”. Also,
the relative theory of splitting gives us more generalized reciprocity laws like Fermat’s “cubic
reciprocity law”

Cyclotomic fields have a very special position in the theory of number fields. These are easy-
to-write number fields whose Galois groups over (Q are always abelian. In particular, any Galois
subfield of a cyclotomic field is an abelian extension of (Q, namely a Galois extension of Q
whose Galois group is an abelian group.

It is a very surprising and fundamental theorem that the converse direction is true!

Theorem 2.36 (Kronecker-Weber). For any abelian extension K /Q, there exists a cyclotomic field
Q(¢,) which contains K as a subfield.

This Theorem is very difficult and requires the class field theory. We will see later how this
follows from a big theorem of Artin reciprocity law (whose proof we will not be able to cover).
On the other hand, we can see now that the quadratic fields version of the Kronecker—-Weber
theorem holds.

Proposition 2.37 (Kronecker-Weber for quadratic fields). Let K/Q be a quadratic field. Then,
there exists a cyclotomic field Q((,,) which contains K as a subfield.

Proof. Let K = Q(+/d) for a square-free integer d. Suppose first that d is odd. Let d = %p; - - - p,
be a prime factorization. Then, Q((,,) D Q(,/€;p;) for some ¢; € {£1}. Moreover, Q({;) =

Q(V=1). As Q(Cupy-p,) = Q(C)Q(E,) - - Q(Cp, ) is a compositum, we have

Q(\/__la V €1P1, -, V erpr) C Q(C‘H’l“'?r)'

Therefore, both Q( /€1~ €.p1---p,) and Q(y/—€; - -~ €py - - - p,) are inside Q((4p,...p, ). Thus,
K C Q(@m---m)-

Now suppose that d is even. Let d = £2p; - - - p, be a prime factorization. Then, we look at
Q((g) instead - note that as Gal(Q((s)/Q) = (Z/87Z)* = (Z/27Z)? is the Klein four group, there
are three quadratic subfields (corresponding to the three order 2 quotients of the Klein four group)
of Q((3) by Galois theory. Note that Gal(Q((3)/Q) = (03,05 | 03 = 02 = 1, 0305 = 0503),
where 0;((s) = (.. Then, there are three order 2 subgroups of Gal(Q((3)/Q),

G1 = {1,0’3}, G2 = {1,0’5}, G3 = {1,0’30’5}.
We pick (s = 1—\;; Correspondingly, the fixed fields are

Q) = {a+b(G + ) +e(G + G) +d(@E + ) +es | abye.dye € Q)
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={(a—e)+ (b—d)V2i|a,b,cdeeQ} =Q(-2),
Q(G)7* = {a+b(G+ ) + 5 +d(E + &) +eGs + G [aboesdoe, f € Q)
={(a—e)+(c—flilabede feQ} =QV-1),
Q(G)™ = {a+b(G+ ) +e(65 + ) +d(E + &) + e [abe,d e € Q)
={(a—e)+ (b—d)V2|a,becdecQ} =Q(H2).
In particular, both Q(v/2) and Q(v/—2) are inside Q((z). Now, we use the same argument as

above with Q((g, ..., ) instead, we get the same result that both Q(1/2p; - - - p,) and Q(v/—2p1 - - - p;)
are inside Q((sp, ..., ), S0 KX C Q(Cgpy-p,.)- O

EXERCISES

Exercise 2.1. In this exercise, we will describe the prime ideal factorization of (p) C Ok, K =

Q(V/d), in the case of d = 1 (mod 4) squarefree.
(1) Show that the minimal polynomial of %ﬁ € Ok over Qs

1—d
f(X)=X*-X+ — € Z[X].

Deduce that Ok /pOx = F,[X]/(f(X)).
(2) If p = 2, then show that f(X) is irreducible in F,,[X] if and only if 17¢ = 1 (mod 2).
(3) If p is an odd prime, show that f(X) is irreducible in IF,,[ X | if and only if d is not a square

mod p.

Hint. f(X) = (X —1)* -4,
(4) Give a complete description of the prime ideal factorization of (p) C OQ( va) in the case

of d = 1 (mod 4) squarefree.

Exercise 2.2. Let K/L/Q be a tower of number fields (not necessarily Galois). Let p € Z be a
rational prime.
(1) If p is unramified in the bigger field K, show that p is also unramified in the smaller field
L

(2) If p splits completely in the bigger field K, show that p also splits completely in the smaller
field L.

Exercise 2.3. Using Exercise 2.1, check that even in the case of d = 1 (mod4) a square-free
integer, for (p, disc(Q(v/d))) = 1 and odd prime,

d
= (£) € (1) = Gal@(vVa)/ @),

Exercise 2.4. Let K/Q be a Galois extension. Suppose that there is a rational prime p which is
inert in K. Show that Gal(K/Q) is a cyclic group.

Exercise 2.5. Let K = Q((,) with n > 2.

(1) Show that there is no real embedding of K.

(2) Show that K+ = Q({, + ¢, ') = Q(cos(3)) is a subfield of K with [K : K] = 2.
(3) Show that every embedding ¢ : K™ < C is a real embedding.

(4) Show that O+ = Z[(, + (Y.
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3. CLASS GROUPS

Our main goal in this section is to prove the following theorem.

Theorem 3.1 (Finiteness of the class number). Let K be a number field. Then, C1(K) is a finite
abelian group.

As CI(K) is obviously an abelian group by definition, the content is to prove that Cl(K) is
finite. The order of C1(K)) is called the class number of K, and is denoted h.

The finiteness of the class number is proved by seeing a fractional ideal as a lattice. Recall that
we know that any nonzero fractional ideal of K is a free Z-module of rank [K : Q]. The way
that we proved certain domains are Euclidean domains is by embedding the domains into say C
and use the distance of complex numbers. Similarly, for any fractional ideal a of K, we can see
this as a lattice in RYY for some N. Studying these lattices geometrically, which is often called the
geometry of numbers, will eventually lead us to the finiteness of the class number.

After we prove the finiteness of the class number in full generality, we will show how the class
group of an imaginary quadratic field is related to the theory of binary quadratic forms; this in
fact predates the notion of number fields.

3.1. Geometry of numbers. The idea of the proof is to see a fractional ideal as a lattice. Recall
that we know that any nonzero fractional ideal of K is a free Z-module of rank [K : Q]. The
way that we proved certain domains are Euclidean domains is by embedding the domains into
say C and use the distance of complex numbers. Similarly, for any fractional ideal a of K, we
can see this as a lattice in R" x C°. Here, r, s are respectively the numbers of real and complex
embeddings of K. These are more formally defined as follows.

Definition 3.2 (Real and complex embeddings). Let /K be a number field of degree n. Then,
#{o: K — C} =n.

An embedding o : K — Cis a real embedding if the image of ¢ is contained in R. The number
of real embeddings of K is often denoted as 7.

An embedding o : K — Cisacomplex embedding if it is not a real embedding. The number
of complex embeddings is always an even number, as a complex embedding ¢ : K — C comes
in a pair of complex embeddings, with another complex embedding o : K — C by taking the
complex conjugate of 0. Let s be the half of the number of the complex embeddings of K. Clearly,
r+2s=n.

Definition 3.3 (Lattice). Let V' be a vector space over R of dimension n. A lattice L in V is a
free Z-submodule of rank n, namely
L:Z‘Ul@“‘@Z'U’n,

where vy, - - - , v, are linearly independent vectors in V. Given this presentation, a fundamental
parallelopiped is a set

D={ayv1+--+aw,|0<ay, - ,a, <1}

Note that vol(D) is, unlike D, independent of the choice of the basis vectors vy, - - - , vy,.
46



Using these various embeddings, a fractional ideal of /K can be seen as a lattice in some Eu-
clidean space R” x C* = R"*25 = R", The finiteness question is then reduced to the following
type of question.

Question. In a lattice inside a Euclidean space, what is the smallest norm of a nonzero vector?

This kind of a technique where you transform a question about integers into a question about
geometry is called the geometry of numbers. The specific question as above can be approached
by Minkowski’s theorem.

Theorem 3.4 (Minkowski’s theorem). Let L C V = R" be a lattice, and let vol(D) be the volume
of a fundamental parallelopiped of L. Let'T" C V' be a compact, convex (i.e. v,w € T implies
M+ (1 =Nw €T forall0 < X < 1) and symmetric (ie. v € T implies —v € T) subset. If'°

vol(T') > 2" vol(D),
then T contains a nonzero element of L.

Proof. Let A > 1 be a real number, and let \T" = {At | ¢t € T'}. Then, vol(A\T) = X" vol(T'), so
vol(37T) > vol(D). As R" can be partitioned into

R" = | J(z + D),

zeL

vol (%T) = vol (%T N (z + D)) .

zeL

we have

Forx € L,let D, C D be defined as

D, = (%T—x)ﬂD.

Asvol (3T) = >, ., vol(D,) > vol(D), there are two z1, 2> € L such that D,, N D,, # 0.

Then, there are t1,t, € T such that % —x = % — X9, SO M = x1 — x9 € L\{0}. Since
—t9 € T by symmetry of 7', % € T by convexity of T'. Thus, M € AT Thus, AT contains
a nonzero element of L, for every A > 1.

Suppose now that 7N L = {0}. Then, even though 37" N L # {0}, it is compact (since T’
is compact by assumption and L is closed as L is a homeomorphic image of Z" C R" which is

closed) and discrete (since L is discrete — again, L a homeomorphic image of Z" C R", which

is discrete), so finite. Let %T N L ={0,z1, - ,xy}. Then, by assumption, z; ¢ \;T for some
Ai > 1. Taking A = min(Ay,- -+, \;,,), we obtain a contradiction that AT'N L = {0} for A > 1.
Thus, T'N L contains a nonzero element. O

In the above proof, we used the following little lemma in topology.
Lemma 3.5. A compact discrete set is finite.

Proof. Let S be a compact discrete set. For each z € S, let U, := {z} C S which is an open subset
(by discreteness). Then, S = |, . U, is an open cover, so there is a finite subcover U,,,--- ,U,,
for x1,- -+ , ;. This means that S = | J;_,{z;}, so finite. O

1945 we use the notion of the volume of T, to be very precise, we need that T is a Lebesgue-measurable set. In
practice, T' will be a finite intersection and union of the region defined by real analytic funcitons, so it is always
Lebesgue measurable.
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Now consider the 7 real embeddings of K,
o1, ,0,.: K =R,
and the s pairs of complex embeddings of i,
Ori1, 00415 s Opsy Orgs - K — C.
Consider the map
0=(01, 00, 0ps1, - ,0rys) s K = R x C* 2R = R",

Proposition 3.6. Let a be a nonzero ideal of Of. Then, o(a) is a lattice in R™. Furthermore, the
volume of a fundamental parallelopiped is equal to 27°N(a)+/| disc(K)|.

Proof. Let oy, - - - , v, be a Z-basis of a. Note that o(a) is the Z-module generated by the vectors
o(aq), -+ ,0(ay), or in terms of coordinates,

o) = (a1(@), -+, op(ai), Re(op41 (i), Im(or 1 (@), - - Re(ors (@), Im(o45(ai)))

Let A be the matrix whose i-th row is o(«;). Let B be the matrix whose i-th row is
(01(ai), -+ on(ai), orpa (i), orga (), - -+, orgs(@i), orgs (i)
Then, by Proposition 1.22,
|det(B)|> = |D(ay, - ,an)| = [Ok : a]?| disc(K)| # 0,
so det(B) # 0. Through elementary column operations, it is easy to see that
det(B) = (—2i)° det(A).
Therefore,
|det(A)| = 27°N(a)+/| disc(K)],

which is nonzero. Therefore, o(a) is a lattice. Also, since det(A) is the volume of a fundamental
parallelopiped, we are done. O

The following is a key to the finiteness of the class number.

Proposition 3.7. Let a be a nonzero ideal of Ok. Then, there is a nonzero element o € a\{0} such
that

Nisola)] < (f) N (@) /T dise(R)).

T/ n"
Proof. Note that

Nicsa@)] = [01(@)] - (@l a @) - - loras(a) < 22zt 17N H 2Ty [ox(@l)

nn
by the AM-GM inequality.
For any y > 0, let B(y) C R” x C* be the set of vectors

r+s
B(y) = {( Ty g1 Ergs) ERT X T Z!wz > I <y}

i=r+1

Thus, by Minkowski’s theorem, if vol(B(y)) > 2" vol(D), for D a fundamental parallelopiped of
o(a), we have a nonzero element in B (y) N o(a), which implies that there is a nonzero element
o € a\{0} such that [N qg(o)| < L&

Computing vol(B(y)) in terms of y is just a calculus exercise.
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Lemma 3.8. We have vol(B(y)) = 2" (%)" L (as usual, n = r + 25).

Proof. This is the same as proving the volume of positive x4, --- , x, is (g)s % Furthermore,
scaling @, 1, -+, Zr4s by 2, this is the same as proving that
r r+s yn
vol ({(1:1, , Trys) € Ry x C* | sz + Z |z;| < y}) = (QW)SH.
i=1 i=r+1

0

For x;, j > r + 1, we use polar coordinates x; = rjei 7, so that the integral we have to prove is

yr+25

Ir,s(y) = / HOEE aerrsd:El T dwr+s = ﬁ
ZT1,,Tr4s 20, T14FTr4s<y (7’ + S>.

We prove this by induction. Note that

Y Y=Tr+ts Y=Trps——Tr42 Y—Tpps—r—Tpil Y—Tpgs——T1
Ir,s(y) = / $r+s/ Trps—1°"" / Tra1 / e / dridzy - --
0 0 0 0 0

Therefore, if s > 1,
y
[r,s(y) = / xr+s[r,sfl(y - $r+5)d$r+s.
0

By induction,

Y <y _ x)?”+25—2 Y xT+28—2 Y yxr+25—2 o xr+25—1
I = T dr = —T)—————dr = d
sl9) /Ox(r+25—2)! v /O<y x>(7’+25—2)!x /0 (r+2s—2)! v

B 1 yr+2s yT+28 _ 1 yr+25 _ yr+25
C(r+2s =20 \r+2s—-1 r+2s)

r+2s =2 (r+2s—1)(r+2s) (r+2s)!
Therefore, we only need to prove the formula when s = 0. Again, then by induction

Y Y (y _ :L'T)Tfl Y ‘,L‘rfl "
Lo(y) = /0 L0y — x,)dz, = /0 Wd% = /0 mdx = K

so the formula follows from the base case

Yy
ILO(?J) :/ d$1 =Y.
0

Therefore, if we take y such that

2" (g) Lo > 2797 N(a)y/[ disc(K)].
n!
then there is a nonzero element @ € a\{0} with |Ng/g(c)] < L. We can take y > 0 be such

nTL
that
2s

2
Yy = n!;N(a)\/ | disc(K)|,

then it satisfies the desired inequality. Thus, we get the the desired upper bound on |Ng g (a)|.
U
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3.2. Finiteness of class numbers. We can now prove the finiteness of the class number, and
actually can establish an explicit upper bound (even though the bound is too large to be useful in
practice).

Theorem 3.9 (Finiteness of the class number, explicit version). Let K be a degree n number field.

(1) For each [a] € CI(K), there exists an integral ideal representative a C O of [a] (which is a
priori a mere equivalence class of fractional ideals) such that

V@ < 2 (2) V1@l E)] = B

The number on the right is called the Minkowski bound, By,.
(2) The class number hy is finite. For example, there is an explicit bound

hi < (logy By + 2)"Px.

Proof. (1) Choose any integral ideal representative b of [a] ! (this is possible because any frac-
tional ideal is of the form b/d for some d € Z and b C Ok). Then, by Proposition 3.7, there
is 3 € bnot zero such that | Ng/q(3)| < BN (b). Since b divides (/3), there exists an inte-
gral ideal a such that ab = (3). Therefore, a = ()b~ is an integral ideal representing the
equivalent class of ([a]™!)~" = [a]. Furthermore, as N (a)N(b) = N((8)) = |Nk/o(f)

we have
_ |Nkso(B)]
N(b)

5

N(Cl) < BK,

as desired.

(2) It is sufficient to show that the number of integral ideals a C Ok with N(a) < Bg
is finite (or, more precisely, bounded above by (log, Bx + 2)"P%). Note that N(a) =
[1;_, »{" < Bk implies that very crudely there are Bx many primes p; can appear in the
prime factorization of N(a), and 0 < e; < log, Bx + 1. For each p; appearing in the
prime factorization of N (a), the part of the prime ideal factorization of a consists of the
primes lying over p; should be of the form pffl‘l o+ Pis;Seis,, where f(pii|pi)eis + - +
f(pis:|pi)eis; = e;. Note thats; < n,and 0 < e;; < e; < log, Bx+1, so there are at most
(logy Bi + 2)"™ many choices for the part of the prime ideal factorization of N(a) lying
over p;. Thus, there are at most (log, Bx + 2)"P% many integral ideals of norm < By.

0

Remark 3.10. The Minkowski bound is quite large, but combined with other information like
prime splitting, one often has good handle of the class group for small examples. On the other
hand, the bound in Theorem 3.9(2) is useless in practice.

We will see later that the class number can be computed with analytic methods.

For the rest of this section, we will compute the class group for some examples, and exhibit how
the knowledge of class number can be useful in number theoretic questions. A general procedure
is as follows.

(1) By Minkowski bound, we have a surjective map of sets
{a C Ok, N(a) < Bg} — CI(K).

(2) The set on the left is finite. Furthermore, multiplicatively, it is generated by the maximal

ideals of Ok of norm < Bp. In particular, you have to consider the prime ideals lying
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over a rational prime p for p < By, and the ideal classes of such finitely many prime
ideals will generate C1(K).

(3) The task is now to come up with the relations between the ideal classes of those prime
ideals.

o The splitting of rational primes gives relations between ideal classes.

e To see whether a given (prime) ideal is a principal ideal, the task is to find (or prove
the nonexistence of) a purported generator. The purported generator should have the
norm equal to &+ the norm of the ideal, so that should give you a clue.

e To come up with a relation between the prime ideals, you have to come up with a
principal ideal whose prime factorization is given by the powers of the prime ideals
of norm < By. This again can be guessed by first looking at & € Ok whose norm
Nk () has only prime factors < By.

e You can always reuse the fact that any ideal class must be represented by an ideal
a C Ok with N(a) < Bg.

(4) Showing that there are no more relations comes from showing that certain prime ideals
are not principal.

Example 3.11. Let K = Q(+/14), so that O = Z[v/14]. We will show that hx = 1. By Theorem
3.9(1), for each [a] € CI(K), there is a representative a C Ok with

P
N(a) < §\/4 14 = V14 ~ 3.7417.

To prove hy = 1, or CI(K) = 1, it is sufficient to prove that any integral ideal a C Ok with
N(a) = 2,3 is a principal ideal. Such an ideal is necessarily a prime ideal, and is a prime ideal
that lies over either 2 or 3. So let’s look at how (2) and (3) splits in /.

(2) = (2,V14)?, (3)=(3).
In particular, there is no prime ideal with norm 3. So, the only ideal that has a possibility of being
non-principal is (2, v/14) (whose norm is indeed 2, as N ((2,v/14))? = N(2) = 4).

If it is indeed a principal ideal, then (2,1/14) = (a) for a € Ok with N(a) = £2. So to
investigate whether this ideal is principal or not, we need to look for an element o« = x + /14y
whose norm is 42, or 22 — 14y? = 2. One immediately sees that x = 4,y = 1 is a possibility.

Sois (2, 1/14) the same ideal as (4 —+/14)? Certainly (4 —+/14) C (2,/14), and 2 is a multiple
of 4 — /14, as after all (4 — v/14)(4 + v/14) = 42 — 14 = 2. So the problem is whether v/14 is a
multiple of 4 — v/14. One may just do the calculation of V11 and get

4—/14
74 2v 14,

V4 V14 +V14)  14+4V14
4—\/14 2 B 2 B

which indeed confirms our expectation."

Remark 3.12 (Fun history (non-examinable)). One may wonder whether one can show that
Z[+/14] is a PID by showing that it is a Euclidean domain. In fact, this is true, but with a funny
twist.

" Another way to do this is to use that, if v/14 = (4 —1/14)c for some ¢ € O, then N(c) = N]z;(%) ===

—7. Then ¢ = d + v/14e with d? — 14e? = —7. From this one can guess what d, ¢ should be. This kind of approach
may be useful for non-quadratic fields, whenever taking the inverse of an element is not so obvious to calculate.
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Recall that so far we showed that something is a Euclidean domain by using the most natural
and obvious notion of norm. In that regard, it is natural to believe that, if Z[\/ﬁ] were to be a
Euclidean domain, its division algorithm must use the (absolute value of the) quadratic norm. It
is however known that the quadratic norm on Z[v/14] does not give rise to a division algor-
tihm (the ring of integers of a quadratic field whose absolute value of the norm gives a division
algorithm is called norm-Euclidean; so it is shown that Z[v/14] is not norm-Euclidean). In fact,
[BSD] classified all norm-Euclidean quadratic fields, which is a finite list. On the other hand,
[Har] shows that Z[v/14] is Euclidean! So Z[/14] has a division algorithm, but a weird division
algorithm. The situation is very interesting:

e [BSD] proves that there are finitely many norm-Euclidean quadratic fields: Q(v/d) with d
in the following list:

-11,-7,-3,-2,-1,2,3,5,6,7,11,13,17,19, 21, 29, 33, 37,41, 57, 73.

e It is a classical problem raised by Gauss (Gauss class number one problem; solved by
Baker and Stark) that there are only finitely many imaginary quadratic fields (i.e. Q(v/d)
with d < 0) with class number 1. The list is Q(v/d) with d one of the following:

—1,-2,-3,—7,—11,—19, —43, —67, —163.

The standard proof of this uses elliptic curves (more precisely, the complex multiplication
theory of elliptic curves).

e It is known that for Q(v/d) with d = —19, —43, —67, —163 (i.e. d in the second list but
not in the first list), (9@( Va) is a PID but not a Euclidean domain.

e Gauss also conjectured that there are infinitely many real quadratic fields (i.e. Q(v/d) with
d > 0) with class number one. This is a major open problem. We don’t even know
whether there are infinitely many real quadratic fields with class number one.
There are more refined conjectures on the class numbers of real quadratic fields under the
name of the Cohen-Lenstra heuristics.

e It is conjectured that the ring of integers of every real quadratic field with class
number one is a Euclidean domain. It is known that the (generalized form of) Rie-
mann Hypothesis implies this statement.

e Thus, for (supposedly) infintely many real quadratic fields, their rings of integers are Eu-
clidean domains with weird division algorithms. In fact, the way that this is proven for a
few examples is not constructive, i.e. it is proven that there is a division algorithm
but we do not know how to write down the division algorithm explicitly. For ex-
ample, this is the case for Q(v/69) where the existence of division algoritmh is proven
indirectly in [Lut].

More examples like this are in the Exercises. We record two more examples indicating that this
approach helps to determine the class group, not just the class number — in both examples, the
class number is 4, but the group structures are different.

Example 3.13. Let K = Q(v/—14), so that O = Z[v/—14]. We will to show that Cl(K) =
Z/47. The Minkowski bound is, for each [a] € CI(K), there is a representative a C Ok with

2! 4
N(a) < 5~ VA 14 ~ 4.764.
m
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Thus, if [a] # 1, then N(a) = 2, 3, 4. Therefore, a is either a prime ideal lying over either 2 or 3,
or is a product of two prime ideals lying over 2. Let’s see how (2) and (3) factorizes in O:

(2) = (2,V=14)%  (3) = (3, V=14 + 1)(3,v/—14 — 1).

Let po = (2,v/—14), p3 = (3,/—14 4+ 1), p§ = (3,v/—14 — 1). Then, N(p3) = 2 and N(p3) =
N(ps) = 3. Thus, any nontrivial ideal class in CI(K) is represented by either po, p3, p5 or p3.
On the other hand, p3 = (2) is principal, so p2 is not an option. Furthermore, [ps]*> = 1 and
[ps][p4] = 1, so CI(K)) is generated by [p»] and [ps]. Note also that N /(2 —/—14) = 22+ 14 =
18 = 2 - 3%, so the prime ideal factorization of (2 — /—14) is either pop2, popsph, or pops°. Note
that popsps = 3po, and 2 — +/—14 is not divisible by 3, this is not an option. Note that

p2= (3, V=14 + 1)* = (9,3 + 3v/—14, —13 + 2v/—14),
pap? = (2, V—14)(9,3 + 3v/—14, —13 + 2v/—14)

= (18,6 + 6v/—14,—26 + 4v/—14,9v/—14, —42 + 3v/—14, —28 — 13/ —14),
and this contains 2 — /—14 as

2 — /14 =18 — (=26 + 4v/—14) + (—42 + 3v/—14),

so (2—+/—14) C pop3, which is an equality as both ideals have the same norm."? Thus, in CI(K),
[p3]?[p2] = 1, so [p3)* = [p2] ™ = [p2]. Therefore, [p3] generates C1(K'), whose order divides 4, as
[ps]* = [p2]? = 1.

To show that Cl(K') & Z/4Z, therefore, it is sufficient to show that [ps] = [p3]? is not trivial,
or that p, is not a principal ideal. If p, = () for @ = x + y/—14, x,y € Z, then Nk (o) =
+N(ps) = £2, so 2? + 14y* = 2. This is clearly impossible. Thus, C1(K) = Z/4Z, as desired.

Example 3.14. Let K = Q(+/—30), so that O = Z[v/—30]. We will show that Cl(K) =
(Z)27) x (Z/27). The Minkowski bound is, for each [a] € CI(K), there is a representative

acO K with |
214
N(a) < ﬁ—\/él 30 ~ 6.974.
7
Thus, if [a] # 1, then N(a) = 2,3,4,5,6. Therefore, a is either a prime ideal lying over either
2,3, 5, a product of two prime ideals lying over 2, or a product of two prime ideals lying over 2

and 3, respectively. Let’s see how (2), (3) and (5) factorizes in Of:

(2) = (2,V=30)%,  (3) = (3,V—=30)*, (5)=(5,v—30)>.
Let po = (2,v/—30), ps = (3,v/—30), p5 = (5,4/—30). Then, indeed N(p2) = 2, N(p3) = 3,
N(ps) = 5, so a is either py, p3, p3, s, or pops3. Note that p2 = (2) is principal, so this is not an

option. Thus, C1(K) is generated by [ps], [p3], [p5], with [ps]? = [p3]? = [ps]* = 1.
Note also that N /g(v/—30) = 30 = 2- 3 - 5, so the prime ideal factorization of (1/—30) must

be

(V=30) = p2psps.
Thus, [ps] = [ps]™" = [p2][ps]. Therefore, C1(K) is generated by [ps] and [p3], both of order di-
viding 2. Note that [p], [ps] # 1, or both ps and p3 are nonprincipal. This is because, if there is
o = x4 y/—30 where (&) = ps or p3, then Ny g(a) = £2 or £3, but Ng () = 2?4 30y?, so
this is clearly impossible. So, CI(K) is an abelian group generated by two order 2 elements

2This is a very explicit calculation, but you could pretty much bypass this - we know for sure that (2 — v/—14)
is either pop3 or pgp’32, and even if it is pgng, we can just replace ps with p} and move on.
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(which may be equal). Thus, either CI(K) = Z/27 (which corresponds to [ps] = [p3]) or
CUK) = (Z/2Z) x (Z/2Z) (which corresponds to [ps] # [p3]). Thus, what we want to show

is that [pa] # [ps], or [ps] = [p2][ps] = [p2][ps]~" # 1, or that p5 is nonprincipal, This is again
because Nk g(a) = z* 4 30y* can never be equal to £5. Therefore, CI(K) = (Z/2Z) x (Z/27).

Let’s see why knowing the class number is useful in solving elementary number theory ques-
tions.

Example 3.15. Let’s go back to the Mordell’s equation, this time with y> = 2® — 14. As seen
above, if we were to make use of

? =y 4+ 14 = (y+V-14)(y — V—14),

then we face a problem as we just proved that hg/=1zy = 4. On the other hand, it is not a
problem, because what we only need is actually that the class number is not divisible by 3.
Let’s see why, by mimicking the argument we had in the first lecture in the language of ideals.

Suppose there is a solution =,y € Z. If y is even, then x is also even, so writing z = 2a, y = 2b,
we have

4b* = 8a® — 14,
which is a contradiction as the left side is divislbe by 4 while the right side is not. Thus, y is odd,
and subsequently x is odd.

Similarly, y is not divisible by 7 — otherwise, x will also be divisible by 7, so 2® — y? = 14 is
divisible by at least 49, which is a contradiction.

Then, we have an equation

v = (y+vV-14)(y - v-14),
or in terms of ideals,

(2)° = (y+ V-14)(y — V-14).
Suppose that the two ideals (y + v/—14) and (y — v/—14) have a common prime ideal factor p.
Then, p contains both (y + +/—14) and (y — v—14), so y + v/—14,y — /—14 € p. In particular,
2y/—14 € p. Thus, p divides the principal ideal (2y/—14), so N(p) divides N((2y/—14)) =
NQ(\/_TZL)/@(Q\/—M) = 56 = 23 .7. Thus, either p lies over 2 or 7. If p lies over 2, then
y++v—14,y — v/—14 € p implies that 2° = (y + v/—14)(y — V/—14) € p, so N(p) divides
NQ( Nav) /Q(x)3 = 25, which is odd, so this is impossible. Thus, p must lie over 7 (and actually
N(p) = 7). In particular, p dividing (21/—14) implies that p divides (/—14), or /—14 € p,
which implies that —14 € p. Asy + +/—14 € p,soy € p. As y and 14 are coprime integers, 1 is
a Z-linear combination of y and 14, which implies that 1 € p, a contradiction again.

What we have proved is that (y + /—14) and (y — v/—14) are coprime ideals, so by the
unique factorization of ideals, (y + /—14) is a cube of an ideal, say (y + /—14) = a* for
a € Og(,/=12)- Now, the upshot is, even though we don’t know a priori whether a is principal,
[a]?> = 1in C1(Q(+/—14)), and as C1(Q(+/—14)) has no nontrivial 3-torsion element, [a] = 1,
so a is a principal ideal! Thus, (y + v/—14) = (¢ + dv/—14)3 for some c,d € Z (as ideals), so
y + +/—14 is a unit times (¢ + dv/—14)3, the kind of a statement that we would like to obtain in
the original UFD approach to the Mordell’s equations. Note that a unit in Z[/—14] is 1, so this
means y + y/—14 is just a cube. So

Y+ V=14 = (c+dvV—14)* = (¢* — 42¢d?) + (3c*d — 14d*)/—14,
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so 1 = 3c2d — 14d® = (3¢* — 14d?)d. So, d = +1,s0 3¢* — 14 = 3¢* — 14d*> = £1,0or 3¢ = 15
or 13, which is impossible, a contradiction!

3.3. Class numbers of quadratic fields, I: Binary quadratic forms. We would like to give a
little context on how Gauss got interested in this problem: binary quadratic forms.

Definition 3.16 (Binary quadratic forms). A binary quadratic form is an expression of the
form
Q(X,Y)=aX?+bXY +cY? a,bc€Z.

Given a binary quadratic form @), its discriminant is dg := b? — 4ac. A binary quadratic form
() is nondegenerate if dy # 0. A binary quadratic form () is positive definite if d; < 0 and
a > 0. A binary quadratic form () is primitive if gcd(a, b, ¢) = 1.

It is easy to see that, if () is positive definite, then Q(X,Y) > 0 forany X, Y € R, (X,Y) #
(0,0). Gauss was interested in the following problem:
Question. Given a primitive binary quadratic form (), what is the set {Q(X,Y) | X,Y € Z}?
We say that an integer m is represented (properly represented, respectively) by Q(X,Y) if
m=Q(X,Y) for some X, Y € Z (X,Y € Z with (X,Y) = 1, respectively).

Definition 3.17 (SLy, GLy). Let A be a commutative ring with 1. Then, GLy(A) (the general
linear group) is the group of invertible 2 X 2 matrices with coefficient A. Also, STy(A) (the
special linear group) is the group of 2 x 2 matrices with coefficients in A and determinant 1.

Definition 3.18. Two binary quadratic forms Q(X,Y) and '(X,Y) are equivalent (strongly
equivalent, respectively) if there is b) € GLy(Z) (SLo(Z), respectively) such that Q(X,Y) =
Q'(aX +bY,cX +dY).

It is obvious that the numbers (properly) represented by two equivalent binary forms are the
same. Note also that a matrix in GLy(Z) has determinant Z* = {1}, and SLy(Z) is an index
2 normal subgroup of GLy(Z). The nontrivial element in GLo(Z)/SLy(Z) is represented by

1 0

0 —1)°
Proposition 3.19. For two equivalent binary quadratic forms Q(X,Y) and Q'(X,Y), dg = do .
Proof. Exercise. U

Proposition 3.20. An integer m is properly represented by some binary quadratic form of discrim-
inant d if and only if d is a square modulo 4m.

d

Proof. If m = ax® + bxy + cy? for a,b,c € Z with (z,y) = 1, then there are p, ¢ € Z such that
pr—qy=1.Let Z = xX+qY and W = yX 4 pY. Then, Q(Z, W) in terms of X, Y is expressed
as
QZW) =a(xX +qY)* + b(aX + qY)(yX + pY) + c(yX + pY)?

= (ax*+bry+cy?) X2+ (2axq+-brp+bqy-+2cyp) X Y +(ag® +bpg+cp®) Y? = mX*+e XY +fY?,
for some e, f € Z. Thus, d = dgzw) = e? —4mf = €* (mod 4m), which implies that d is a
square modulo 4m.

Conversely, if d is a square modulo 4m, then there is b € Z such that d = b? (mod 4m). Let
d = b* — 4mec, ¢ € Z. Then, m is properly represented by Q(X,Y) = mX?2 + bXY + cY?, as
m = Q(1,0). [
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It is thus quite standard to determine whether m is properly represented by some binary qua-
dratic form of discriminant d. The problem is then to determine how many equivalence classes
of binary quadratic forms of discriminant d there are. In fact, it turns out that the equivalence
classes of binary quadratic forms are closely related to the class group of a quadratic field.

Definition 3.21. A complex number v € C is a quadratic number if it is a root of a degree 2
irreducible polynomial p,(X) € Z[X]. If p,(X) = aX? + bX + ¢, then disc(y) := b? — 4ac.

Necessarily, for a quadratic number v, v € Q(/disc(y)) by the quadratic formula.

Theorem 3.22. Let K = Q(y/n) be a quadratic field, with discriminant d = disc(K), and choose
a complex embedding K — C so that we see numbers in K as complex numbers. Then, there is a
natural map

{quadratic numbers of discriminant d} — {fractional ideals of K},
given by
v = Z+ Zry.

This gives rise to a bijection

{quadratic numbers of discriminant d}/ ~ = CI(K),

where two numbers y, ~ o are equivalent if v, = ‘gjj_rz for some (CCZ Z) € GLy(Z).

Proof. Let y be a quadratic number, so that it is a root of aX? + bX + ¢ = 0 with d = b*> — 4ac.
We would first like to show that Z + Z is a fractional ideal of K. Note that ay € Ok, so it
is sufficient to prove that Za + Zay C Ok is an integral ideal. Note that a is a root of the
monic polynomial X? + bX + ac = 0 with integer coefficients, so D(1,a7y) = b* — 4ac = d.
This implies that Z + Zay C Ok is actually an equality. Thus, to prove that Za + Zay C Ok is
an ideal, it suffices to prove that it is closed under the multiplication by a+, which is obvious as
(ay)? = a(=by — ¢) = —ac — aby. Therefore, the natural map is indeed well-defined.

To show that the natural map induces a well-defined map from the equivalence classes of
binary quadratic forms of discriminant d to CI(K) that is furthermore an injection, we need to

show that
, ay+b (a
v = for some
cy+d c

The forward direction is as follows. If v/ = 9+b then
cy+d

Z) € GLy(Z) & Z + 7~ = 7B + ZB for some ( € K.

1

Note that d(ay + b) — b(cy+d) = (ad — bc)y = £, and a(cy + d) — c(ay + b) = ad — be = £1,
s0 Z(cy + d) + Z(ay + b) = Z + Z~, which is what we want.

The reverse direction is as follows. If Z + Z~' = Z3 + Z 37, then there is (CCL Z) € GLy(Z)

such that
Y\ _ [a b\ (B _ (aBy+bB
1) \c d B ) \efy+dB)’
Thus, 7' = WT/ = Zg;’—jzg = %, as desired.
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To prove that the induced map is surjective, it suffices to prove that any ideal class [a] of K is
represented by Z + Zy for some v € K. This is easy: take a representative a, and take r € a N Q;
then %a is of the form as it has Z in it. This finishes the proof. U

To relate this with the binary quadratic forms, we need to divide into two cases, imaginary
quadratic fields and real quadratic fields. In this notes, we will focus on the case of imaginary
quadratic fields.

Theorem 3.23. Let K = Q(y/n) be an imaginary quadratic field, so that its discriminant
d = disc(K) is negative.
Then, there is a natural bijection
{strong equivalence classes of binary quadratic forms of discriminant d} = C1(K),

given by
aX? +bXY +cY? = 7+ 7,
where vy = %‘j so that ay* + by + ¢ = 0.
Proof. Let’s consider a complex embedding K < C which sends v/d to v/d = +/|d[i, the purely

imaginary number with positive imaginary part. It is clear that you have a natural map

{binary quadratic forms of discriminant d} — {quadratic numbers of discriminant d},

—b+Vd
2a
Therefore, as per Theorem 3.22, it is sufficient to prove that this gives rise to a bijection

aX?+bXY +cY?

{strong equivalence classes of binary quadratic forms of discriminant d} — {quadratic numbers of discriminant d}/ ~ .

It is clear that the original natural map is injective. Also, it is clear that if Q'(X,Y) = o/ X? +
VXY +Y?and Q(X,Y) = aX? + bXY + cY? are strongly equivalent, so that there is A =

(; {L) € SLy(Z) such that Q'(X,Y) = Q(eX + fY,9X + hY), then if we denote the roots

of aX? +bX + ¢ = 0 as 7,7/, then the roots of ¢/’ X2 + 'X + ¢ = 0 are mii and ;11{1 The

natural map picks up the root that has the positive 1mag1nary part (i.e. the root that is in H), and

it is easy to see that, if Im(z) > 0, then Im (“Z+b) > ( for € SLy(R). Thus, we see that

b
d
the induced map on strong equivalence classes is well-defined. The induced map is furthermore
injective as the original map is injective. To see that the induced map is surjective, we observe
that the image of the original natural map is every quadratic number with positive imaginary
part. As any quadratic number z with negative imaginary part is equivalent to —z, which has

positive imaginary part, the induced map is surjective, thus bijective, as desired. O

Remark 3.24. The above proof used the distinction between the complex numbers with posi-
tive imaginary parts and those with negative imaginary parts, so it does not translate into real
quadratic case. The real quadratic field version of the above theorem requires some modifica-
tion. In particular, what corresponds to strong equivalence classes of binary quadratic forms are
the classes in the narrow class group, which further takes the positivity of real numbers into
consideration.

This now gives several interesting arithmetic applications.
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Example 3.25. We can provide another proof that an odd prime p is of the form p = 22 + /2,
x,y € Z, if and only if p = 1 (mod4). Note that by Proposition 3.20, p is represented by
some binary quadratic form of discriminant —4 if and only if —4 is a square mod 4p, or —1 is a
square mod p, so by quadratic reciprocity, p = 1 (mod 4). Now, the strong equivalence classes
of binary quadratic forms of discriminant —4 are in bijection with C1(Q(%)), as disc(Q(¢)) = —4.
As C1(Q(7)) = 1, it turns out that every binary quadratic form of discriminant —4 is strongly
equivalent to each other, so in particular to Q(X,Y) = X? + Y2 Thus, p = 1 (mod4) if and
only if p is (properly) represented by Q(X,Y) = X? + Y2,

Example 3.26 (The case of 22 + 5y2). Now consider the case of K = Q(v/—5), with discriminant
d = —20. Then, for a prime p not dividing the discriminant (i.e. p # 2,5), p is represented by
some binary quadratic form with discriminant —20 if and only if —20 is a square mod 4p, or
—>5 is a square mod p. On the other hand, the equivalence classes of binary quadratic forms of
discriminant —20 are in bijection with C1(K). What is C1(K)?

Note that the Minkowski bound gives that, if a represents a nontrivial ideal class [a] € C1(X),
then

214
N(a) < = =v/20 ~ 2.847.
22

Therefore, N(a) = 2. Therefore, the only possibility of nonprincipal ideal can be found in the
primes in K lying over 2. Note that (2) = (2,v/=5 + 1)(2,/=5 — 1), there is indeed a prime
ideal of norm 2 lying over (2). Furthermore, it is not principal, as there is no norm +2 element
in Ok (as 2% + 5y? # +2). Therefore, hx = 2, with the nontrivial element in Cl(K) represented
by the ideal (2, /—5 + 1).

So, there are two strong equivalence classes of binary quadratic forms of discriminant —20.
What are these? Note that the trivial ideal class is represented by Z + Z+/—5, and the nontrivial
ideal class is represented by Z + Z@. Note that v/—5 is a root of X2+ 5, and @ is a root
of 2X? — 2X + 3. Thus, —5 is a square mod p, p # 2,5, if and only if either p = X? + 5Y? or
p=2X?%—2XY + 3Y?, for some X,Y € Z. Note that p = 2X? — 2XY + 3Y? is equivalent
to2p = 4X? —4XY 4+ 6Y? = (2X — Y)? + 5Y?, so —5 is a square mod p if and only if either
p=X%2+5Y%0r2p= X2+ 5Y? forsome X,Y € Z.

Note also that p and 2p cannot be simultaneously represented by X2 + 5Y2! Suppose not, then
2p? = p-2p = Z? + 5W?, or there is &« = Z + W+/=5 € Ok such that Ngg(a) = 2p?, and
as —b is a square mod p, (p) = p1ps for prime ideals p;,po C Ok of norm p. Thus, (@) is a
product of one prime ideal lying over 2 and two prime ideals lying over p. On the other hand, as
CUK) = Z/2Z, [p1] = [p2]~* = [p2], so the product of two prime ideals lying over p (can be the
same, can be different) is principal. Thus, this implies that a prime ideal lying over 2 is principal,
which is false, a contradiction.

In fact, Theorem 3.23 can be used to compute the class number of an imaginary quadratic
field K. That is, you can compute the strong equivalence classes of binary quadratic forms of
discriminant disc(K) in a systematic/algorithmic way.

For K = Q(y/m) with —d = disc(K) < 0, given aX? + bXY + cY? of discriminant d, a root
v € K of aX?+bX + ¢ can be naturally regarded as a complex number that is not a real number.
Thus, as per Theorem 3.22, one may translate the problem of finding Cl(K) as the problem of

determining the strong equivalence classes of v € K\Q under the action of GLy(Z), where the
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action is as given in the proof of Theorem 3.22:

a by __ay+ b
c d) T cy+d
In terms of the complex numbers, we have established the following,.

#ClUK) = # ({z:_bi—m €C, a,b,ceZ, —d:b2—4ac}/(2~’y~z, VGGLQ(Z))).

2a

Note that [GLy(Z) : SLy(Z)] = 2 with GLy(Z)/ SLe(Z) = {1,0},0 = (é _01) ando-z = —2z.

Thus, we can only consider the action of SLy(Z) on those with positive imaginary part.

—bxVdi
{z—T\/_Z €C, abce, —d—b2—4ac}/(z~v-zj 7 € GL2(Z))

—b di
= {z:;—a\/_lec, a,b,c €7, —d:b2—4ac}/(z~’y-z, v € SLy(Z))

Definition 3.27 (The complex upper half plane). Let H = {z € C | Im(2) > 0} C C. It is called
the complex upper half plane.
In the same way, SLy(Z) acts on H, and the SLy(Z)-orbits on H have very natural representa-

tives, called the fundamental domain.

Theorem 3.28. Let 7 C H be the subset defined as

1 1
F = {z ceH| — 3 < Re(z) < 3 and |z| > 1; furthermore, |z| > 1 if Re(z) > 0} .

t\.-‘""

Then, for any =z € H, there exists a unique 2’ € F such that 2’ = v - z fory € SLy(Z).

Proof. Note that the following matrices are elements of SLy(Z):
11 0 —1
T:(o 1)’ SZ(l o)'

z

These matrices act on H as:
1
Tz=2z+1, Sz=--=-——.
z 2]
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Note that, if z = x + yi, then Sz = —;;jrfg = —mgiyz + mﬁyﬂ. Thus, if |2| < 1, then Im(Sz) >

Im(z). More generally, for z = x + yi, it is straightforward to compute

az +b Y
Im = .

cz+d lcz + d|?
Note that A := Z + Zz is a lattice in C, so in particular a discrete subset. Therefore, A\{0} has a
vector of the minimal norm, v € A, with v = ez + f, e, f € Z. Note that obviously (e, f) = 1,
as otherwise one may divide v by the gcd and get a vector with a smaller norm. Also, as 1 € A,
lv| < 1.If |v| = 1, then it tells us that Im(~y-2) < Im(z) forany v € SLy(Z), so z is a number with
the maximum imaginary part in the orbit SLy(Z) - 2. If |v| < 1, then we may find v € SLy(Z)

such that its bottom row is (e f), and then Im(y - 2) = hﬁf;), and therefore v - z is a number

with the maximum imaginary part in the orbit SL(Z) - 2. In any case, there is a maximum out
of all the imaginary parts of the complex numbers in the orbit SLy(Z) - z, and take a number
2" € SLy(Z) - z realizing the maximum imaginary part.

Now one can apply an appropriate power of 7' so that —3 < Re(7T™z') < i. Then, 2" = T™2/

also has the maximum imaginary part in the orbit SLy(Z) - z. As Im(S2") = IITS‘ZQH), it follows

that |z”| > 1. The only possibility of 2” ¢ F happens when |z”| = 1 and Re(z”) > 0. In that case,
|S2”| = 1 but now Re(Sz") = —Re(z”) < 0, so S2” € F. In any case, we have demonstrated
that SLy(Z) - z N F # .

To show the uniqueness of the representative, it suffices to show that any two different numbers
in F are not in the same SLy(7Z)-orbit. Suppose that z1,2, € F such that 2o = A -2, A =

d

Note that, as z; € F, Im(z) > @ Therefore,

(Z b) € SLo(Z). Without loss of generality, assume that Im(z3) > Im(z;), so that |cz;+d| < 1.

1> ez +d| > |Im(czy 4+ d)| = |c[Im(z1) > —]c|,

ol%

or |c| < \%, which means that |c| < 1.

o Ifc =0, then A = (8 2) € SLy(Z), so ad = 1, which means that either A or —A is
of the form (1) ?) As A -z = (—A) -z it follows that z, = 2; + n, which means that

n =0, and z; = 25.
e If ¢ = 1, then |z; 4+ d| < 1. By looking at the picture, this is possible only if either d = 0
and |z1| = 1, or d = 1 and z; is the “left tip” of F, namely z; = —% + ‘/ng

b) GSL2(Z),SOG—b:1,soz2:L(a_1):

Ifdzlandzlz—%—i—‘/?gi,then (Cll 1

z1+1
az?+(a—1)z; = —(a+1)z. Therefore, —(a+ 1) = 1 is the only possibility, and z, = 2;.
If d = 0, then (clz 8 € SLy(Z) means b = —1, so zo = a — Z1. Again, this kind of a

thing is possible only if either a = 0 and 21,%Z; € F, sothat 2; =i = 29,0ra = —1 and
21 is the left tip, so that Z; is the right tip and 25 is again the left tip. In any case, z; = 25.
e If c = —1, then one may replace A by —A and use the argument of ¢ = 1.

Therefore, in any case, z; = 25, which shows the uniqueness. O
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Thus, we have

—b+di
a

Cl(K) = {z: 5 €H, a,b,ccZ, —d:b2—4ac} J(z ~ 7z v €SLy(Z))

)L bt Vi
N N 2a

€F, abccZ, —d—62—4ac}

cabceZ, d=4dac—V, —— < —— < > 1, andif b < 0,

) b+ Vi 1 b 1 b’ +d v +d
17T 2 2= 94 02 4g2 1a2

= {a,b,cEZ, a,c>0,d=4ac—V*, —a<b<a, c>a, andifb<0,c>a}.
Finding this set is a finite procedure, as
d = 4ac — b* > 4a® — a® = 3d°,

so there are finitely many possibilities for a, so finitely many possibilities for b, and thus finitely
many possibilities for c. Summarizing, we have the following algorithm for computing hx for an
imaginary quadratic field K.

Theorem 3.29 (Algorithm for computing the class number, imaginary quadratic fields). Let K
be an imaginary quadratic field of discriminant —d < 0. Then, hx can be computed as follows.

1. Start with h = 0. Run a loop fora € Z with1 < a < \/g.

2. For each such a, run a loop forb € Z with —a < b < a.

3. For each such b, check if ¢ := % is an integer that is greater than or equal to a, and if
b < 0, further check if c > a. If true, add 1 to h. If not, h stays the same.

4. After everything, the final value of h is hy.

It is also easy to find the representatives for each ideal class in C1(X') from the above algorithm.

Remark 3.30. There is also a different story of finding representatives for the ideal classes of
real quadratic fields, using continued fractions.

EXERCISES

Exercise 3.1. Let K = @(\/6), so that O = Z[\/a We would like to show that hx = 1, i.e.
Z[+/6] is a principal ideal domain.
(1) Use the Minkowski’s bound to show that any ideal class has an integral ideal representa-
tive a with N(a) = 2.
(2) Show that there is a unique prime ideal p C Of ideal lying over (2).
(3) Show that p is principal by showing that p = (2 + v/6). Conclude that hx = 1.

Exercise 3.2. Let K = Q(1/10), so that Oy = Z[/10]. We would like to show that hx = 2.

(1) Use the Minkowski’s bound to show that any ideal class has an integral ideal representa-
tive a with N(a) < 3.

(2) Show that there is a unique prime ideal po C O lying over (2), with N(ps2) = 2.
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(3) Show that there is no element o € Ok with norm £2. Conclude that p, is not a principal
ideal, and its ideal class in C1(K’) is a nontrivial order 2 element.

Hint. Use that (%) =—1

(4) Show that (3) splits completely in K, with (3) = psp}, so that N(p3) = N(p}) = 3.

(5) Using that N o(4 + v/10) = 6, deduce that the ideal classes of p3 and p) are both the
same as the ideal class of p,. Conclude that hx = 2.

Hint. After possibly switching ps and p}, pops = (4 + v/10), so [p2] ™ = [p3] in CI(K).

Exercise 3.3. Recall that, in the notes, it is proved that hQ( =) = 4. Using this, we would like
to know when a prime p # 2, 7 is of the form p = 2% + 14y for some integers z, y € Z.
Let p # 2,7 be a rational prime number.

(1) Using the binary quadratic forms technique, show that p is properly represented by either
X2 +14Y2,2X2 + 7Y%, 3X? +2XY +5Y2% or 3X? — 2XY +5Y?, if and only if —14 is
a square modulo p.

(2) Show that if either p = X? + 14Y? or p = 2X? + 7Y?, then p = 1 or 7 (mod 8).

Hint. n?> = 0,1, 4 (mod ).

(3) Show that p = 3X? & 2XY + 5Y? for some X,Y € Z if and only if 3p = Z? + 14?2 for
some Z, W € Z. Deduce that, if p = 3X? + 2XY + 5Y2, then p = 3 or 5 (mod 8).

(4) Show that p = 2X? + 7Y for some X,Y € Z if and only if 2p = Z? + 14?2 for some
Z,W e Z.

(5) Combining the above, show that, for p # 2,7,

Either por 2p = X?> 4+ 14Y? < p=1,7 (mod8) and p = 1, 2,4 (mod 7).

(6) Show that the two cases in the left side of (5) are mutually exclusive, namely that there is
no p # 2, 7 such that X2 + 14Y"? represents both p and 2p.

Exercise 3.4. Let K be an imaginary quadratic field with disc(K) = —d < 0. Recall that, in the
notes, we have established

—b+\/di
a

CI(K):{ZZ 5 e H, a,b,c € Z, —d:b2—4ac}/(2~7-z,WESLQ(Z))

:{a,b,CEZ, a,c>0,d=4ac—b, —a<b<a, c>a, andifb<0,c>a}.

For z = %ﬁ € H with a,b,c € Z and —d = b* — 4ac, let [z] € CI(K) be its corresponding
ideal class. For a,b,c € Z with a,c > 0,d = 4ac — b?, —a < b < a,c > a,andif b < 0, ¢ > a, let
la, b, c] € CI(K) be its corresopnding ideal class.

(1) For z = #{fdi € Hwitha,b,c € Zand —d = b? — 4ac, show that [—z] = [2] ! in C1(K).

Hint. For a C Ok, show that ad is a principal ideal, where (-) is the nontrivial Galois
conjugation of K /Q.
(2) For a,b,c € Zwitha,c > 0,d = 4ac — b*>, —a < b < a,c > a,and if b < 0, ¢ > a, show
that [a, b, c|?> = 1 in C1(K) if and only if either b= 0,b = a or ¢ = a.
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(3) Show that h is an odd number if and only if either K = Q(v/—1), K = Q(v/—2), or
K = Q(y/—p) with p a rational prime = 3 (mod 4).

Hint. Divide into the cases where K = Q(y/m) with m = 1 (mod4) and where K =
Q(y/m) withm = 2,3 (mod 4).
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4. LOCAL FIELDS: ONE PRIME AT A TIME

We have studied the properties of number fields as extensions of QQ. On the other hand, a lot
can be said about the situation where the smaller field is another field that is not necessarily Q.
We had however so far exploited the fact that Og = Z and we can count integers. This is not the
case for general rings of integers, so we need to develop some algebra to prove the analogues for
this general situation.

The basic idea is that we may study a commutative ring one prime ideal at a time'®. For each
prime ideal, you may remove the other prime ideals from the ring, and the resulting ring is often
easier to study. This can be done with the help of tools from commutative algebra, namely the
procedure of localization and the theory of discrete valuation rings. See Appendix for more
detail.

After extending our prior investigation of splitting of rational primes into the relative situation,
we will develop a more conceptual approach to this: the notion of local fields. The basic idea is
to introduce topology to truly capture the data of a single prime.

4.1. Relative splitting of prime ideals. We first apply the theory of localizations and discrete
valuation rings to the study of relative splitting of prime ideals. This means that we study,
given an extension of number fields K /L and a maximal ideal p of Oy, how pOy (the ideal of
Ok generated by p) splits in O. The key is that the prime ideals of O , are precisely the prime
ideals of Ok lying over p. In fact, the prime ideal factorization can be completely seen on the
level of O .

Theorem 4.1. Let K/L be a finite extension of number fields, and let p be a maximal ideal of O
Suppose that pOy has the prime ideal factorization

POk =ar' -~ qyf

(1) Forl < i < g, the natural map O — Of, induces an isomorphism Ok /q; = Ok /q: O p-
(2) Inside Ok, which is a Dedekind domain, the prime ideal factorization of Oy is

POk p = (010k,)" -+ (40K )
(3) If we let fi = [Ok /q; : Op/p]"™, then

The relation (3) is the “relative” version of the “relation on e, f, g

Proof.
(1) Note that, by Theorem A.40(5), Ok ,/q:Okp = gfl((’)K/qi), where S is the image of
S = Op —pin Ok/q;. Since p = q; N Op, this means that any x € S is sent to a
nonzero element in Ok /q;. Since Ok /q; is a field, any nonzero element is invertible, so
S _1((’) k/9:) = Ok/q;. It is easy to check that in fact the natural map is an isomorphism.

B3This point of view is fundamental not just in algebraic number theory but also in any kind of algebraic theory,
e.g. algebraic geometry.
YfyN7Z = pZ, then f; = f(qblp)) where f(q;|p) and f(p|p) are the residue degrees of q;|p and p|p, respectively.

This is therefore the “relative residue degree”.
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(2) The equality of ideals is clear, and that this is the prime ideal factorization follows from
the fact that 9,0, is a prime ideal of O .

(3) The crucial fact is that, even though Oy, is not in general a principal ideal domain, Oy, ,,
being a discrete valuation ring, is a principal ideal domain! Then we hope to mimic the
proof when L = QQ which may have used some special facts about O, = Z.

Recall that we proved the relation on e, f, g originally using the order of the residue
field Ok /q;’s. Similarly, we would like to use the Chinese Remainder Theorem,

g
Ok p/POkp = H Okp/(0:0kp) "
i=1
Note that both sides are O}, /p-modules, or if we denote Oy /p simply as k, a finite field,
then both sides are k-vector spaces. Thus, we would like to use the equality of the k-
dimensions of both sides.

Firstly, I claim that dimy, Ok, /pOk, = [K : L]|. Note that Ok, is already an Oy, ,-
module. Since Oy, , is a PID, we can try to use the general theory of modules over PID. The
details are laid out in the handout by Brian Conrad in the main webpage, but the upshot
is that basically there is a structure theorem for the finitely generated modules over a PID
just like the structure theorem of finitely generated abelian groups (=Z-modules), in that
if AisaPID and M is a finitely generated A-module, then M is of the form

M= A® x Af(ay) x - x A/(ay).

In particular, if M is a torsion-free A-module (i.e. if m € M and a € A satisfies am = 0,
then either m = 0 or a = 0), then M is a free A-module. Clearly, being the integral
domain, Ok, is a torsion-free Oy, ,-module, so as an Oy, ,-module, Ok, = OELB; for some
7. You may localize the both sides of the isomorphism by inverting Oy, , — {0}, and obtain
Frac(Of,) = Frac(Oy,,)®" as Frac(Oy, ,)-modules (=vector spaces). Since Frac(Ok,,) =
Frac(Ok) = K and Frac(Or,) = Frac(Or) = L, this implies that K = L®" as L-
vector spaces, so r = [K : L]. From this, Ok,p = (’)ELB,LK:L] as Op p,-modules, and after
taking reduction modulo p, we obtain Oy, /pOk, = (O, /pOL ) E L as Op , /pO ,-
modules, but by (1), we have Op ,,/pOp, = Op/p =k, so [K : L] = dimy, Ok /PO p.

Next, I claim that dimy Ok ,/(q;0k )% = e;fi. Note that we have a chain of k-
subspaces

Ok p/(@0:0kp) D (0:0kp)/(4:Osp)" D -+ D (0:0kp) ™/ (4:Oxp) D0,

so it suffices to show that

dimy, (4,0kp)* " /(4:0kp)* — dimy(q;0k5)*/(0: Ok )" = fi-

By taking the quotient vector space (=quotient module), this is equivalent to

dimy,(4:0kp)* /(40K p)* = fi.

Note that thisisnot justa k = Oy, ,/pOy, ,-module, but also a module over Ok, /q; Ok, =
Ok /q;, which is also another field which we denote as k. By definition, [k’ : k| = f;. Thus,
our ultimate goal is to prove that

dimy (q;0k,)" "/ (4:0k )" = 1.
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We now use that O, is a PID (not a discrete valuation ring as it has in general more than
one maximal ideal, but still there are finitely many). Therefore, q;Ok, = (m;) for some
7; € Ok p. Thus, there is a k’-linear map

Okp/00kp = (0:0kp)" /(00K )", == i .

This is clearly well-defined and surjective (by (4;0k,)? ! = (7¢~")), so to show that it
is an isomorphism, we only need to show that (q;Ok )"~ /(qZOK p)® # 0 (because the
k'-dimension of the source, Oy ,/q;Of p, is 1). This is equivalent to (7¢') # (7¢), which
is obvious as Ok, is an integral domain and q;Ok, is a proper 1deal Thus, we get the
desired relation.

O
Following Theorem 4.1, we make the following definition.

Definition 4.2 (Ramification indices/residue degrees). Let K /L be a finite extension of number
fields, and let q be a maximal ideal of O such that q N O = p. Then e(q|p), the ramification
index, is the power of q in the prime ideal factorization of pOf. The residue degree, f(q|p), is

defined as f(q|p) = [Ok/q : OL/p].

Definition 4.3 (Ideal norm). Let K /L be a finite extension of number fields, and let ¢ be a max-
imal ideal of O, with p = q N Oy. Then, the ideal norm N/ (q) is defined as

Nijo(a) := p/».

From this, one defines the ideal norm for all fractional ideals of /' by extending the definition
multiplicatively.

Definition 4.4 (Unramified, ramified, etc.). Let K/ L be a finite extension of number fields, and
let p be a maximal ideal of Oy. Let qy, - - , q4 be the prime ideals of Ok lying over p.

e We say that p is unramified in K ife(q;|p) = 1 forall 1 <i < g. Otherwise, we say that
p is ramified in K.

e We say that p splits completely in K if e(q;|p) = f(qi|p) = 1foralll < i < g
(equivalently, g = [K : L)).

e We say that p is inert in K if g = 1 and e(q;|p) = 1 (equivalently, f(q:|p) = [K : L]).

e We say that p is totally ramified in K if g = 1 and f(q;|p) = 1 (equivalently, e(q;|p) =
[K : LJ).

Once you look at the proof of Dedekind’s criterion, Theorem 2.14, one can realize that the proof
is just immediately generalized to the relative case.

Theorem 4.5 (Dedekind’s criterion, relative version). Let K /L be a finite extension of number
fields, and let o € O be a primitive element (i.e. K = L(a)). Let f(X) € Or[X] be the minimal
polynomial of « over L. If p € 7Z is a rational prime such that (p, |Ok : Opla]]) = 1, then for a
prime ideal p C Oy, lying over p with residue field k = O /p, we can find the prime factorization
of pOj in terms of the factorization of f(X) (modp) in k[X]. More precisely, let f(X) € k[X] be
the mod p reduction of f(X). Suppose that

FX) = hy (X)™ - hg(X),



is a prime factorization of f(X) in k[X]. For each 1 < i < g, choose h;(X) € Or[X] a monic
polynomial whose mod p reduction is equial to h;(X). Then, pOk has a prime factorization

POk =qi' -+ 457, di := (p, hi)).
Furthermore, the residue degree is f(q;|p) = deg h;(X).

Proof. Let me point out what new part we need. The idea is to mimic the proof of Theorem 2.14
for completeness, with Z replaced by Oy.

Consider the natural inclusion map Oy [a] — O, which is an O -algebra map. By taking mod
p reduction, we get a natural k-algebra map Op[a|/pOL[a] — Ok /pOk. We claim that this is
an isomorphism.

Note that, if € Ok, then [Ok : Orla]lr € Opla). As p and [Ok : Oplal] are coprime,
there are n, m € Z such that np + m[Ok : Op[a]] = 1. Therefore, v = m[Ok : Oral]x + pnz
implies that + € Op[a] + pOk. Thus, Ox = Opla] + pOk. Since pOx C pOk, we have
Ok = Opla] + pOg. Therefore, O[] — Ok /pOk is surjective, with the kernel O [a] N pOy.
This obviously contains pO;[a], and if any 2 € Op[a] N pOk so that z = 325 a;b;, a; € p and
b; € Ok, then

r =npr +m|Ok : Orla]]z,
and z € Op[a] implies npx € pOp[a] C pOL[al, and
k
Ok : Ofalle =) a;[Ok : Op[a]lb; € pOL[a],
i=1
as [Ok : Opla]lb; € Opla]foralli. Thus, z € pOy|a], which implies that O [a| Ok = pOr[al.
This implies that Or[a]/pOL[a] = Ok /pOk, as desired.
We can now use the Chinese Remainder Theorem,

Orla]/pOLla] = OL[X]/(p, f(X)) = k[X]/(f(X)) = Hk[X]/(E(X))e%

and proceed just as in the proof of Theorem 2.14. O

Corollary 4.6. Let K/ L be a finite extension of number fields. Then, there are at most finitely many
prime ideals of Oy, that are ramified in K.

Proof. There are only finitely many prime ideals on O, on which we cannot use Dedekind’s
criterion. Away from them, the unramifiedness is detected by whether f(X) has a factor with
multiplicity greater than one. This would be avoided if the roots of f(X) in the Galois closure
of K are all different modulo the prime ideal that we are dividing. There are finitely many roots,
thus finitely many differences, thus finitely many prime ideals dividing the differences. Thus,
away from those finitely many exceptions, the prime ideal has to be unramified in K. U

Example 4.7. Let’s consider the case of a quadratic extension of a quadratic field, say K =
Q(v/2,V5) over L = Q(+/5). We can take v = v/2 so that K = L(«), and its minimal polynomial
over Lis f(X) = X?—2. Also, K is the compositum of Q(+/2) and Q(+/5), whose discriminants
are 8 and 5, so in particular

1+ﬁ@Z-M:OL[ﬂ}.

2 2
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Let p # 5 be a rational prime. Then p is inert in L if and only if either p = 2 or p is odd and

<§> = —1, and p splits completely in L if and only if p is odd and (%) =1.

In the first case, take (p) C Op. Then, O /pO;, = F2. If p = 2, then we see that f(X) =
X? —2=X?inF,[X], so we have
20k = (2,V2)? = (V2)~

If p is odd and nonsquare mod p, then we want to know when X? — 2 has a root in F 2. Note
that this would imply that X? — 2 has a root in F,, just by seeing it mod p. Conversely, a root of
X? —2inF, will imply that there is a root of X? — 2 in F,2. Thus, X? — 2 is irreducible in F 2 if

and only if( ) = —1. Thus

2
P

if (g) = <%) = —1,and
POk = (p, V2 —a)(p, V2 +a),

if (%) = —1and a? = 2 (modp).
If p splits completely in Oy, then

14+v5 +1 14++v5 +1
pOL: <7 _p _b) <p7 _p +b> :p1p27

where 2 = b* (mod p). For p = p; or py, Or/p = F,. Thus, whether p; or p, splits or not in K
depends on whether X 2 _ 2 has aroot in [F,, or not, as before. Thus,

pOk = pOk,

pOx = pOk,

if (§> =1and (2) = —1,and
p P
POk = (p, V2 —a)(p,V2+a),
if (g) = land a® = 2 (mod p).
We now observe that actually the discriminant can be made relative as an ideal, and how the
(relative) discriminant have something to do with ramified primes.

Definition 4.8. Let A be a Dedekind domain with F' = Frac(A), and let F'/F be a degree n field
extension with A’ the integral closure of A in F’. For xy,- - ,x, € A’, define
D(xy, -+ @n) = det({Trp p(2iw;) hr<ij<n)-

We define the (relative) discriminant of A’ over A, disc(A’/A), as the A-module generated by
{D(z1,--+ ) | @1, - ,x, € A'}. As disc(A’/A) is an A-submodule of A, it is an ideal of A. If
F'  F are number fields with A = Op and A’ = Op/, we also use the notation disc(F’/F).

There are some other cases where you can define the discriminant.

Definition 4.9 (Variant of Definition 4.8). Let A be an integral domain, and let A’ be a commu-
tative A-algebra which is also a free A-module of rank n. Then, for a € A’, define

TYA//A = tr(ma), NAr/A = det(ma),
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where m, : A — A’isthe multiplication-by-a map. Then, one may define D and the discriminant
of A’/A using the trace Tr /4.

It is easy to see that the above two definitions coincide when A is a Dedekind domain, and A’
is the integral closure of A in a field extension of Frac(A). We have the expected properties.

Theorem 4.10. Let A be a Dedekind domain with F' = Frac(A), F'/F be a degreen field extension,
and A’ be the integral closure of A in F.

(1) Let K/F’ be a large enough field extension for which there are n distinct F'-embeddings
o1, " : F' — K. Then,

D(xy, - ) = det({os(e;) hr<ijen).

(2) If S is a multiplicative subset of A, then disc(S™1A’/S™1A) = S~ disc(A’/A).
(3) Suppose further than A’ is a free A-module. Ifp C A is a maximal ideal, then

disc((A'/pA")/(A/p)) = {{f/p Z:pd i;fv(iiiﬁi)s?(%f:;e "

(4) For a number field F', disc(F/Q) = disc(F)Z.

Proof.

(1) The proof we had before works verbatim.

@) Ifzy, - ,z, € A, then D(zy,--- ,x,) € disc(ST'A/S7A), so S~ disc(A'/A) C
disc(S71A’/S1A). Conversely, if z1, - ,x, € S™'A’, there exist s € S such that
sy, 8T, € A and D(xy,--+ ,2,) = s 2"D(sxy,- -+ ,s1,) € S~ Hdisc(A’/A), so
disc(S71A’/S7TA) C S~!disc(A’/A). These two together prove the desired result.

(3) Let k = A/p be the residue field. As [F’ : F| = n, if A’ is a free A-module, A’ is of rank
n. Thus, dimy A’/pA" = n. Then, for any xq,--- ,x, € A, D(z1,--- ,x,) (modp) =
D(zy (modp),--- ,x, (modp)),sodisc((A’/pA’)/(A/p)) contains the image of disc(A’/A)
under the map dlsc(A’ JA) C A — A/p. Thus, this proves the first case when disc(A’/A)
is coprime to p. On the other hand, if p divides disc(A’/A), then for any 7y,--- , 7, €
A’ /p A’ lift them to 24, -+ - ,x, € A’, then D(Zy,--- ,T,) = D(x1, -+ , ) (modp) =0,
so disc((A’/pA’)/(A/p)) = 0 in this case, as desired.

(4) This follows from the usual relation between the disc(F') and D of the random linearly
independent elements in Op.

O

This actually proves a statement that we suspected for a while (and something that could be
proved way before elementarily). The virtue of this wait is that we can reduce a hard theorem
into a manageable piece.

Theorem 4.11 (Discriminant detects ramified primes). Let /L be an extension of number fields.
Then, for a prime ideal p C Oy, p divides disc(K /L) if and only if p ramifies in K.
In particular, a rational prime p ramifies in a number field F' if and only if p divides disc(F').

Proof. Note that the prime splitting of p in O is detected even after localization at p, and also
disc(K /L) retains its factor of p even after localization at p. Thus, we only need to show the

analogous statement for the case when the base is a discrete valuation ring! To be more precise,
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p divides disc(K/L) = disc(Ok/O}) if and only if p divides disc(Ok /OL), = disc(Ok p/OLyp),
and p is ramified in K if and only if pOg , has a prime factor of multiplicity greater than one.
Moreover, as Oy, , is a discrete valuation ring, it is a PID, so Ok, is a free Oy, ,-module. Thus,
by Theorem 4.10(3), p divides disc(Ok /O ) if and only if disc(Ok , /pOk p, OLy/POL,) = 0.
Moreover, pO , has a prime factor of multiplicity greater than one if and only if, by the Chinese
Remainder Theorem, the ring Ok ,/pOk, is a product of rings which are either fields or not
reduced:

Definition 4.12 (Reduced rings). A commutative ring A is called reduced if /¥ = 0 for some
a € A, N > 1 implies that a = 0.

Let k = Op/p = O, /pOL, be the residue field, which is a finite field. Then, Ok, /pOf, is
a free k-module (=k-vector space) of rank [K : L] which is also a k-algebra. Thus, the Theorem
will follow from the following

Proposition 4.13. Let k be a finite field, and let A be a commutative k-algebra which is finitely

generated as a k-module (i.e. dimy A is finite), and is a product of fields and non-reduced k-algebras.
Then, A is reduced if and only if disc(A/k) # 0.

Proof. If A is not reduced (i.e. there is a non-reduced factor), take a nonzero nilpotent element
a € A. Then, for any b € A, ab is also nilpotent, so 1m, is a nilpotent matrix, so Tr4 /4 (ab) = 0.
By completing a into a k-basis of A, we see that disc(A/k) = 0.

If A is reduced, this means that there are no non-reduced factors, so A is a product of fields.
Namely, A = ky X - - - X k, where k, /k is a finite extension of finite fields. It is easy to see (check;
Exercise) that disc([[;_, ki/k) = [[;_, disc(k;/k), so it suffices to show that disc(k;/k) # 0. This
is basically equivalent to saying that k;/k is separable, which is indeed true in the case of field
extensions between finite fields. O

O

There is a slight refinement of the discriminant that arguably has more straightforward prop-
erties, called the different.

Definition 4.14 (Different). Let A be a Dedekind domain with F' = Frac(A), and let F’/F be a
finite extension of fields with A’ the integral closure of A in F”. The A-linear dual of A’, denoted
A"V, is defined as

AY :={x e F'| Trpp(za) € Aforalla € A'}.
As A" is an A’-submodule of F”, it is a fractional ideal of A’. The different diff (A’/A) is defined
as

diff(A'JA) == (AY) P ={z € F' |z A" C A'}.
In the cases when A, A’ are rings of integers of number fields, we also use the notation diff (F”/ F').

Theorem 4.15. Let A be a Dedekind domain with F' = Frac(A), F'/F be a finite extension of
fields, and A’ be the integral closure of A in F".

(1) The different diff (A’/A) is an ideal of A’.

(2) A fractional ideal a of A" divides diff(A'/A) if and only if Trpjp(a™") C A. Equivalently,

A" is the maximal fractional ideal of A whose elements have the traces in A.
(3) Let S be a multiplicative subset of A. Then,
diff(S71A’/S71A) = ST diff(A'/A).
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(4) Let F" | F' be another finite extension of fields, with A" the integral closure of A in F"'. Show
that the different is multiplicative in towers, in the sense that

diff(A”/A) = diff(A” /A')(diff (A’ /A)A").

Proof.

(1) It suffices to prove that diff (A’/A) C A’. Note that A’ C A’Y. Therefore, if x € diff (A'/A),
the A’ D A" D xA’. This implies that x € A'.

(2) Note that a divides diff (A’/A) means diff(A’/A) C a, or in terms of the fractional ideals,
a~' C A'Y. Note that a=! C A’ implies that Trp/r(a') C A. Conversely, suppose
Trp p(a™!) C A. Note that if two fractional ideals b, ¢ of A’ satisfy Trp/p(b) C A,
Trp p(c) C A, then obviously Trp//p(b 4 ¢) C A. Therefore, there is a fractional ideal
I of A which is maximal among all fractional ideals of A whose elements have Trz/p
valued in A. Note that / D A’V. On the other hand, if x € I, then xa € [ foralla € A’,
so Trp//p(za) € Aforalla € A, sox € A", Thus, I C A", sol = A"Y. Thus
alcl=A".

(3) Note that A’V is also clearly an A’-module. We first want to show that S~1(A"Y) =
(S7'ANY. If x € A", then Trpp(xa) € Aforall a € A’ Then for ¢ € S'A/

s €S, Trpp(xl) = Dre®) o g-14 so 1 € (STLA)Y. Thus, STH(A'Y) C (ST1A")Y.

s

Conversely, suppose that x € (S7!1A’)Y. Since A is Noetherian, A’ is a finitely gener-
ated A-module. Take the generators ay,--- ,a, € A'. Then, Trp//p(za;) € S—1A for

1 <j<r s0Trp p(za;) = Z—,; for some a; € A, s € S. Thus, Tre//p((s -+ - 5,2)a;
J
aisy -85 ysh, -5, € A This implies that s --- s,z € AV, soz € S™'(A"). This
proves (ST1A)Y C STHAY).
Now we have
diff (ST'A' /ST'A) = {x e F'|x-S7H(AY) c ST1AY.
Forz € diff(A'/A),z A" C A soz-S™H(A"Y) C S™'A’, which implies that S~ diff (A'/A) C
diff(S~1A’/S71A). Conversely, if x € diff(S~1A’/S™1A), then x - ST1(A'Y) C ST1A™Y.
As A’ is Noetherian, A" is a finitely generated A’-module, whence has a finite basis
ar,- - ,ap € AV, Then, za; € A C x2S '(AY) C ST'A, so wa; = 5 fora € A,
si € S. Thus s - sjxa; € A Thus, s - - - spzA™Y C A'ysos) - sz € diff (A’/A). Thus,
r € STHdiff(A'/A), so diff(S71A'/STTA) C SLdiff(A'/A).
(4) Let A" be the A-linear dual of A”,
A"y i={x € F"| Trpr/p(za) € Aforalla € A"},
and A", be the A'-linear dual of A”,
A"y ={x € F"| Trprjp(za) € A foralla € A"}.
By definition, as Trp p(A") C A and as Tr is transitive, A", C A"}.
By taking the inverse, what we need to prove is

ANX — A//\,g/ (A/\/A//) — A/VAHX/,

where A’V A” is the fractional ideal of A” generated by A"Y. If z € A”Y, andy € A"V, then
foralla € A”,

TrFu/F(xya) = Trpr/F(TrF///F/(a:ya)) = TI'F//F(y TI“FH/FI(I'CZ)),
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asy € F'. Since v € A"}, Trpn/p/(xa) € A'. Sincey € A", Trp/p(ya’) € A for any
a' € A’ so in particular when o’ = Trpv/p/(xa). Thus, Trpp(2ya) € A, which implies
that zy € A”. This implies that A’V A"Y, C A"Y.

Conversely, we want to show that A%} C A’V A"Y,, or equivalently diff(A'/A)A"Y C
A" Let ¢ € diff(A'/A) and y € A”). Let a € A”, and consider Trpy/p(xya) =
x Trpn g (ya). Note that Trp ) p(Trpsp(ya)) = Trprp(ya) € A, so if we let a be the
fractional ideal of A’ generated by Trp»/p(ya), a € A”, then a C A" by (2). Thus,
TrFu/F/(ya) S A/\/' Since l’A/v C A/, xTrFu/F/(ya) c A Thus, TI'}W//}W(Z']./(Z) € A/, SO
zy € A", as desired.

O

The following is a generalization of Theorem 1.32, and gives a way to compute the discriminant
in towers when combined with Theorem 4.15.

Theorem 4.16. Let K /L be an extension of number fields. Then, the different and the discriminant
are related as

disc(K/L) = Ny, (diff(K/L)).

Proof. We can compute both sides after localizing at each prime ideal p of Oy. In that case, O,

is a discrete valuation ring, so a PID, and Ok, is a free O, ,-module of rank n := [K : L|. Let

e1, -+ ,ep,bean Oy ,-basis of Ok ,. Then, O}/(,p isafree Or, ,-module with basise], - - - , ey, where
. . . 1 ifi=y . " .

e; € K is such that Try/p(e;e}) = 0 i If we write ¢; = ijl a;je}, aij € Orp, then

Tri/n(eie;) = aij,

which implies that M = (a;;)1<; j<n, a change-of-basis matrix from (ej,--- ,€}) to (e1, -+ ,e€,),
has determinant which generates the discriminant ideal disc(Of/Op). Namely, M : Oy, —
O, is an injective O, ,-module homomorphism whose image is Ok, C Oy ,. Now the Smith
normal form over PID (see the link in the main webpage) says that (det M) = disc(Ok,,/OL ) is
the ideal generated by d, - - - d,., where Oy, /Ok, = O, /(d1)®---©OL,/(d,) (using the struc-
ture theorem of modules over a PID). Note that as Ok, is also a principal ideal domain (Dedekind
domain with finitely many principal ideals), O, = («) for some o € K, which implies that
diff(OK’p/Ow) = (Oé_l), whence O}/CP/OKJJ = OK,p/ diﬂ(oK7p/OL,p>. If diﬂ‘(oK’p/OLﬂj) ==
pSt - - pg’, by the Chinese Remainder Theorem, O,/ diff (Ok,,/Or,) = [0, Ok, /ps'. Thus,
the statement we want to prove reduces to the following statement.

Claim. If Ok, /p; = Op,/(m1) @ --- @ Opp/(my) as O p-modules, then No,. /0, ,(07) = (M1 - --my).

In general, for a finitely generated torsion Oy, ,-module A/, which must be isomorphic to Oy, , /(m, )@
@ 0Op,/(m,) for some my, - ,m, € Opy,letd(M) := (my - - - m,). Then, note that the right
side is multiplicative in the sense that, if M is a finitely generated torsion Oy, ,-module with a
submodule N, then d(M) = d(N)d(M/N). Therefore, if we consider p;/p§ C O ,/p¢, then as
Ok is a PID, p;/ps = OKm/pf_l, so that we can use induction on e. Thus, the proof of Claim
is reduced to the case of e = 1, where Ok, /p; is a finite field, ]pr(mp), where p; N Z = pZ. Since

f(pslp) = f(pilp) f(p|p), it follows that

®f (pilp)
OK,p/pi = pr(pilp) = Ipr(mp) )
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as Op ,-modules (here F,;p) is an Op ,-module as [Frpln) = OL,/p). Thus,

d(F@f(mlp)) _ (Wf(m‘hJ)) — pf(Pi|P) _ NOK’F/Ow(pi%

as desired, where 7 is a uniformizer of Oy, ,,. O

4.2. Galois action on the relative splitting of prime ideals. We now discuss the relative
splitting of prime ideals in the presence of Galois action, namely when K /L is a Galois extension
of number fields. Let p C Oy, be a maximal ideal, and let p;,--- ,p, C Ok be the prime ideals
lying over p (i.e. p; N Of = p). There is an action of Gal(K /L) on the prime ideals lying over p,

Gal(K/L) x {p1,--+ ,pg} = {p1, - ,0g},  (0,ps) = o(ps).

The proof of Theorem 2.17 did not use anything specific about the base field, so it generalizes
immediately:

Theorem 4.17. The action of Gal(K /L) on the set of prime ideals of O dividing p is transitive, i.e.
forany1l <i, j < g, thereisc € Gal(K/L) such that o(p;) = p;. Consequently, the ramification
indices e(p;|p) are all equal, and the residue degrees f(p;|p) are all equal.

Again, we then have the relation efg = [K : L], where e is the shared ramification index and
f is the shared residue degree.

Definition 4.18 (Decomposition/inertia groups). Let K /L be Galois, and let p C Ok lie over
q C O (i.e. pN Op = q). Then, the decomposition group at p over q is

D(pla) := {o € Gal(K/L) [ o(p) = p}.
The inertia group at p over q is
I(plq) :={oc € D(plq) |o(x) —x €pforallz € Ok}.
The following is again immediate.

Proposition 4.19. Let K/L be Galois, and let p C O lie over ¢ C Op. Then, for each o €
Gal(K/L),

D(o(p)lg) = oD(pla)o~", I(o(p)la) = al(pla)o".
In particular, if Gal(K /L) is abelian, D(p|q) and I(p|q) do not depend on p and only depend on q.

For p C Ok lying over q C Oy, let k, = Ok /p and k; = O}, /q be the residue fields of p and
q, respectively. Then, there is a natural map

D(plq) — Gal(ky/ky), o+ o (modq).
Theorem 2.20 can be proved in the similar way.

Theorem 4.20. Let /L be Galois, withp C Oy lying over q C Oy, with residue fields k,, kg,
respectively. Then, the natural group homomorphism D(p|q) — Gal(k,/k,) is surjective, with the
kernel equal to I(p|q).

Proof. The proof of Theorem 2.20 works exactly in the same way, with the only difference being
that we use a Oy 4-basis of Ok 4, which is a free O ;-module as Oy, 4 is a PID and Ok is a

torsion-free Oy, ;-module. The rest is exactly the same. O
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Theorem 4.21. Let K /L be Galois, with p C Ok lying over ¢ C Or. If q is unramified in K,
then I(p|q) = 1. Therefore, if q is unramified in K, then there is a natural isomorphism D(p|q) =
Gal(ky/kq).

Proof. We have | Gal(k,/kq)| = f(plq) = f,and |D(p|q)| = @ = ef, so the natural surjective
map is an isomorphism if and only if e = 1, or q is unramified, and this is if and only if the kernel,
the inertia group, is trivial. O

Thus, if ¢ C O, is unramified in Galois K/ L, then D(p|q) is a cyclic group of order f = f(p|q),
for a prime ideal p C Ok lying over q. Furthermore, it has a natural generator, the Frobenius,
corresponding to the Frobenius automorphism in Gal(k,/kq),

Fry € Gal(ky/kq), Frp,(2) = #N@

Definition 4.22 (Frobenius element/Artin symbol). Let K/ L be Galois with q¢ C Oy, unramified
in K. Let Fr(p|q) € D(p|q) be the element corresponding to Fry() € Gal(k,/kq) under the
natural isomorphism D(p|q) = Gal(k,/k,). In other words, Fr(p|q) € D(p|q) is the unique
element such that

Fr(plg)(z) = V@ (mod p),

for all z € Og. Another notation for the Frobenius element is

(*L5) =mutoln

called the Artin symbol.

It’s called the Artin symbol because it is the main ingredient of the Artin reciprocity law
which will come very soon. Everything we had abut the Frobenius in §8 holds the same as the
proof was Galois-theoretic and did not use anything about the base field.

Theorem 4.23. Let K/L be Galois with @ C Of, unramified in K. Letp C O lie over q.

(1) For o € Gal(K/L), o Fr(p|q)o~" = Fr(o(p)|q). Therefore, Fr(p|q) lies in a single con-
jugacy class in Gal(K /L) regardless of what p is. The conjugacy class is often denoted as
Fr, C Gal(K/L) and called the Frobenius conjugacy class. In particular, if Gal(K/L)
is abelian, Fr(p|q) does not depend on p and only depends on q.

(2) We have Fr(p|q) = 1 if and only if q splits completely in K.

(3) Let G = Gal(K/L) and H < G be a subgroup, and let M = K" be the fixed field of H.
Then, the splitting of q in Oy, can be described as follows.

e The Frobenius Fr(p|q) € G acts on the right on the set of right cosets H\G by Ho
Ho Fr(pq).
o The set H\G splits into the orbits under the action of Fr(p|q) as

H\G ={Hoy,--+ ,Ho Fr(p|q)™ Y10 --- U {Ho,, - ,Ho, Fr(p|q)™ '}
o Then, the prime ideal factorization of qOy; C Oy is
qO0m = a1+~ 4,
where q; = o;p N Oyr. Moreover, f(q;|q) = m,.

We have thus generalized all the concepts we had to the relative setting. The main tool for this
was clearly the notion of localization and the discrete valuation rings, exploiting the fact that

Dedekind domains with finitely many prime ideals are PIDs.
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4.3. Local fields. There is an even more conceptual approach to the theme of “one prime at a
time”. One of the main annoying factor of the localization approach is that, given a prime ideal
p C Ok, Ok, is something that ultimately depends on K - for example, Frac(Ok,) = K. It
turns out that there is a world of “local fields” where you obtain something that does not depend
on K but rather depend on the “prime ideal” p in some sense, if you localize in a clever way!

The idea comes from the topology as used in real analysis. Recall that the field of real numbers
R is obtained by taking the completion of rational numbers by giving some notion of the distance
between two numbers. One can mimic this construction for the prime ideals and number fields,
as follows.

Definition 4.24 (Absolute value, valued field, open/closed disk, topology). On a field F', an ab-
solute value isamap | - | : F' — R that satisfies the following conditions:
o oyl = |zlly
e |z| =0if and only if x = 0;
o [z +y| <lzl+ [yl
If the third condition, the triangle inequality, can be rather strengthened to be the strong
triangle inequality,

5

|+ y| < max(|z], [y]),

then we say that | - | is a non-archimedean absolute value. Otherwise, we say that | - | is
an archimedean absolute value. A non-archimedean absolute value is discrete if there exists
0 < a < 1 such that the image of |- | is equal to aZ U {0}. In that case, the map v : F' — ZU {0}
given by v(z) = log,, |z| (with v(0) = o0) defines a normalized valuation on F', and the valuation
ring

Op:={ze€F|vx)>0}={zreF||z| <1},

is a discrete valuation ring. Conversely, by taking 0 < o < 1 and doing the construction in
reverse, a discrete valuation on F' defines a discrete non-archimedean absolute value on F'. As
the two notions are equivalent, we can talk about a uniformizer in a discretely valued field.

If a field F' is equipped with an absolute value, we call F' a valued field (and a discretely
valued field if the absolute value is discrete). On a valued field F', we define the open disk
(closed disk, respectively) of radius » > O at a € F' as

D(a,r):={x € F||r—a|<r} (D(a,r):={x € F||v— a| <r}, respectively).

In this case, F' is naturally equipped with the topology generated by the open disks. A valued
field F' is complete if every Cauchy sequence converges.

The two absolute values | - |1, ]| - |2 on a field F' are equivalent if there is @ € R such that
|z]; = |z|$ for all z € F. The equivalent absolute values induce the same topology on F.

Remark 4.25. The definitions in Definition 4.24 make sense on integral domains; for example,
for an integral domain A, an absolute value isamap | - | : A — R that satisfies the three bullet
points.

Proposition 4.26. Let F' be a field with two non-archimedean absolute values | - |1, | - |2. If they
induce the same topology on F', the two absolute values are equivalent.

Proof. Suppose that |-|1, |-|2 induce the same topology but are not equivalent. Let D(a, 7)1, D(a, )2

be the open disks on F’ defined using |- |1, | |2, respectively. As the two topologies agree, it follows
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that, for any = € D(a,r);, there exists 7’ > 0 such that D(z, ")y C D(a,r);, and vice versa. Let

x # a,and s = |z — a|y, and choose 1" < s so that a ¢ D(z,1')s.
log |1
> log -2

log ||y log |81 . : log |afs log |81 :
that oz [als # og 32" Without loss of generality, assume that loglals > Tog|Ah" Also, by replacing

| - |1 with an equivalent absolute value, we can assume that |3|; = |52, and ||y > |afs. Let
C = |B|; = |B|2, and maybe by possibly replacing 3 by 37!, we can assume that C' > 1. Then
loge |y > log |ao. Therefore, there is N € N big enough so that N (log ||y —logq |alz) > 1,
which implies that there is some integer M € Z such that N log. |a|; > M > N log |a|2. This
is equivalent to |a|) > CM > |a|). If welety = o™ /BM, then |y|; > land |y|y < 1.Lety € F
be similarly defined so that |y'|; < 1 and |[y/|2 > 1.

Now, for n € N, let

As |- |1,] - |2 are inequivalent is a nonconstant function on F. Let o, 5 € F* be such

m n

gl v
T +a .
1 + ,y/n 1 + ,yn
This has the property that lim,, ,, |z,|1 = = and lim,,_, |Z,|2 = a. As the two absolute values
induce the same topology, it follows that any open set containing x also contains a and vice versa,
which is definitely impossible if x # a, so a contradiction. U

T, =

Example 4.27.
(1) For any field F, the map | - | : F' — R>( defined by

1 ifz#0
|z| = o
0 ifx=0,

is an absolute value, called the trivial absolute value. Any absolute value that is not
trivial is called nontrivial.

(2) On Q, for each rational prime p, we can define a discrete non-archimedean absolute value,
called the p-adic absolute value,

], :==p~" (0], = 0).
(3) On Q, we can define an archimedean absolute value, called the co-adic absolute value
(or just called the archimedean absolute value),

|z|oo := || (the usual absolute value of real numbers).

The following is not really crucial in the development of the theory but certainly nice to have.
The proof can be found in the handout linked in the webpage.

Theorem 4.28 (Ostrowski’s theorem). The absolute values | - |, forp < 0o on Q are mutually not
equivalent to each other. Every nontrivial absolute value on Q is equivalent to | - |, for some p < oo.

The crucial idea is that complete valued fields are “local”, i.e. something that “only depends
on the prime ideal, not a number field”

Definition 4.29 (Completion). Let K be equipped with an absolute value | - |. Let K be the
completion of K with respect to the induced topology; namely, K is the colletion of equiv-
alence classes of Cauchy sequences, equipped with natural addition, multiplication, topology,

etc. Furthermore, the absolute value on K naturally extends to an absolute value on K as
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(1,22, )| := limy_e0 |z,|. The completion K together with the natural absolute value de-

fines a complete valued field. If K is a discretely valued field, Kisa complete discretely
valued field.

Given a discrete valuation ring A with a uniformizer 7, its completion A is defined as
A:={(ar,a9,---) | a, € A/7"A, a1 (mod ") = a,},

which can be endowed a natural ring structure via entrywise addition and multiplication. Fur-

1516

thermore, A is a discrete valuation ring as Ais equipped with a discrete valuation v(ay, as, -+ ) =
min(n | a, # 0 (mod 7")) (with v(0,0, - - - ) = oo).

The completion admits a natural injective ring homomorphism, A — A n (n,m,--+). A
discrete valuation ring A is complete if the natural homomorphism A — Alisan isomorphism,
i.e. when A = A.

The two notions (complete discretely valued fields and complete discrete valuation rings) are
very much compatible with each other.

Proposition 4.30.

(1) Let K be a complete discretely valued field. Then, Oy is a complete discrete valuation ring.
Furthermore, O is complete as a topological space (with respect to the subspace topology).

(2) Let A be a complete discrete valuation ring. Then, Frac(A) is a complete discretely valued
field. Furthermore, A = Opyac(a)

Proof. (1) That Ok is complete as a topological space is immediate as O C K is a closed
subspace (cut out by an inequality involving <), and a closed subspace of a complete
topological space is complete. To show that Ok is a complete discrete valuation ring,

we need to show that O — (/’); is surjective. Let (a1, as,---) be a compatible se-
quence, a,, € Ok /m"Ok for a uniformizer 7. As O — O /7" Ok is surjective for
any n, we can choose @, € Ok whose mod 7" congruence class is a, € Ok /71"Ok.
Then, (@, as, - --) is a Cauchy sequence in Ok, which must converge to a € Ok. As
a (mod ") = @, (mod ") = a,, (a1,as, ) € Oy is in the image of the natural map
O — 6; so it is surjective, as desired.

(2) That A = Opyac(a) is a general feature of a discrete valuation ring. Let (b1, by, --) be
a Cauchy sequence in Frac(A). As the limit lim,,_, v(b,) must exist, it follows that
lim,, o v(b,) = N for some N € Z, and by the discreteness of the valuation, for this
limit to exist, it must be true that there exists Ny > 0 such that v(b,) = N for every
n > Ny. We can truncate the Cauchy sequence to start from n = Ny, and multiply the
whole sequence by 7~ for a chosen uniformizer , so that we can assume that v(b,,) = 0
for all n (equivalently, |b,| = 1). In particular, b, € A for all n.

Note that, for any n > 1, the fact that (b;, bs, - - - ) is a Cauchy sequence implies that
(by (mod7™),by (mod ™), ---) must stabilize in A/7™A (i.e. there exists M, > 0 and
b, € A/7"A such that, for all m > M,, b,, (mod7™) = b,). Then, (by,by,---) is a
compatible sequence, which must come from b € A as A is a complete discrete valuation

The ring of p-adic integers is defined in the same way in Exercise A.8. This construction, i.e. taking the ring of
compatible sequences, is called the inverse limit.
'“The construction of A is independent of the choice of a uniformizer as 7" A = m’}.
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ring. It can be easily seen that b indeed can be served as the limit of the Cauchy sequence
(b1, b, - - - ). Therefore, A is a complete discretely valued field.
O

Proposition 4.31. Let A be a discrete valuation ring with a uniformizer 1 € A. Then, the image

of ™ under the natural map A — Aisalsoa uniformizer ofA\, which we will also denote 7. For any
n > 1, the natural map induces an isomorphism

A/r"A S A\/W"A\
In particular, the residue fields of A and A are isomorphism, ka = k.

Proof. That the image of 7 is a uniformizer is immediate as the normalized valuation stays the

same. The natural map A — A induces a natural map A — A / T A. By considering the cor-
responding normalized discrete valuation, we see that an element a € A is in the kernel of this

map if and only if v(a) < n, or if @ € 7" A. Therefore, we get an injective map A/7" — A / T A.
If (a1, aq,---) € Aisacompatible sequence choose an element a € A whose mod 7" reduction

is a,. Then, a — (a1, az,+--) = (0,0, ,0,b,41,bpyo, -+ ) where b, € A/7"* A is divisible
by n™. Therefore, a — (a1, as, ) € W”A which implies that the natural map A/7" < A /7" A
is surjective, as desired. O

Definition 4.32 (Local fields). A local field is a complete discretely valued field whose residue
field is a finite field. A local field is p-adic if its residue field is of characteristic p.

Example 4.33.

(1) The field of p-adic numbers, Q, (cf. Exercise A.8), is a p-adic local field. More generally,
for a number field K and a maximal ideal p C Oy, the p-adic localization of K, denoted
K,, is the local field obtained by

K, = Frac((’)/fzp).

Alternatively, it can be obtained as the completion of K using a discrete valuation on K
coming from the discrete valuation of O ;. It is p-adic for p € Z such that p N Z = pZ.
(2) The field of formal Laurent series with IF-coefficients,

Fp((X)) = { Z an X" | an € ]Fp} )

n=—N

is a p-adic local field, with the discrete valuation given by v (3 a, X") = min(n | a,, # 0).
The main difference of this example from the prior examples is that F,,((X)) is itself a field
of characteristic p, unlike QQ, which is a field of characteristic 0. In this course, we will
be only concerned about local fields of characteristic 0.

A really nice feature about local fields is that, as you take the completion, you also pick a single
prime ideal “upstairs”. This comes from what’s known as Hensel’s lemma.

171t is interesting that Qp, despite being a characteristic 0 field, is something that arose as patching characteristic
p pieces. In general, a p-adic local field can be either of characteristic 0 or of characteristic p. If it is of characteristic
0, we call it a mixed characteristic local field, and if it is of characteristic p, we call it a equi-characteristic local
field.
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Theorem 4.34 (Hensel’s lemma). Let A be a complete discrete valuation ring with maximal ideal
m and residue field k. Let f(X) € A[X] be a polynomial, and let f(X) € k[X] be its mod m
reduction. Let f(X) = g(X)h(X), where g(X),h(X) € Kk[X] are coprime to each other. Then,
there exist g(X), h(X) € A[X] whose mod m reductions are G(X), h(X), respectively, and such
that deg g = degg.

Proof. Let 7 be a uniformizer of A. Let go(X), ho(X) € A[X] be such that the mod 7 reduction of
go(X) is g(X), the mod 7 reduction of ho(X) is h(X), and deg g(X) = deg go(X), deg h(X) =
deg ho(X). Then, the polynomials go(X), ho(X) have the properties that

F(X) = go(X)ho(X) (mod ),  deggo(X) = degg(X), degho(X) < deg f(X)—degg(X).

We would like to show that, by induction, there are polynomials p;(X), ¢;(X) € A[X], such that
deg pi(X) < degg(X), deg ¢;(X) < deg f(X) — degg(X), and if we define

9n(X) = go(X) + mpr(X) + 7p2(X) + - + 7"pu(X),

ha(X) = ho(X) + 71 (X) 4+ 7q2(X) + - - + 7"qu(X),

then f(X) = ¢,(X)h,(X) (mod 7™1), for every n > 0. If we indeed prove this, then we

can let g(X) := lim, o0 gn(X), (X)) := lim, o0 hp(X) (well-defined as A is complete!), and

deg g(X) = deg go(X) = degg(X), with f(X) = g(X)h(X). Note that the induction hypothe-

sis guarantess that deg ¢,,(X) = degg(X) and deg h,,(X) < deg f(X) — degg(X).

The base case is already given. Suppose that we have the congruence f(X) = g,(X)h,(X) (mod 7**1)

for some n. Let d,(X) = ! (X)_zrﬁ(ﬁ)h”(x). For the induction hypothesis to hold for n + 1, we

want

T2 (FX) = (9a(X) + 7" pga (X)) (7 (X) + 7" g1 (X))
or
F(X) = gn(X)hn(X) = 7" (Prsa (X)hn(X) + g1 (X) g0 (X)) (mod 7™ F2).
Note that both sides are divisible by 7! by the induction hypothesis. Thus, we want

(X)) = P2 (X) (X)) + ¢np1(X) 90 (X) = Poia (X)ho(X) + ¢np1 (X)go(X) (mod ),
as b, (X) = ho(X) (mod ) and g, (X) = go(X) (mod ), respectively.
Since k[X] is a Euclidean domain, there are @(X), b(X) € k[X] such that @(X)g(X)+b(X)
1 (mod 7). Pick the lifts a(X),b(X) € A[X] of a(X),b(X) € k[X]. Then, if we let 7, 11(X) =
d,(X)b(X) and s,,41(X) = d,(X)a(X), then
e (X)) 4+ o (X)go(X) = du(X) (mod ).

This is not enough, as the polynomials r,,,1(X), s,,4+1(X) will probably have too large degrees,
whereas we want deg p,+1(X) < degg(X) and deg gn+1(X) < deg f(X) — deg g(X). We first
use the division algorithm in k[ X", so that

& (X)b(X) = @(X)g(X) + B(X), a(X),B(X) € k[X], deg B(X) < degg(X).

Take alift a(X), 5(X) € A[X]|ofa(X), 5(X) € k[X] preserving their degrees. Then, r,, 1 (X) =
dn(X)0(X) = a(X)go(X) + S(X) (mod ), so we have
+ (a

BX)ho(X) + (a(X)ho(X) + gn41(X))g0(X) = dn(X) (mod ).

8You can’t do this on A[X] as we don’t know whether A[X] is a Euclidean domain or not.
79

(X) =



Since deg B(X) = deg B(X) < degg(X), we can safely take p,,1(X) = 5(X). We also take
¢n+1(X) be the lift of mod 7 reduction of (X )ho(X) + gn41(X) where deg g, 11(X) is the same
as the degree of its mod 7 reduction. We would then like to show that deg ¢,,+1(X) < deg f(X)—

degg(X). Let 7(X) be the mod 7 reduction of ¢, ,1(X). Then, it is equivalent to showing that
deg7(X) < deg f(X) — degg(X). Note that we have

BXR(X) +7(X)(X) = dn(X),
in k[X], where d,,(X) is the mod 7 reduction of d,,(X). Note that deg d,,(X) < deg f(X), as
deg d, (X) < degd,,(X) = deg (f(X) = g.(X)n(X)) < max(deg f(X), deg g, (X)+deg h, (X)) = deg f(X).
Thus, (X)g(X) = d,(X) — B(X)h(X) implies that
deg7(X) < max(degd,(X),deg B(X) + degh(X)) — degg(X)

< max(deg f(X),deg g(X) + deg h(X)) — degg(X) = deg f(X) — degg(X),
as desired. O

Here comes the real usefulness of local fields: they behave extremely well with respect to the
extensions.

Theorem 4.35 (Complete absolute value extends automatically). Let L be a complete discretely
valued field of characteristic O with an absolute value | - |. Let K /L be a field extension of degree n.

(1) An element x € K is integral over Oy, if and only if Ni/r(x) € Of.
(2) The absolute value | - | on K, defined as

|z|k == |Ng/(2)|V", = €K,

is the unique absolute value on K that extends | - |; namely, |y| = |y|x fory € L.

(3) Under the absolute value | - |, K becomes a complete discretely valued field.

(4) The valuation ring Oy is the integral closure of Oy in K.

(5) Let p C O, q C Ok be the maximal ideals, and let v,,v, be the normalized discrete
valuations on O, Ok, so that |y| = oW fory € L. Then,

1
2| = a6<q\P)v°’(x), rc K.

(6) We have vq(x) = @UP(NK/L(w))forx e K.

Proof. Let 7 be a uniformizer of L.

(1) It is obvious that if x € K is integral over O, Ng/r(x) € Op. Conversely, suppose
that Ng,(z) € Op. Then, the minimal polynomial of x over L, say f(X) € L[X],
is monic and has the constant coefficient in Q7. We would like to show that f(X) €
OL[X]. If not, then there is a positive power 7" such that 7 f(X) € O [X]| whose mod
7 reduction, which we denote @(X), is not zero. As @(X) has constant term 0, we have
the factorization @(X) = B(X)X? where d > 1 and $(X) € k[X] is not divisible by X.
By Hensel’s lemma, there is a factorization 7 f (X)) = g(X)h(X), g(X), h(X) € O[X],
where ¢g(X) = X? (mod7), h(X) = B(X) (modn), and deg g(X) = d. Note that
1 < g <dega(X) < deg f(X), as the coefficient of the highest power term of 7 f(X)
is divisible by 7. On the other hand, L[X] is a UFD, so any polynomial in L[X] dividing
7 f(X) must be either a unit or the polynomial itself times a unit. As all units are of

degree 0 in L[X], 0 < deg g(X) < deg f(X) gives a contradiction.
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(2) Itis obvious that ||k extends |- |, and that |- | x is multiplicative. Also, |z|x = 0 if and only
if Ng,r(x) = 0 if and only if # = 0. To show the strong triangle inequality, assume that
z,y € K such that z,y # 0 and |z|x < |y|k, and we want to show that |z + y|x < |y|x-
Let v = yz, so that |z|x < 1. Then, this means that [Nk, (2)| < 1, which implies that
Nk/1(z) € O, which by (1) implies that z is in the integral closure of O in K. As the
integral closure is a ring, z + 1 is integral over O, which implies that Ny /(2 + 1) < 1,
or |2+ 1| < 1. Thus, |z +y|x < |z|k, which is the strong triangle inequality we wanted.

We now talk about the uniqueness. We claim the following.

Claim. Let V' be a finite-dimensional L-vector space. An (L,| - |)-linear norm || -
| : V — Rs¢ is a map that satisfies the strong triangle inequality (i.e. ||z + y| <
max(||z||, [|y])), satisfies ||az| = |a|||z|| for x € V,a € L, and ||z|| = 0 if and only
if z = 0. Then, any two such norms are equivalent to each other, i.e. if || - ||’ is another
such norm, then there exist C, Cy > 0 such that Cy||z|| < ||z||" < Cy||z|| for all x € L.

We first show how the Claim shows (2).

Let |- |’x be another absolute value on K extending |-| on L. Letey, - - - , e, be an L-basis
of K. Let || >, a;e;||sup := sup; |a;| foray, - - - ,a, € L.Itis easy to see that || - ||s,, satisfies
the strong triangle inequality, and ||z||syp = O if and only if x = 0. We claim that there
exist C1, Cy > 0 such that C}||z||syp < |2|x < Caol|z||sup for all z € K. If so, the same
logic applies to | - - - |, so that there exist Dy, Dy > 0 such that Dy|z|} < |z|x < Dalz|)
for all x € K. This implies that | - |} = (| - |x)® for some a > 0, and as both absolute
values extend | - |, a = 1.

For the Claim: we show that || - || and || - ||sup satisfy the inequality, so that for any
two (L,| - |)-linear norm, they will satisfy the similar inequality. As || > 7 ae;|| <
max; |a;||e;]| < (lex]] + -+ + [lenl)]] Dore; ai€illsups one side is easy. For the other side,
we consider V; := (e1, -+ ,€;_1,€41, " ,€n), a sub-L-vector space of K. Then V; to-
gether with the restriction of || - || is complete, as the proof of (3) applies. Thus, V; C V
is a closed subset. In particular, S := U}, (e; + V;) is a closed subset of V' that does not
contain 0. Therefore, there exist C' > 0 such that any vector v € S satisfies ||v]| > C.
I 0 weillo = lads then || 20y aeil] = Joil e + Sicjcn s 03| 2 Clail =
C| >>% | aiéillsup, which shows the other side.

(3) We only need to show that K is complete with respectto |-|x. Letey, - - - , e, be an L-basis
of K. Then, by the triangle inequality, a sequence z; = a; 161 + - -+ a;ne, of 7; € K isa
Cauchy sequence if and only if the sequences a; = {ayj, a2, - - } is a Cauchy sequence
forj =1,2,--- ,n. Since L is complete, if 71, - - - is a Cauchy sequence, then a; converges
to a; € L, and therefore x4, - - - converges to aje; + - - - + ayep.

(4) This follows from (1).

(5) Note that, as O is a discrete valuation ring, pOk factorizes into a power of ¢, and the
exponent is precisely e(q|p). Namely,

POy = g,

To deduce the formula, we only need to show that ﬁvq () = vy(x) for x € L, or that

vq(m) = e(q|p). This however follows from the above factorization as 7O = pOf =
e(alp)
gelaw),

(6) This follows from (5) and (2), as n = e(q|p) f(q|p).
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Therefore, as soon as you move on to the world of complete fields, we basically only need to
deal with one prime ideal at a time, and everything is a discretely valued field/discrete value ring!

4.4. Ramification of local fields. By passing to the world of local fields, you can study the ram-
ification of primes much more systematically (out of ¢, f, g, you removed g from the discussion,
and knowing e is pretty much the same as knowing f).

Definition 4.36 (Unramified/ramified/totally ramified extensions of local fields). Let K/ L be an
extension of local fields of degree n. Let ek, fx/r be the ramification index and the residue
degree of the unique maximal ideal of Ok over the unique maximal ideal of Oy, respectively. We
say K /L and Ok /Oy, are unramified extensions if ex,;, = 1, and ramified if ey, > 1. We
say K/L and Ok /O, are totally ramified extensions if fr,;, = 1.

The following is immediate.
Proposition 4.37. If K/L/M is a tower of local fields, one has
€xK/M = €K/LEL/M, fK/M = fK/LfL/M-

Proof. The multiplicativity of f follows from the residue field considerations, and from this the
multiplicativity of e follows. 0

Unramified extensions and totally ramified extensions of local fields are very easy to under-
stand. For unramified extensions we have:

Theorem 4.38 (Unramified extensions of local fields). Let L be a p-adic local field of characteristic
0. Let p be the unique maximal ideal of Oy, and let k;, = Op /p be the residue field of Oy, which is
a finite field. Also, let m € Oy, be a uniformizer of L.

(1) For every K /L field extension of degree n, which is again a p-adic local field thanks to The-
orem 4.35, there exists & € O such that O = Opla].

(2) For a finite field that is an extension of the finite field k1, there exists an unramified extension
K /L whose residue field extension ky /ky, is precisely [ / k..

(3) Let K1, K5/L be two local field extensions, where Ki/L is unramified. Then, there is a
natural bijection between the set of L-algebra homomorphisms from K, to K and the set of
kr-algebra homomorphisms from kg, to kg,,

HomL(Kl, K2) :> HOHIkL (k‘Kl, kKQ),

defined as follows. Given f : Ky — Ko, define f : ki, — kg, as, forz € Ok, f(Z) = f(z),
whereT and f(z) are the images of x € Ok, f(x) € Ok, in their residue fields, respectively.
(4) For each l/ky, the unramified extension constructed in (2) is unique up to isomorphism (i.e.
given [, any two unramified extensions of (2) are isomorphic to each other). Furthermore,
unramified extensions are Galois.
(5) Given a local field extension K /L of degree n, there is a unique intermediate field K,/ L that

contains every unramified extensions of L in K (maximal unramified extension of L in
K). The degree is [Ky : L| = fx/r, and K| Ky is totally ramified of degree [K : Ky| = ek/p.

Proof. (1) By primitive element theorem, the residue field of K, kf, is of the form £, (ay) for
some o € kg, where k, is the residue field of L. Let g(X) € O [X]| be a monic lift of the

minimal polynomial of « over ky, which must be of degree f = [k : kz]. Let ag € O
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be any lift of ay € kk. Then, g(ag) € Oy is divisible by 7k, a uniformizer of K. Note
that, if g(ay) is divisible by 7%, then

g(ao + k) = g(ao) + mx g (ag) (mod 7% ),

is not divisible by %, as ¢'(c) is not divisible by 7x, which is just the manifestation of the
fact that kg /ky, is a separable extension. Thus, either vi (g(ag)) = 1 or vk (g +7k)) =
1, where v is the normalized discrete valuation on K. Let &« = g or ag + 7k so that
vk (g(a)) =1, or that g(«) € Ok is a uniformizer in K.

Our claim is now that Ox = Opla]. Let n = [K : L]. It is sufficient to prove that
Ok is generated by 1, - - - , " ! as an Or-module. Let M C Ok be the O -submodule
generated by 1, v, - - ,a"~. Then, by Nakayama’s lemma (Lemma A.51), M = Ok (as
an Op-module) if and only if M/pM = Ok /pOy, where p C Oy, is the unique maximal
ideal. Note that pOf = q°, where q C O is the unique maximal ideal, and q = (g(«)).
Thus, pOk = (g(a)®). Therefore, Ok /pOk is represented by elements by + byg(a) +

et be_lg(oz)e_l, where by, by, -+ ,b._1 € Ok, and they are insensitive to differences
by elements in g(a)Ox = q. Note that O /q is represented by elements of the form
ag+aa+---+ af_lozf’l, ag, -+ ,a5-1 € O, and they are insensitive to differences by

elements in p. Thus, every element in O /pOy is generated by a’g(a)’, 0 < i < f — 1,
0 < j < e— 1. Since g(a) is a degree f polynomial in o, so a’g(«)’ is expressed as a
polynomial in o with degree < (f — 1)+ f(e — 1) = ef — 1 = n — 1, which implies that
M/pM = Ok /pOk, as desired.

(2) By primitive element theorem, we can write [ = k(@) for some @ € [, with minimal
polynomial G(X) € kp[X] of degree [l : ki]. Let g(X) € Or[X] be any monic lift of
g(X). This is irreducible, as g(.X) is irreducible. Let B = O1[X]/(g(X)). Since g(X) is
irreducible, by Chinese Remainder Theorem, if we let p C O be the maximal ideal, then

B/pB = Or[X]/(p,9(X)) = kL[X]/(9(X)) =,

which implies that pB is a maximal ideal. Since p C Oy, is the unique maximal ideal,
pB C B is the unique maximal ideal. Let K = Frac(B). Since B C Ok, we have a ring
homomorphism

l=B/pB — Ok/pOk.

This map is nonzero, as 1 is sent to 1, which is nonzero. Thus, the kernel of this map is
a proper ideal of [, which is a field, so a zero ideal. Thus, this homomorphism is in fact
injective. Let e, f be the ramification index and the residue degree of K/ L, respectively.
On the other hand,

#Ok [pOx = (#Ok [q0x)* = (#h1) = (#ks) ) = #1,

so the homomorphism B/pB — Ok /pOf is actually an isomorphism. By Nakayama’s
lemma (Lemma A.51, applied to O -modules), this implies that B = Q. Thus, the residue
field extension of K /L is precisely [ /ky,.

(3) We first need to see that the map is well-defined, which is the same as saying, given
f: K1 — Ky and x € mg, is in the maximal ideal of Ok, f(z) € mg,, the maximal ideal
of Ok, . Since K is unramified over L, if 7 is a uniformizer of L, then my, = 7Oy, . Since
T € Mg,, so this is implied by showing that f(z) € Ok, if © € Ok,. This is true because

if  is integral over Oy, then f(x) is integral over Oy, Thus, the map is well-defined. From
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this investigation, we know that restriction to O, gives rise to
HOIIlL(Kl, KQ) l) HOHl(QL(OKl, OKQ).

By (1), Ok, = Op[a] for some a € O, whose reduction mod 7 generates the residue
field, i.e. kg, = krla]. Let g(X) € Op[X] be the minimal polynomial of a over L, and
let g(X) € kr[X] be its mod 7 reduction. Then, Homp, (O, Ok,) is in one-to-one
correspondence with the roots of g(X) in O,, and Homy, (kk,, kk,) is in one-to-one
correspondence with the roots of G(X) in kg,. By Hensel’s lemma, any root of §(X) in
k, lifts to a root in Ok,, so Home, (Ok,, Ok,) — Homy, (kk,, kK, ) is surjective. Also,
since g(X) is separable, it is injective.

(4) This is an immediate consequence of (3).

(5) Let K/ L be a field extension constructed by (2) applied to kx /kr. Then, (3) implies that
the identity map from kg to itself give rise to a homomorphism from K, to K, which
must be an injection as K is a field. The other properties of K are clear.

0

From the above discussion, we can define the Frobenius in unramified extensions.

Definition 4.39 (Frobenius). An unramified local field extension K/L is Galois by Theorem
4.38(4), and Gal(K/L) has a specific element called the Frobenius,

Fri/p € Gal(K/L),
given by the element corresponding to the map Fr € Gal(kg /ky,), where Fr(x) = z#*c.
For totally ramified extensions, we have:

Theorem 4.40 (Totally ramified extensions of local fields). A local field extension K /L is totally
ramified if and only if Ox = Op[a] for an o € O whose minimal polynomial p,(X) € Or[X]
over L is Eisenstein at 7.

Here, the terminology Eisenstein is identical to the Eisenstein irreducibility criterion we
proved for integer coeflicient polynomials. Before we formally define the notion of Eisenstein
polynomials in the local fields context and prove this theorem, we discuss a very general tool
that is very useful in studying the factorization of polynomials in local fields, called the Newton

polygon.

Definition 4.41 (Newton polygon). Let K be a complete discretely valued field with a normalized
discrete valuation v (i.e. v(m) = 1 for a uniformizer 7). Given a polynomial

f(X)=a, X"+ a1 X" ' 4+ +ay € K[X],

with a,, # 0, the Newton polygon of f(X), NP(f(z)), is the lower convex hull in R? of the
points (0,v(ag)), (1,v(a1)),- -, (n,v(ay)) (if any a; = 0, then we may ignore the corresponding
point). If (ag, by) = (0,v(aop)), (a1,b1), -, (ar,b.) = (n,v(a,)) are the breaking points of the
Newton polygon, the slopes of the Newton polygons are the negative of the slopes of the line
segments,

Sj:u’ j=1,--,m
a; — a1
As the Newton polygon is convex, s; > sy > - -+ > 5,. We call m; := a; — a;_; the multiplicity
of the slope s;.
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Example 4.42. Consider the polynomial

X6 X4 X3 X2
X)="F— X'+ - 4+ 4 X X].
f(X) 5 tr-mtot 3 € Q] X]

The Newton polygon of f(X) is as follows.

\

(g

Figure 4. The Newton polygon of f(X).
The breaking points are (0, 0), (4, —2), and (6, —1), and the slopes are  (with multiplicity 4) and
—1 (with multiplicity 2).

Definition 4.43. Let K be a complete discretely valued field. A polynomial f(X) € Og[X] of
degree n is an Eisenstein polynomial if NP(f(X)) has a unique slope 1 with multiplicity n.

It is clear that this is directly analogous to the known definition of Eisenstein polynomials. The
Eisenstein’s irreducibility criterion has the following vast generalization in the local fields case.

Theorem 4.44. Let K be a complete discretely valued field with a normalized valuation v, and
f(X) € K[X] beapolynomial with the slopes sy > sy > -+ > s, with multiplicitiesmy, ma, - -+ ,m,,
respectively.

(1) In the normal closure of f(X) (which admits a unique extension of the valuation v), f(X)
has exactly m; roots with valuation s;.

(2) If g(X) € K[X] is another polynomial, then NP(f(X)g(X)) is obtained from NP(f(X))
andNP(g(X)) by dividing NP(f (X)) and NP (g(X)) into striaght line segments, arranging
the line segments in the order of increasing slopes, and concatenating the line segments in that
order.

(3) Wehave f(X) = [[,_, f:(X) where f;(X) € K[X] has only one slope, s;, withdeg f; = m;.

(4) If f(X) is irreducible, then r = 1 (i.e. it has only one slope). Conversely, if r = 1, then
1 = Gz 0y Jor some a € Z, and if (a,deg f(X)) =1, f(X) is irreducible.

Proof. (1) The slopes of the Newton polygon do not change if we multiply the whole polyno-
mial by a nonzero number, so we may assume that ag = 1. Let L be the normal closure of
K, and let f(X) factorize as

FX) = (1= X) (1=, X).



Arrange the roots so that

p1=v(a) = v(ag) =+ =v(ay,)
< p2 = U(au1+1) == U(am—i-m)
< < Ps = V(A +1) = 0 = V( Q)

Here, pt1 + - - - + s = n. Then,

o= (-1 D aja,--aq

1<ji<-<gi<n

From the valuation of the roots, for any 1 <1 < s,

U@y o) = V(012 Q) = Z Py

This is because the sum expression for a,, ..., has various terms, but any term other
than o - - -, 4.4, has strictly larger valuation. On the other hand, for any £ that lies
between j1; + - - - + p;—1 and g + - - - + p;, then there are more than one term in the sum
expression for aj, that have valuation equal to

i—1
v(arag - ay) = (Z um) + (k= (o + -+ pie1))piy
j=1

but we know that all terms in the sum expression for a;, have valuation greater than equal
to the above quantity, so we know

ag) > (i Mm) + (k= (p1 + - 4 pi1)) pi-

This implies that the point (k, v(ay)) lies above the line connecting (g1 +- - -+ fti—1, V(Qpy 4t p; 1))
and (p1 + -+ - + i, V(@ -4, ) ), Which has a slope (in the usual sense)

(au1+ i) = V(@ +m71) _ Hipi
(1 4t ps) = (o + -+ i) '
Thus, the polygon connecting (0,0), (11, v(ay,)), - -+, (n,v(ay)), is a polygon consisting

of line segments of increasing slopes (in the usual sense), so is convex. Thus, this must
coincide with NP(f(X)), which implies that s; = —p; and m; = p;. Since the roots of
f(X)area;?, -, a;", this is what we want.

(2) This immediately follows from (1).

(3) It is immediate that conjugates have the same valuation, as they have the same absolute
value (as the extension of an absolute value is calculated using the norm). We retain the
notation of the proof of (1), then

filX) = (1 = o1 X) - (1= g, X)),

is stable under Gal(L/K), so f;(X) € K[X].
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(4) If f(X) isirreducible, thenr = 1 by (3). If r = 1 and s; = degf W1th (a,deg f(X)) =1,
then the Newton polygon has no integer point other than the breaklng points, so it cannot
possibly be a concatenation of two Newton polygons that are not points. By (2), this

implies that f(X') cannot possibly be a product of two nontrivial polynomials.
O

Now we can prove the characterization of totally ramified extensions of local fields.

Proof of Theorem 4.40. Assume o € O is such that its minimal polynomial p,(X) € O[X] is
Eisenstein, and that O = Op[a]. Let po(X) = X" + a, 1 X" '+ -+ ag. Letp C Oy be
the unique maximal ideal. Then, by Chinese Remainder Theorem, Ok /p = O [X]/(p, pa(X)) =
kr[X]/(X™), where ky, is the residue field of O. Thus, the unique maximal ideal of O is (p, @),
with ramification index n, so totally ramified.

Conversely, suppose K /L is totally ramified. Let 7 € Ok be a uniformizer. Let g(X) €
O [X] be the minimal polynomial of 7. If we let v be the normalized discrete valuation on L,
then v(mx) = +, as v((mx)") = 1. Thus, NP(g(X)) has a slope *, which implies that NP(g(X))
must be a single line of slope %, or Eisenstein. U

We finally remark the connection between the ramification of local fields with the Galois theory

of local fields.

Definition 4.45 (Ramification groups). Let K/ L be a finite extension of local fields, and let 7 €
K be a uniformizer. For i > —1 an integer, define the i-th ramification group G; < Gal(K/L)
as

= {0 € Gal(L/K) | oca = a (mod7i") foralla € Ok}

We call G the inertia subgroup' and G, the wild inertia subgroup.

The following is a basic relationship between the ramification groups and the unramified ex-
tensions.

Proposition 4.46. Let K /L be a finite extension of local fields, and let G = Gal(K/L). Let v be
the normalized discrete valuation on K, so that vk (7 ) = 1 for a uniformizer 7.

(1) We have G_; = G, i.e. any Galois element preserves O. Moreover, any Galois element
preserves V.

(2) The maximal unramified extension of L in K, K/K,/L, is obtained by Ky, = K%,

(3) Ifi > 0 and o € Gal(K/L) satisfies omyc = 7 (mod wit), then o € G

(4) Fori big enough, G; = {1}.

(5) For each i > 0, G; is a normal subgroup of G;_1, and G;_1/G; is abelian. Therefore, G =
Gal(K/L) is solvable.

Proof. (1) Note that vy is the unique extension of v;, := vg/|r. On the other hand, for any
o € G,v%(x) := vk (ox) is also an extension of vy, so it must be true that v} () = vk ().

(2) By the same proof as Theorem 2.20, we see that Gal(K/L) — Gal(kg/kr) is surjective
with the kernel equal to Gy, the inertia group, where kj and kj, are residue fields of K

and L, respectively. Thus, |Go| = ex/, = [K : Ko = |Gal(K/Kj)|. Moreover, as

K /K is totally ramified with kg, = kg, it follows that the composition Gal(K/K,) —
Gal(K/L) — Gal(kk/kz) is a zero morphism. Thus, Gal(K/K,) < G,, which must be

equality as the two groups have the same cardinalities.

“The convention is a bit weird, but it is because we want G be the inertia subgroup.
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(3) By Theorem 4.40, we know that Ox = Ok, 7] for some uniformizer 7} of Ok. On the
other hand, as 7% is a unit times 7x, O = O, [7]. Therefore, if o = mx (mod wid '),
then firstly o € Gy = Gal(K/Kj), and therefore ca = a (mod7i!) for any a €
Ok, [mk] = Ok, as desired.

(4) If K/L is unramified, then Gy = 1. If not, then any uniformizer 7 of K can never be an
element of L, so the statement follows from (3).

(5) The statement for i = 0 follows from the analogue of Theorem 2.20 where G5 is the kernel
of the surjective map Gal(K /L) — Gal(kk/kL), as any Galois group of finite fields is a
finite cyclic group. For i > 1, let mx be a uniformizer of K and, for 0 € G,_;, consider
%}f). By definition, it satisfies

o(TK)

TK

=1 (mod 7l h).

Thus, if we let 1 + 7o 'O as the multiplicative group of elements in O which are =
1+W§;1@K
1+7T}<(9K
to, by (3), G;. Thus, G; is a normal subgroup of G;_1, and G;_1/G; —

G;_1/G; is a subgroup of an abelian group, it is abelian.

1 (mod 7% '), then the natural map G;_; — 1+ 7% 'O — has a kernel equal

1_‘_71_;{—101( .
W. Since

O

Furthermore, the wild inertia group G also has a special meaning, corresponding to the
wild ramification.

Definition 4.47 (Tamely ramified/wildly ramified extensions). Let K/ L be a finite extension of
p-adic local fields. Such an extension is called tamely ramified if (p,ex/;) = 1, and is called
wildly ramified if p divides e/,

Theorem 4.48. Let K /L be a finite extension of p-adic local fields.

(1) If K/ L is Galois, the tame quotient G,/G\ is a cyclic group of order prime to p.

(2) If K/ L is Galois, the wild inertia group G, is a p-group.

(3) If K/ L is Galois, there is a unique intermediate field /K, /L that contains every tamely
ramified extensions of L in K (maximal tamely ramified extension of L in K), given
by K1 = K. Ifeg;, = p*b with (p,b) = 1, then [K : K] = p°, and K/K; is totally
wildly ramified.

(4) For any K /L a finite extension of local fields, the maximal tamely ramified extension
K/Ki/L exists. If ex;r, = p*b with (p,b) = 1, then [K : K| = p®, and K/K, is totally
wildly ramified.

Proof. (1) Note that the proof of Proposition 4.46(5) implies that G(/G; is a subgroup of
Hfﬁ = kj, where Tk is a uniformizer of K. Since kj; is a cyclic group of order
prime to p, the result follows.

(2) Similarly, the proof of Proposition 4.46(5) implies that, for n > 1, G,, /G, 11 is a subgroup

f % The latter group is easily seen to be isomorphic to O /7 Ok = ki, which
is as an additive group of p-power order, so G,,/G,,11 is also a p-group. Thus, G; is a
p-group.

(3) Note that, as K /K] is totally ramified, this follows from K, = K“°, G/G, is of order

prime to p, and (¢ is of a p-power order.
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(4) Let K /L be the Galois closure of K/L, and let K /K;/L be the maximal tamely rami-
fied extension using (3). Let K1 = K 1 N K. Note that K7 /L is tamely ramified, as any
subextension of a tamely ramified extension is tamely ramified by the multiplicativity of
e. Furthermore, for any tamely ramified extension K/M/L, M C Ky, so M C K. Thus,
K is the maximal tamely ramified extension. As K7 D Ky, K/K; is totally ramified, and

must be wildly ramified. As e, /1, = [K; : Ko, the numerology follows.
U

4.5. Local fields and number fields. Now we connect the theory of local fields to the number
fields. Recall that, for a maximal ideal p of a number field K, K, is a p-adic local field, where
p N Z = pZ. What this tells us is:

e K — K, is a subfield (of infinite degree by the cardinality reason, Exercise A.8);
e the normalized discrete valuation/absolute value induces a discrete valuation/absolute
value on K.

As the relative theory of local fields is very nice, we would like to connect this to number fields.
This can be done using the notion of tensor product of fields.

Definition 4.49 (Tensor product). Let K, M/ L be two field extensions (not necessarily of finite
degree). Let K ®, M be the commutative M -algebra defined as follows. Let {v; },c; be an L-basis
of K, with vjv; = >, _; aijxUk, aii, € L (for each 4, j, there are finitely many k € I such that
a;jr 7 0, by the definition of basis). Then, K ®, M is, as an M-module, the M -vector space with
basis vectors {v; };c, with the multiplication defined by v;v; = >, o @ijivs.

Remark 4.50. The above construction verbatim works for any two L-algebras. Even more gen-
erally, for any commutative ring A and two A-algebras Bj, Bs, there is the notion of tensor
product By ®4 Bs, which is both a B;-algebra and a B,-algebra. The challenge for this more
general notion of tensor product is that one has to also consider the relations.

By definition, the following are immediate (check yourself).

Proposition 4.51. Let L be a field, and let K|, K5 be two L-algebras. Then, there is a natural
surjective L-linear map K1 X Ky — K ®/, Ky. The image of (z,y) is denoted as © ® y. The tensor
product notation satisfies the following relations.

(1) Ifvy, 29 € Ky andy € Ky, (21 +22) @y = (11 @ Y) + (12 @ y).

2) Ifre Kyandy1,y2 € Ko, 2 @ (Y1 +y2) = (2 @ y1) + (2 @ ya).

B)Ifre Ki,y€ Kyandt € L,z ® (ty) = (tr) @ y = t(x Qy).

Proposition 4.52. Let K = L[X]/(f(X)) with a polynomial f(X) € L[X]. Then, K @ M =
MI[X]/(f(X)) as M-algebras.
Proposition 4.53. The commutative M -algebra K ®1, M is also naturally a K -algebra.

Now the relative prime splitting of a number field connects with local fields as follows.

Theorem 4.54. Let K /L be a finite extension of number fields. Let p C Op, be a maximal ideal.
Then, as Ly-algebras,

~
K ®p L, = 11 K.
q a prime ideal of O lying over p
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Proof. By the Primitive Element Theorem, K = L(«) for some o € K. Let f(X) be the minimal
polynomial of o over L. Thus, K ®;, L, = L,[X]/(f(X)). Let f(X) factorize into
)

F(X) = [i(X) - fy(X),

in L,[X|, where f1(X),- -, f,(X) are distinct monic irreducible polynomials. It suffices to show
that {L,[X]/(fi(X))h<i<g runs through {K},. Note that, given f;(X), L,[X]/(fi(X)) is a
finite extension of Ly, so it is a local field. Furthermore, the natural map K = L[X]/(f(X)) —
L,[X]/(fi(X)) is injective, as it is a nonzero field homomorphism. Therefore, the unique absolute
value of L,[X|/(fi(X)) extending that of L, gives an absolute value | - |; on K, thus giving rise
to a prime ideal q = {x € K | |z|; < 1} N Ok (that this is a prime ideal is easy to check) lying
over p.

Conversely, given a prime ideal ¢ C O lying over p, consider K, which contains L,(«), as
K, D L, and o € K,. On the other hand, as K C Lp(oz), there is a natural injective homomor-
phism K; — L,(«). Therefore, K; = L,(«). The minimal polynomial of & € K, over L, must be
equal to some f;(X). These two operations are clearly inverses to each other, so we are done. [J

The above Theorem is the key to convert a problem about a prime in a number field into a
problem about local fields. Some of the immedate corollaries are:

Corollary 4.55. Letp C L be a prime ideal and K /L be an extension of number fields. Then, for
z € K, we have

Trgyn(e) = Y Tryn,(r),  Nisw(a) = ][ Ny, (@
qlp qlp

Proof. By definition, the multiplication-by-z matrix is the same for both K/L and K ®, L,/ L,,.
The statement then follows from Theorem 4.54. U

Corollary 4.56. Let K/ L be a finite Galois extension of number fields, and let p be a prime ideal of
Oy, and q be a prime ideal of O lying over p. Then, the local field extension K,/L, is Galois. Fur-
thermore, Gal(Ky/Ly) is naturally identified with the decomposition group D(q|p) < Gal(K/L)
as follows.

e Given o € D(q|p), oq = q, which implies that the normalized discrte valuation vy on K is
stabilized by o, which means that 0 : K — K extends to the completion o : K; — K. As
it fixes Ly, this gives rise to an element in Gal(K,/Ly).

e The identity L, N K = L gives rise to a natural map Gal(K,/L,) — Gal(K /L), which is
injective and its image is precisely the decomposition group D(q|p).

Under the identification, the inertia group of the local Galois group is the same as the inertia group
of the prime ideals in the number fields.

Proof. From the first description, one obtains at least | D(q|p)| many distinct elements of Homp, (K, K;).
As |D(qlp)| = e(qlp)f(qlp) = [K, : Ly), this implies that K;/L, is Galois, and the homomor-
phism D(q|p) — Gal(K,/Ly) is an isomorphism. It is straightforward to check that the second
description gives the inverse. O

Using the local methods, we can study how the prime ideals interact in various settings, e.g.

taking subfields, taking compositums, given a tower of fields.
90



Definition 4.57. Let K /L be a field extension of number fields, and let p C O, be a prime ideal.
We say that p is tamely ramified in K if, for every ¢ C Ok lying over p, (p, e(q|p)) = 1, where
p lies over a rational prime p € Z.

Theorem 4.58 (Unramified/tamely ramified primes in compositums, subfields and towers). Let
L be a number field, and letp C Oy, be a prime ideal.

(1) If J/K/L is a tower of number fields, and if p is unramified (tamely ramified, respectively)
in J, then p is unramified (tamely ramified, respectively) in K.

(2) Let J/K /L be a tower of number fields, and suppose that p is unramified (tamely ramified,
respectively) in K. Suppose also that, for every prime ideal ¢ C Ok lying over p, q is
unramified (tamely ramified, respectively) in J. Then, p is unramified (tamely ramified,
respectively) in J.

(3) If K1, K3/ L are two field extensions of number fields such that p is unramified (tamely
ramified, respectively) in both K, K5, then p is unramified (tamely ramified, respectively)
in the compositum K1 K.

Proof. Let p N Z = pZ.

(1) Let g C Ok be a prime ideal lying over p. Pick a prime ideal v C O} lying over q. Then,
e(rlp) = 1 ((p, e(x|p)) = 1, respectively). This is the same as e/, = 1 ((p,es,/1,) = 1,
respectively). As eg, /1, divides e;,/r,, €x,/r, = 1 ((p, eKq/Lp) = 1, respectively), or
e(qlp) = 1 ((p,e(q|p)) = 1, respectively). As this holds for any q lying over p, p is
unramified (tamely ramified, respectively) in K.

(2) Lett C O, be a prime ideal lying over p. We want to prove that e(t|p) = 1 ((p, e(t]p)) = 1,
respectively), or e/, = 1((p, e,/z,) = 1, respectively). Note that ey, /z, = €./x,€K,/L,
where ¢ = v N Ok, and we have e;, )k, = 1 and ex,/, = 1 ((p,es/x,) = 1 and
(p,ex,/L,) = 1, respectively), so we get the desired statement.

(3) Consider the natural map

Ki®p Ky — K1Ky, 2@y — zy.
The map is clearly surjective. From this, the natural map
(K1 ®1 Ly) @1, (Ka @1 Ly) = K1K, @1 Ly, (2Q@y) @ (2" @Yy) — (z2) @ (yy),
is surjective. Using the natural map, we know that the natural map
(*) (K1 ®p Ly) x (Ka®p Ly) = K1Ka ®p Ly, (z@y,2'®y) — (22') @ (yy'),

is surjective. We would like to show that, for every q C O, k, lying over p, (K K3), is an
unramified extension of L,. Note that, by assumption, the left hand side of (*) is a prod-
uct of unramified (tamely ramified) extensions of L,, so the product of such extensions
surjects onto (K7 K5),,

H F; — (K 1K2>q7

i=1
where F;/L, is unramified (tamely ramified, respectively). On the other hand, for each
F;, the homomorphism

F; — (K1K2)q>
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is either zero or injective, and in either case, it factors through ' C (K K>),, the max-
imal unramified (tamely ramified, respectively) extension of L, in (K;/K3),. Therefore,
[T, F; = (K1K3), factors through F’, which must be (K K>)g, as desired.

O

Theorem 4.59 (Ramification index/residue degree in towers). Let K /L/M be a tower of number
fields, and letp C O be a prime ideal withq = p N O andt = p N Oy,. Then,

e(pfr) = e(pla)e(alr),  fp[r) = flpla)f(qlv).
Proof. This follows immediately from the multiplicativity of e, f for local fields. O

Theorem 4.60 (Splitting completely in compositums, subfields and towers). Let L be a number
field, and letp C Oy, be a prime ideal.

(1) If J/ K/ L is a tower of number fields, and if p splits completely in J, then p splits completely
in K.

(2) Let J/ K /L be a tower of number fields, and suppose that p splits completely in K. Suppose
also that, for every prime ideal @ C Oy lying over p, q splits completely in J. Then, p splits
completely in J.

(3) If K1, K5/ L are two field extensions of number fields such that p splits completely in both
K, Ky, then p splits completely in the compositum K1 K.

Proof. (1) This follows from the multiplicativity of e, f.
(2) This follows from the multiplicativity of e, f.
(3) As above, there is a natural surjective map

(Kl S, Lp) ®Lp (KQ QL Lp) — K1 K, ®p, Lp'

As the left hand side is a product of L,, we see that any local field appearing in the right
hand side is L,, which means that p splits completely in K K.
O

Theorem 4.61 (Decomposition group, inertia group, Frobenius in towers). Let K/L/M be a tower

of number fields, withp C Ok, q C O, v C Oy prime ideals lying over each other.
(1) Suppose that /M is Galois. Then,
D(pla) = D(plt) N Gal(K/L),  I(pla) = I(plt) N Gal(K/L).
IfI(plv) = {1}, we have Fr(p[q) = Fr(p[t)/ .
(2) Suppose that K/L/M are all Galois. Then,
D(qft) = D(p[t)/D(pla), I(qlt) =1I(p[r)/I(plq).
IfI(p|t) = {1}, Fr(q|v) is identified with the image of Fr(p|¢).
Proof. (1) The first two assertions are literally just by the definition. If the inertia is trivial, the
subgroup D(p|q) < D(p|v) is identified with Gal(k,/k;) < Gal(k,/k.), where ky, kq, k;
are residue fields of p, q, t, respectively, and the statement about the Frobenius readily

follows.

(2) As K,/ Ly/M, are Galois, D(q|t) = D(p|t)/D(p|q) follows from

Gal(Ly/M,) = Gal(K,/M,)/ Gal(K,/Lq).



As Gal(kq/k.) = Gal(ky/k.)/ Gal(k,/k,), it follows that the inertia group also satisfies
I(q|t) = I(p|t)/I(p|g). This is a standard argument in commutative algebra, where I
replicate. We want to show that there is a natural map I (p|t) — I(q|t) which is surjective
and has kernel equal to /(p|q). The obvious candidate is the restriction of the natural map
D(p|t) — D(q|r) to I(p|r). Since anything in I(p|t) is sent to 0 € Gal(k,/k.), it follows
that the image of / (p|t) under this natural map will be sent to the image of 0 in Gal(k,/k.),
which is again 0, so the image of I(p|t) is contained in ker(D(q|t) — Gal(ky/k.)) =
I(qt). To show that this natural map is surjective, we want to show that any element x €
I(q|v) is the image of some element x’ € I(p|t). Note that D(p|t) — D(q|v) is surjective,
there is 2”7 € D(p|t) that is sent to x € I(q|t) < D(q|t). This 2" may not be contained
in the inertia. However, what we know is that its image [2"] € Gal(k,/k.) is sent to
0 € Gal(kq/k), so [2"] € Gal(ky/kq) < Gal(k,/k;). Take 2™ € D(p|q) whose image is
[2"]. Then, " € D(p|q) < D(p|t), and 2" (z"")~" € D(p|t) is now contained in I(p|t), as
it is sent to 0 € Gal(k,/k.). Note also that this is still sent to z € I(q|t) < D(q|t), so this
is what we wanted.

To show that the natural map has /(p|q) as its kernel, we need to go through a similar
argument as above.

The statement about Frobenius is obvious.

O

EXERCISES

Exercise 4.1. Let p # ¢ be two different rational primes such that p,¢q = 1 (mod4). Let K =
Q(/P, 4), and L = Q(,/pq), so that L C K. Show that every prime ideal of O, is unramified
in K.

Exercise 4.2.

(1) Let f(X) € Z[X] be any nonconstant polynomial. Show that f(X') has a root mod p for
infinitely many rational primes p.

Hint. If all prime factors of f(n) are less than N, then show that, for large enough M,

FMf(0))
£(0)

(2) Let K be a number field. Show that there are infinitely many prime ideals p C Ok such
that the residue degree of p is 1.

(3) Let K/L be an extension of number fields. Show that there are infinitely many prime
ideals of L that split completely in K.

must have a prime factor bigger than V.

Hint. Apply (2) to the Galois closure of K over Q.

Exercise 4.3. Let K be a valued field with a non-archimedean absolute value | - |.

(1) Let D(a,r) be the open disk of radius 7 > 0 centered at a € K. For any b € D(a, r), show
that D(a,r) = D(b,r) (i.e. any point in an open disk is its center).
(2) Show that | - | : K — R is continuous.
(3) If | - | is discrete, show that any open disk is closed.
(4) If K is furthermore complete, show that the infinite sum ) | a,, converges if and only
if lim,,_,o. a,, = 0.
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Exercise 4.4. Let p be a rational prime, and let v, be the normalized discrete valuation on Q,
(ie. vy(p) = 1; cf. Exercise A.6).

(1) Show that, forn > 1,

vy(nl) = i FJ <= -

k
ey LP p

(2) Let K be afinite extension of (Q,,, equipped with the extension of v,. Let  be a uniformizer,
and let e = eg/q,, so that vp(m) = é Show that, for z € 7" Oy with r > pf the infinite

1,
sum
oo
X :I;n
e’ = 5 —,
n!
n=0

converges to an element in 1 4+ 7" Ok.
(3) Under the same setup as (2), show that the infinite sum

o0

log(1+2) = Y (-1

n=1

converges to an element in 7" Ok.
(4) Using (2) and (3), show that the multiplicative group (1+7"Of, x ) and the additive group
(7" Og, +) are isomorphic to each other.

Exercise 4.5. Let K/L be an extension of p-adic local fields of degree n. We say that K/L
is tamely ramified if (p,ex/;) = 1. Otherwise, ie. if plex,r, we say that K/L is wildly
ramified. In this question, we want to show that totally ramified extensions that are tamely
ramified (totally tamely ramified in short) has a simpler description.?

(1) Suppose (n,p) = 1, and let 7/, be a uniformizer of L. Show that K := L(ﬂ'}/n) is a totally
tamely ramified extension of L.

(2) Suppose that K/ L is totally tamely ramified (so that (n,p) = 1). Let 7x be a uniformizer
of K. Show that any element x € 1 + 7Ok has an n-th root in K.

Hint. Use Hensel’s lemma; 2 (mod 7k ) = 1 has an obvious n-th root.

(3) In the setup of (2), show that there exists a unit u € O} such that (WTK)” € L. Deduce
that K = L(7}'/™) for some uniformizer 7/, of K.

Hint. A priori, 7}t = u/m, for a uniformizer 7, of L and a unit ' € OF. Show that one
can choose a different uniformizer of L so that v’ = 1 (mod 7). Then, use (2).

Exercise 4.6.

(1) Let p be an odd rational prime. Show that an element = = p"u € Q,,n € Z and u € Z;,
is a square in Q,, if and only if n is even and u is a square mod p.

(2) Show that an element © = 2"u € Qy, n € Z and u € Z, is a square in Q», if and only if
nis even and u = 1 (mod 8).

20This question tells us that the Eisenstein polynomial can be taken to be X" — 7, for a uniformizer 77, A field
extension obtained by adjoining an n-th root of an element downstairs is called a Kummer extension.
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(3) Show that there are in total 7 isomorphism classes of quadratic extensions of Q; and 3
isomorphism classes of quadratic extensions of QQ, for p odd. How many are ramified?

Hint. For any field K of characteristic # 2, isomorphism classes of quadratic extensions
of K are in bijection with non-trivial elements of K* /(K *)2.

Exercise 4.7. Let L be a field, and let /;, K5 be two commutative L-algebras. We aim to provide
several ways to think about the tensor product K; ®; Ko.

(1) Note that K| ®, K> has natural L-algebra homomorphisms

LliKl%Kl(@LKQ, LQZKQ%Kl@LKQ.
Show that K ® K, satisfies the universal property of tensor products of commu-
tative algebras, as follows. If R is a commutative L-algebra, and if f; : K; — R,
f2 : Ko — R are L-algebra homomorphisms, then there exists a unique L-algebra homo-
morphism f : K1 ®; K2 — R such that

Ji=fou, fo=fou.

(2) Show that the above universal property uniquely characterizes K; ®j, K as an L-algebra.
Namely, show that if a commutative L-algebra S with L-algebra homomorphisms j; :
K, — Sand j, : Ko — S satisfies the above universal property (i.e. given any two maps
fi: K1 = R, fo : K3 = R, there is a unique map f : S — R such that f; = f o ji,
fg = f Ojg), then S = Kl Xy KQ.

(3) Let X be the L-vector space spanned by the basis vectors v ® w for any pair of v €
Ki,w € K, and endow the L-algebra structure by defining the multiplication to be
(v1 ® wy)(v2 ® we) = (V109) ® (wywy). Let I C X be the L-vector subspace spanned by
the following elements:

I={(vi+v)@uw—-—1Qw—1v@w : v1,v2 € Kj,w € Ky},
{v@ (w1 +wy) —v@wW —VvRws : vE Kj,wy,ws € Ky},

{trew)—(tv)@w : te Lve Kj,we Ky},

{trew) —ve (tw) : te Lve Kj,we Ky}).
Show that I C X is an ideal.

(4) Show that the L-algebra X /I, together with the natural maps
i K T XL, Gy Ky T X

satisfies the universal property of (1). This gives another construction of K; ®; K.

Exercise 4.8. Let L be a p-adic local field of characteristic 0.

(1) Using Hensel’s lemma, show that a finite field extension K/ L is unramified if and only if
K = L((,) for some (n,p) = 1.

(2) If K/L is an unramified extension, and if M is a p-adic local field of characteristic 0, show
that KM /LM is unramified.

Exercise 4.9. Let K = Q(«, i), where o = 2 and > = —1. Note that K/Q is Galois with
G := Gal(K/Q) = Dy, a dihedral group, generated by s,t € G where

s(a) =ia, s(i) =1, %t(a) =, t(i)=—i,



so that s* = ¢ = 1 and tst~! = s~!. Note that K contains two particular subfields, Q(«) and
Q(4).
(1) Show that 2 is totally ramified in both Q(«) and Q(%).
(2) Show that QQ(OZ) N Qz(’l) = @2.
Hint. Otherwise, Qa(c) D Qx(i), and therefore Qy(cr)/Q2(7), which is a quadratic ex-
tension, is automatically Galois. Show that the nontrivial element o € Gal(Qs(«)/Qs(7))

must send o (a) = —a. This implies that Qy(y/2) = Q,(i). Deduce a contradiction using
Exercise 4.6.

(3) Show that K5 := K ®qg Qs is a field.
(4) Show that K5/Q; is totally ramified. Deduce that 2 is totally ramified in K.

Hint. Suppose not. As Qy(c)/Q, is totally ramified, it should be the case that e, /g, = 4
and fx, g, = 2. Therefore, the maximal unramified extension of Q; in K} is a quadratic
extension of Q. Using that Gal(K3/Qy) = D,, enumerate all quadratic subfields of K>,
and show that they are all ramified over Q; (use Exercise 4.6), yielding a contradiction.

(5) Show that any rational prime p # 2 is unramified in K.
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5. AN INVITATION TO CLASS FIELD THEORY

This section depicts the major milestone in modern number theory: the class field theory.
In short, it gives a very precise description of abelian extensions of local and number fields.
Recall that a field extension is abelian if it is Galois and its Galois group is abelian. By basic
Galois theory, a compositum of abelian extensions is again abelian, so in particular one can form
the maximal abelian extension K" of any field K inside its algebraic closure.

The class field theory has two parts, the local class field theory (description of K" when K
is a local field) and the global class field theory (description of K** when K is a global field).
As there are relations between local fields and global fields, the two class field theories interact
tightly with each other. Our aim in this section is to state and understand the two class field
theories without going into their proofs. We will focus on understanding what the statements
mean, and what consequences they have. In particular, we will show that the two class field
theories imply various generalizations of the quadratic reciprocity law, which we proved once
already using the cyclotomic fields.

5.1. Local class field theory. The local class field theory is heuristically quite easy to formulate.
Slogan. For a local field K, K* and Gal(K®"/K) are “almost isomorphic.”

Let’s try to see what kind of statement this is. By Galois theory, this should mean that finite index
subgroups of K~ are in one-to-one correspondence with finite abelian extensions of K. On the
other hand, we are working with local fields, so it is natural to incorporate topology in our setup.
We arrive at a statement that is actually precise.

Open finite index subgroups of K < finite abelian extensions of K.

This statement is a part of the local class field theory called the local existence theorem.
Let’s see why the local existence theorem is believable, by relating it to a slightly more believ-
able statement.

Example 5.1 (The case of Q,). As mentioned before in class briefly, the Kronecker-Weber
theorem asserts that
Q" = J Q)
n>1
Well, there is a local analogue, called the local Kronecker—-Weber theorem.

Theorem 5.2 (Local Kronecker-Weber theorem). We have
Q" = @u(G).

n>1

We won’t prove this.?! Rather, we will take this and see why this gives some explanation of
the local existence theorem.

In the case of Q, Gal(Q((,)/Q) = (Z/nZ)*. However, this is no longer true for Q,, because
the proof that relied on the irreducibility of the cyclotomic polynomial no longer holds for powers
of primes different from p. However, it is still valid when n = p*; Gal(Q,((p)/Q,) = (Z/p“Z)*,

2IHowever, unlike the latter statements without proofs, whose proofs would require advanced machinery like
group cohomology, this theorem can be proved by only using elementary methods (mainly the Hasse—Arf theorem;
the formulation requires a different numbering of ramification groups which is quite a headache).
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and Q,({pe)/Q, is totally ramified. In fact, the maximal unramified extension of Q,, in Q3" (often
called the maximal unramified abelian extension of QQ,), denoted Q}", is

Q= J Q.

TL>1, (n,p):l

Let us also denote Q,((p ) := U,,5; @p((pr ). Then, the local Kronecker—Weber theorem becomes
Q) = QQ(G),

where the Q"-part corresponds to the unramified extensions, and the Q,(¢;°)-part corresponds
to the totally ramified extensions.
On the Q; side, we have a similar decomposition,

Q) = pE x /e
I claim that, under the local existence theorem, the pZ-part corresponds to the unramified exten-
sions, and the Z-part corresponds to the totally ramified extensions.

Firstly, the finite unramified extensions of Q,, are the same as the finite extensions of its residue
field, IF,,, and such extensions are determined by the degree f > 1. Indeed, the finite index
subgroups of p” are precisely p/Z for some f > 1.

Moreover, the totally ramified extensions of Q,, by the local Kronecker-Weber theorem, are

finite intermediate extensions of Q,(¢;°)/Q,. On the other hand, we see that Q,((n)’s are related
via

S Gal(@p(Cp”)/@p) - Gal(@p((p”*)/@p) TR Gal(@p(ép)/@p):
o (ZfPT)* - (Zp"T'Z) > (Z/p2)

Therefore, an element of Gal(Q,,((y~)/Q,) is a compatible sequence of elements in Gal(Q,((,»)/Q,)
for each n, and this is the same as a compatible sequence of elements in (Z/p"Z)* for each n,
and this is precisely Z!

Now we formulate the package of statements called the local class field theory using infinite
Galois theory (see Appendix for more detail). Under the infinite Galois theory, the Slogan we
had seen in the beginning should look like:

Slogan. For a local field K, K* and Gal(K®"/K) are “almost isomorphic” as topological groups.

Theorem 5.3 (Local Artin reciprocity). Let L be a local field. Then, there is a unique continuous
homomorphism, called the local Artin map

Arty : L* — Gal(L*/L),
satisfying the following properties.

(1) For any finite abelian subextension K /L of L*°/L, the local Artin map composed with the
natural map Gal(L*® /L) — Gal(K/L) defines a continuous homomorphism

AI‘tK/L L — Gal(K/L),
which is surjective with kernel Ny, (K*). In particular, there is an isomorphism

L*/Nyp(K*) = Gal(K/L).



(2) If K/ L is unramified, for any uniformizer nj, € L*,
AI‘tK/L(ﬂ'L) = FrK/L .

(3) If K/ L is a finite extension of local fields, the following diagram commutes, where the right
vertical arrow is the restriction to L®".

Artg

K* 22 Gal(K*/K)

NK/L[ lres

ab

Theorem 5.4 (Local existence theorem). Let L be a local field. Then, there exists an inclusion-
reversing one-to-one correspondence,

{ Open finite index subgroups of L* } <> {Finite abelian extensions of L},
where the maps in both directions are given by
H — (Lab)ArtL(H),

Remark 5.5. If L is a local field of characteristic 0, then any finite index subgroup of L* is
automatically open.

The proofs of the statements of local class field theory are beyond the scope of the course.
This is extremely nice in various ways, but it may seem baffling at the first sight. Let’s see what
the local Artin map should be in the case of ,, continuing the discussion we had before.

Example 5.6 (The case of QQ,, redux). Recall that the local Kronecker-Weber theorem asserts
that

Q)" = QQu(G).
Thus,
Gal(Q}"/Q,) = Gal(Qy"/Qy) x Gal(Qy(Gpe)/Qy),
and we have seen that literally

Gal(Qp(Cp)/Qp) = Z;'

So what is Gal(Q}"/Q,)? Note that if K//Q, is an unramified extension, we have the natural
isomorphism

Cal(K/Q,) = Gal(kx/F,),

by Theorem 4.38, where £k is the residue field of K. Since this map is compatible with changing
unramified extensions K, by Proposition A.56(3), we see that

Gal(QY/Q,) = Gal( | kx/F,).
K/Qp unramified

So what is | J K/Q, kk? Again, by Theorem 4.38, finite unramified extensions of Q, are in one-to-
one correspondence with finite extensions of F,. Thus, |, /0, kg is just the union of all finite

extensions of IF,, so it is the algebraic closure F,,.

Gal(Q,"/Qy) = Gal(F,/F,).
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Note that the finite extensions of finite field F,, are precisely F,» forn > 1, and that Gal(F . /F,) =
Z/nZ, with Fr € Gal(F,»/F,) (the p-power map) identified with 1 € Z/nZ. Thus, Proposition
A.56(3) gives a description of Gal(FF,/F,) as follows.

Gal(F,/F,) = {(m e [[(z/nz) : if njm, then z,, (modn) = xn} c [[@/nz).

n>1 n>1

The ring on the right hand side,

{(xn) € H(Z/nZ) . if n|m, then x,, (modn) = xn} :
n>1
is usually denoted as Z, called the ring of profinite integers, which obviously admits a natural
injective map Z — Z. Thus,
Gal(Q3/Q,) = Z x L.
We now have a full description of Artg, : Q¢ — Gal(Q2"/Q,): it is the map

Q =p* x 2y H L x L) = Gal(Q"/Qy),

where the middle map ¢ is the inverse® map on Z,, , and is the natural map Z — Z on pt = 7.
This matches with the desiderata of the local Artin map, as a uniformizer p € Q, issentto 1 € Z,
which corresponds to the Frobenius whenever you restrict to finite unramified extensions.

The example of Q,, tells a lot. Firstly, by arguing in the same way, we get the following results.

Theorem 5.7. Let L be a local field of characteristic 0. Then, there is the maximal unramified
extension L", which is the union of all unramified extensions of L in its algebraic closure L. It is
abelian over L, so that L C L. Its Galois group is naturally identified with

Gal(L™ /L) = Gal(ky kL) = Z,

where ky, is the residue field of L. Here, the second isomorphism Gal(ky, /kr) = Z is given by Fr — 1,
where Fr is the #kp-power map.

Proof. Argue exactly as in the case of Q, in Example 5.6. U
What happens for Art;, in general is the following.

e Choose a uniformizer 7;, € L. Upon the choice of the uniformizer 7, just as Q,, L2P is
split into two parts,
Lab — LurLﬂL,ooa
where L" /L is the maximal unramified extension, and L, ~,/L is totally ramified.
e The Galois group Gal(L;, /L) is identified with O} (even as topological groups).
e The local Artin map is then defined as

Artp : LX 2 7% x OF = Z x Gal(Ly, oo/L) = Gal(L™ /L) x Gal(Ly, /L) = Gal(L*/L).

(&)

e There are two parts in the above procedure (i.e. the field L, - and the splitting L* =
ﬂ% x OF) that depend on the choice of a uniformizer 7, but their effects cancel out each
other, so that the local Artin map Arty : L — Gal(L*"/L) does not depend on 7y,.

22This is to “cancel out” some effects to make this map canonical.
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The following is a nice byproduct of the local class field theory.
Corollary 5.8. Let K/ L be a finite abelian extension of local fields. Then,

€K/L = [Of : NK/L(O[X()]-
In particular, K/ L is unramified if and only if O] = Ng,;,(O).
Proof. By the local Artin reciprocity, Theorem 5.3, we know that L* /Ny, (K*) = Gal(K/L).
Let vk, vy, be the normalized discrete valuations on K, L, respectively. Then, vk (z) = ex/rvr(x)
for v € L. Also, by Theorem 4.35, when translated into the language of discrete valuations, we
see that ﬁw{(x) = [Kl—:L]vL(NK/L(x)) forz € K, or

UL(NK/L(JU)) = fK/LUK(iﬂ)-
Thus, by taking vy, on L* /Ng,,(K*), we get a surjection

vy : L* [Nk (K™) = Z] fx /1 2.

The kernel of this map is simply

Ni/o(mi)* x Op _ Of Nigyr(K*) _ %
NK/L(KX) NK/L(KX) OZHNK/L(KX)’
where 7 is a uniformizer of K. It is clear that O] N N/ (K*) = Ng/(O)) as this is the
subset of Ny, (K*) on which v, = 0. As [K : L] = ek, fx/1, the result follows. O

Definition 5.9 (Local conductor). Let K/ L be a finite abelian extension of local fields. Letp C O,
be the maximal ideal. Then, the (local) conductor of K /L, denoted fx/r,is defined as

ferp 0 if OF = Ng/(Ok)
KL min{n >1 : 14+ p" C Nk/(Of)} otherwise.

Of course, by Corollary 5.8, an abelian extension of local fields is unramified if and only if the
local conductor is 0.

Remark 5.10 (Two ways to rectify the Slogan). We now see that where Art fails to become an
isomorphism: it is precisely about the difference between Z and 7. Indeed, there is an injective
map Z — Z, but this is not an isomorphism. One may see this abstractly by using topology:
as asserted in Proposition A.56, Z is compact. On the other hand, Z is a discrete group, and a
discrete topological space with infinitely many elements is not compact.

There are two ways to upgrade Arty, into an isomorphism.

e One way is to upgrade Z into Z. The topological group Zisa profinite group; a profinite
group is a topological group that is constructed as a collection of elements in a family of
finite discrete groups that are compatible in every sense, just like how Z is constructed.
More generally, any (infinite) Galois group with Krull topology is a profinite group by
Proposition A.56.

In general, given any discrete group G, there is a procedure called the profinite com-
pletion that yields a profinite group G which also admits a natural map G — G. It turns
out that the profinite completion of Z is precisely Z. Taking the profinite completion of
L*, we get an isomorphism

Arty : LX 5 Gal(L*™/L).
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e Another way, which is the mainstream way in modern number theory, is to downgrade
Z into Z. This is done by replacing the Galois group Gal(L*"/L) into a subgroup called
the Weil group W (L /L), which has the effect of changing Z of unramified part of the
Galois group into Z. This yields an isomorphism

Arty : L* = W(L™/L).
The definition of the Weil group is subtle, as the topology of W (L?"/L) is not just the
subspace topology taken from Gal(L®"/L). This is because we want the discrete topology
for Z, but the subspace topology of Z taken from Z is not the discrete topology:; for
example, 0 € Z is a limit point of the set {n! : n € N} C Z.

5.2. Ramification of local fields, redux. From the definition of the local conductor, the local
class field theory suggest us the following:

Nk /(OF) smaller = K/L more ramified.
We give a sense of why this should be true, without recourse to local Artin reciprocity.
Proposition 5.11. Let K /L be an unramified finite extension of local fields. Then, fx/;, = 0.

Proof. Let 7 be a uniformizer of L. As K /L is unramified, 7 is also a uniformizer of K. We do
several reductions.

Consider the map N/ (Of) — Of — [*, where [ is the residue field of L and the second
map is reduction mod m map. What is the image of this map? It’s easy to see that, if v € Ok, then
Nkjr(z) (mod7) = N (x (mod)), where £k is the residue field of K. This follows basically
from that Ok is free over O (as O is a DVR so a PID). Therefore, the image of this map is
precisely Ny (k*). I claim that this is equal to [*. Let | = [Fn. Then k = Fnm for some m > 1.
Then k> is cyclic of order p"™ — 1 and [* is cyclic of order p” — 1. Let a € k™ be a primitive

nm_

root (i.e. a multiplicative generator). Then, a7 € [*, and it is a multiplicative generator of
[*. Now note that Ny/i(a) = [],cqany o(a), but every element of Gal(k/l) is a power of Fry,
which sends z to zP". Thus,

n 2n (m—1)n noy ... (m—1)n pMm—1
Nk/l(a):a,ap caP P :al—irp-l- +p = q "1

Y

which is as observed above is a primitive root of /. Therefore, N, /;(k*) contains a primitive root
of [, so contains the whole [*. Thus, to prove that Ng,.(Of) = Oy, it suffices to show that
Nk/p(Of) D 1+ w0y, or a stronger statement that Ng /1 (1 + 7O0x) D 1 + 7O

We claim that it actually suffices to show that (NK/L(l + WbOK)) (147 0L) =1+ 70,
for every b > 1 (namely, for any 1 + mPx for + € Oy, there exist 1 + 7Py € 1 + O and
1+ 7™z € 1+ 7Oy, such that N (1 + wby) - (1 + 7™ 2) = 1 4 7). This is because by
induction we have

1 +7TOL = (1 + WQOL) . NK/L(l —|—7TOK) = (1 +7T3OL) : NK/L(l +7T20K) . NK/L(1 + WOK)

— = (]_ —+ 7rb+1(’)L) . NK/L<1 + ’ﬂ'bOK) te NK/L(]- + WOK).
This means concretely that, for any 1 + 7z € 1+ 7Oy, there exist y1, yo, - - - € Ok such that, for
any b > 1,

1+ 72 = Ngyp (1 + mya) (1 + 2yg) -+ (14 ﬂbyb)) (modﬁb“).
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Now note that the sequence {c,}, with ¢, = (1 4+ my1)(1 + 72ya) - - (1 + 7"y,), is a Cauchy
sequence in O, so it converges (by completeness of K) to some element ¢ € K (or even better
in 1 4+ 70k), and 1 + 7z = Nkg/1(c), which is what we want.

Now we prove (NK/L(l + WbOK)) (14+710L) = 1+7°0Op forevery b > 1. Letx € Ok, and
let h(X) be the characteristic polynomial of the multiplication-by-z matrix m, : K — K (as an
endomorphism of an L-vector space K), which is of the form h(X) = X9+ ay 1 X4 1+ +ay,
where d = [K : L] and ag_1, -+ ,a1,a9 € Op. Then, g(X) = X + 7lag 1 X1 + - +
7@V q, X 4 7%ay is the characteristic polynomial of the multiplication-by-7°x. Then, g(1) =
Ng/(1 — w°z). Note that g(1) = 1 + nay_1 (mod 7°*h). As ag_y = — Tr,r(x), we see that
(NK/L(l + ﬂbOK)) (14 7*10L) = 1 + 7Oy, if we prove that Trg;(Ok) = Op. Note that
Tri;(Ok) C O is an O -submodule, it suffices to prove that Try,/,(Ok) contains an element
that is not in 7Oy,. By the similar reason as above, Trx () (mod m) = Try (2 (mod 7)). Thus,

everything will follow if we show that Try, (k) # 0. Note that Try /() = x+a?" +-- -+ &
so it is in particular a polynomial of degree p™~", which has at most (m — 1)n roots in k. This
implies that Tr;; : k& — [ is not zero, as desired. O

Proposition 5.12. Let K /L be a tamely ramified finite extension of local fields. Then, fx/;, < 1.

Recall that K/ L is tamely ramified if (ex/z,p) = 1 (p is the characteristic of the residue fields
of the local fields).

Proof. By transitivity of the norms, if we take K /K, /L the maximal unramified subextension of
K/L,then Nk ,,(Ok) = Nk, /r.(Nk/k,(Of)). Using this, one can easily reduce to showing the
Proposition for K /K, i.e. we can assume that K /L is totally tamely ramified. We thus need to
show that in this case N/ (1 + 7xOk) DO 1+ 7,0 where 7, 7, are uniformizers of K, L,
respectively. As N /(1 + 7,0r) = (1 + 7m,0)°%/L, it follows from the fact that any element
of 1 + 7,0y, has an eg/,-th root in 1 + 7,0y, by Hensel’s lemma (which needs (ex/r,p) = 1).
More precisely, for a € 1 + 7,0y, let f(X) = X/t — a. Then f'(X) = ex;, X*/t7}, so
f'(X) is not zero mod 7. In particular, f(X) (modn;) = X</t — 1 is separable. Therefore,
f(X) = (X —1)g(X) mod 7y, where (X — 1,¢(X)) = 1 in kz[X]. Now using Hensel’s lemma,
there is a root of f(.X) in O, which is congruent to 1 mod 7, which is exactly what we want. [

5.3. Global class field theory. There is an analogous statement for number fields, called the
global class field theory. There is a version of the statements of global class field theory that is
more directly analogous to the local class field theory, using the language of adeles and ideles.
In that setup, the statement is something like, for a number field K, Gal(K ab /K) is isomorphic
to something (as topological groups). However, it is also a bit pedantic; as in the local class field
theory case, the main issue is mainly topology, i.e. how to build a group with the correct topology,
whereas the actual information carried by the statement is unrelated to the matter of topology.
This viewpoint will be introduced only in the last lecture where we discuss how the class field
theory is the starting point of the Langlands program.

In this lecture, we will formulate a more tangible and classical version of the global class field
theory. As introduced in Exercise 5.1, we have to adopt a viewpoint where archimedean absolute
values are also regarded as primes, archimedean primes. To summarize: given a number field
K,

e areal embedding K — R gives a real prime;

e a pair of complex embeddings K — C gives a complex prime;
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e an archimedean prime of an extension L/K lies over an archimedean prime of K if the
corresponding embeddings restrict to one another;
e a complex prime lying over a real prime is considered ramified.

In particular, there is no inert case for archimedean primes (i.e. residue degrees are always 1).

Definition 5.13 (Archimedean completion). Let K be a number field, and let v be an archimedean
prime of K. Let K,,, the completion of K at v, be R if v is a real prime and C if v is a complex
prime, endowed with its usual topology, and regarded as an archimedean local field. The comple-
tion K, admits a natural map K — K, (if v is complex, either complex embedding is fine; both
are “topologically the same”).

We have the analogues of the relation between number fields and local fields for archimedean
primes, which are easy to verify.

Theorem 5.14. Let K/ L be an extension of number fields, and let v be an archimedean prime of L.
Then,

K ®p L, & H K.

w primes of K lying over v

Proof. If L,, = C, there is nothing to prove. If L, = R and K = L(«), then the number of real
primes of K above v are precisely the number of real roots of the minimal polynomial f(X) €
L[X] C L,[X] of a over L, which implies the statement. O

Theorem 5.15 (Unramified archimedean primes in compositums, subfields and towers). Let L be
a number field, and let v be an archimedean prime of L.

(1) If J/ K/ L is a tower of number fields, and if v is unramified in J, then v is unramified in K.

(2) Let J/K/L be a tower of number fields, and suppose that v is unramified in K. Suppose
also that, for every archimedean prime w of K lying over v, w is unramified in J. Then, v is
unramified in J.

(3) If K1, K5/ L are two field extensions of number fields, such that v is unramified in both K,
and K, then v is unramified in the compositum K, K.

Proof. Completely analogous to the proof of Theorem 4.58 (much easier). U
Now we define the Artin map in the number fields context.

Definition 5.16 (Modulus). Let K be a number field. A finite modulus is a nonzero ideal
my C Ok, regarded as a prime ideal factorization my = p{' - - - p¢». An infinite modulus m
is a (possibly empty) set of real primes of [; if a real prime v belongs to an infinite modulus
M., we use the notation v|m... A modulus m for K is a pair of a finite modulus my (the finite
part of the modulus) and an infinite modulus m, (the infinite part of the modulus), denoted as
a product m = mymq.

Definition 5.17 (J3). Let K be a number field, and m be a modulus for K. We define J}} to be
the group of fractional ideals whose prime factorizations do not contain any prime ideals dividing
the finite part my of the modulus m. Namely, a C J if it is expressed as a fraction a = % for
integral ideals b, ¢ C Ok such that both b and ¢ are coprime to my.

Note that the definition of J}} does not depend on the infinite part m, of the modulus m, and

also does not depend on the exponents of the prime ideals in the finite part my.
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Definition 5.18 (Artin map). Let K/ L be an abelian extension of number fields, and let m be a
modulus for L such that its finite part m is divisible by every prime ideal of L that ramifies in
K. We define the Artin map Arty; : Ji' — Gal(K/L) as (cf. Definition 4.22)

at [ TLem ) = 10 (KT/L) B

pfmy pfmy

Remark 5.19. The definition of the Artin symbol (=Frobenius) <KT/L) can be extended to the

case when K /L is an infinite algebraic extension. For a number field L, an algebraic extension
K/L is unramified at a prime ideal p C Oy if p is unramified in every finite subextension

F/L. For such K/L, for each finite subextension F'/L, there is (FT/L> € Gal(F/L). As the

collection of these elements are compatible with each other (Theorem 4.61), it defines an element

<KT/L> € Gal(K/L) by Proposition A.56.

The following is true.

Theorem 5.20. Let K /L be an abelian extension of number fields, and let m be a modulus for L
such that its finite part m; is divisible by every prime ideal of L that ramifies in K. Then, the Artin
map Aty J§ — Gal(K/L) is surjective.

Proof. Let H be the image of Art;;, and let ' = K H Then, by definition, for every prime ideal

p C Oy that is coprime to my, (%) is the image of (KT/L) in Gal(F/L) = Gal(K/L)/H,
which is trivial. This implies that all but finitely many prime ideals of L split completely in F'.
This implies that, in F'/L, the set of prime ideals

S={pcCcOr : Fr, =1},

has density 1. By the Chebotarev density theorem, Theorem 5.22, this implies that F' = L, as
desired. OJ

The above proof used the Chebotarev density theorem (which we will not prove) and the notion
of density. This line of information is “analytic”

Definition 5.21 (Density). Let K be a number field, and let S be a certain set of prime ideals of
K. For a positive integer M, let

Py = {p C O prime : N(p) < M}.
The density of S is the quantity, if exists,

1SN Py

T TR

Theorem 5.22 (Chebotarev density theorem). Let K /L be a finite Galois extension of number
fields, and let C' C G := Gal(K /L) be a subset that is stable under conjugation in G. Let

Sc = {p C O prime : p unramified in K, Fr, C C'}.

el

Then, the density of S¢ exists, and is equal to al-

For each modulus m, there is the notion of a “class group with modulus m”:
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Definition 5.23 (Ray class group). Let K be a number field, and let m = m;m., be a modulus

for K, where
n
my =[] e
i=1

Define Pj¢ < Jj to be the subgroup of the following kinds of principal ideals:
() for @ € K* such that the following conditions hold.
L.a= % for 3,7 € Ok such that ((8),my) = ((7), my) =1 (ie. (o) € JE).
PR =< 2 For each 1 <7 < n, if we let v, be the normalized discrete valuation of K induced
by the normalized discrete valuation of K, then Up(a — 1) >
3. For each v|my, v(a) > 0, where v : K — R is regarded as a real embedding.

The ray class group of K with modulus m is defined as
Cly = Jg/Pg.

Example 5.24. If m is a modulus where m; = (1) and m is empty (we call such m the empty
modulus), then Cl}; = CI(K). The empty modulus is often just denoted as 1.

Proposition 5.25 (Finiteness of ray class group). Let K be a number field, and let m be a modulus
for K. Then, the ray class group C1% is finite.

Proof. Note that the natural map Jj — CI(K) is surjective. This is because this is equivalent to
the statement that, given any fractional ideal / of K, there is & € K such that o/ has no prime

factors dividing m. If m; = [, pi* and T = ([]}, p*) x (H;nzl qf’), where qq,- -, q,, are
coprime to my, then by the weak approximation theorem, one can find o € K™ such that the
power of p; in («) is precisely p; “. Then, o/ will have no prime factor dividing m involved in
its prime factorization.

The above paragraph implies that C1}, — CI(K) is surjective, and its kernel is (Jj3 N Pk )/ Pp.
Thus, by the finiteness of class number, it suffices to prove that this kernel is finite. Let K™ C K*
be the subgroup of elements o € K * such that (o) € J%, and let K™! C K* be the subgroup of
elements v € K™ such that vy(av — 1) > v, (my) for all pjmy and v(«) > 0 for all v|m,,. Consider
the composition of natural surjective maps
Jr N P

Py
where K™ is obviously contained its kernel, so that we get a natural surjective map

K™ Jg N Pk
— :
K™t PR

Km—»J[n;ﬂPK—»

Therefore, it is sufficient to prove that K™/K™! is finite. Consider the natural map

E™ = | T {1} | x (Ox/my)*,
VMoo
a— ((sgn(v(a))), a).
It is obvious that the kernel is K™?. Therefore, |K™/K™!| < 2#{v:vImec}(N(m;) — 1), which

implies that K™/ K™! is finite, as desired. O
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The main upshot of global class field theory is that we know precisely when the Artin map
Art;, factors through the ray class group, i.e. when ker Arty,; D P

Theorem 5.26 (Global Artin reciprocity). Let K /L be a finite abelian extension of number fields.
Then, there exists a modulus for L, the conductor of K/L, denoted fi/L, such that whenever a
modulus m for L is divisible by the conductor f/1, the kernel of the Artin map Arty,, = Jp' —
Gal(K/L) is equal to

ker Arty ;= Pp'Ni/n(Jg).
Furthermore, the kernel contains PJ", yielding a surjective map

Arty,p, : Clf — Gal(K/L).
The Artin map satisfies the commutative diagram: if K'/L’ is an abelian extension, and L/L' is an
extension of number fields, such that K = LK’ is abelian over L, for my, and mp, moduli of L, L,
respectively, such that, for every p|(mp) s, (h N Op)|(mz)y,

mr,
ArtK/L

Jie 2 Gal(K/L)

NL/L’l lres

I —= Gal(K'/L')

rr/o

Theorem 5.27 (Existence theorem). Let K be a number field. For each modulus m for K, there
exists a unique abelian extension of K, called the ray class field of K for modulus m, denoted
K(m), such that fg )k |m, and the Artin map for modulus m induces an isomorphism

~

Therefore, there is an one-to-one inclusion-reversing correspondence,

{Finite subgroups of Cl} } <+ {Finite abelian extensions J/K with§;/x|m},

H— K(m)",
Gal(K(m)/J) = J

Remark 5.28. There is a more modern formulation of the Artin map where the reciprocity es-
tablishes a literal isomorphism with Gal(/K?"/K) for a number field K, just like the case of the
local class field theory. This involves packaging Cl% for varying m appropriately as a single topo-
logical group, and this is often done using the language of ideles. On the other hand, as in the
case of local class field theory, the formulation is pretty much irrelevant and the essential content
of the theorem does not change.

The global and local class field theories must be compatible in some way. In that regard, the
following is quite natural.

Definition 5.29 (Local conductor of an abelian extension of number fields). Let L/ K be a finite
abelian extension of number fields, and let p be a prime of K (including the case of archimedean
primes). The local conductor of L /K at p, denoted ./ p, is defined as follows. If p C Ok is
a maximal ideal, then f;/k , := fr,/K,, Where q is a prime of L lying over p (the local conductor

fr./K, is independent of the choice of ). If p is an archimedean prime, then f;,x, = 1if pisa
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real prime and a prime of L lying over p is a complex prime (again, it is either all primes over p
are real or all primes over p are complex), and 0 otherwise.

Theorem 5.30 (Computing the conductor). Let L/ K be a finite abelian extension of number fields.
Then, the conductor f,/ i is equal to

fry = (Fr/e) (o) (Fryx)s = H prrse s (fr i )ee == H p.

pCOk maximal p archimedean prime of K, {1,/ k¢ p = 1

More concisely, one can write as

= [ »ee

p prime of K
5.4. Hilbert class fields. The case of empty modulus is of particular importance.

Definition 5.31 (Hilbert class field). Let K be a number field. The ray class field K (1) of K for
the empty modulus is called the Hilbert class field, also denoted H. By definition, this is the
maximal abelian unramified (including all archimedean primes) extension of K.

By Theorem 4.58 and Theorem 5.15, it is easy to see without the global class field theory that
the Hilbert class field exists (it is the compositum of all finite abelian unramified extensions), but
it is already unclear whether the Hilbert class field is a finite extension over K. The global class
field theory implies the following

Corollary 5.32. Let K be a number field.

(1) The Hilbert class field H is a finite extension over K, and Gal(Hy /K) = CI(K).
(2) Letp C Ok be a maximal ideal, and let m be the order of the element [p] € C1(K). For any
prime ideal @ C Oy, lying overp, f(q|p) = m.

Proof. (1) Immediate from the definition of ray class field.
(2) As the isomorphism Cl(K) = Gal(Hg/K) comes from the Artin map Art}{K/K N
Gal(Hf/K), the order of [p] € CI(K) is equal to the order of (%) € Gal(Hg/K),

which is the same as the residue degree f(q|p).
U

Remark 5.33. It is a theorem of Golod-Shafarevich that there exists a number field with infinite
degree unramified Galois extension, necessarily with nonabelian Galois group.

There is a surprising turn: this gives a complete characterization of when a prime is of the form
22 + ny? for many n’s!

Corollary 5.34. Letn € N be a squarefree integer such thatn # 3 (mod 4). Then, for an odd prime
p not dividing n,

p = 2* + ny? for somex,y € Z < p splits completely in Hy (=)

Similarly, forn € N a squarefree integer withn = 3 (mod 4), then, for an odd prime p not dividing
n,
9 n+1 , . .
p=x"+ay+ Y for some x,y € Z < p splits completely in Hy, /=)
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Proof. Let K = Q(y/—n). Note that p = 2 + ny? for some z, y € Z in the case of n # 3 (mod 4)
and p = 2?+zy+2y? forsome z, y € Zinthe case of n = 3 (mod 4), ifand only if p = Ny g(cv)
for some o = = + y\/—_n € Z[v/—n| = Ok. As p is unramified in K, this is equivalent to saying
that p splits completely in K, (p) = pp, and that p is a principal ideal. By Corollary 5.32, p being
a principal ideal is equivalent to p splitting completely in H x, which finishes the proof. 0

The latter condition has a rather concrete description.

Theorem 5.35. Letn € N be a squarefree integer, and let K = Q(\/—n).

(1) The Hilbert class field H; is Galois over Q.

(2) Choose an embedding 1 : Hy — C. There exists a real algebraic integer « € Op,. N R such
that Hi = K(«).

(3) Let f(X) € Z[X] be the minimal polynomial of  over Q. Let p € 7 be an odd rational
prime that does not divide n and also not divide the discriminant of the polynomial f(X).
Then,

_ 2 2
{p B $2 Y il 2 " % 3 (mod 4) } forsomex,y € Z < (_n) =1 and f(X) =0 (modp) has a solution in F,,.
p=a°+zy+ "y’ n=3(mod4) D
Proof. (1) Let ¢ : Hx — C be an embedding, and let o : C — C be the complex conjugation.
Then o( H ) is the maximal abelian unramified extension of 0 (K) = K,so o0(Hf) = H.
This implies that Autg(Hg) = Gal(Hg/K) [[ o Gal(Hk/K), so that Hx /Q is Galois.
(2) Note that Hx NR = H=', which, by Galois theory, is a subfield with [Hy : Hx NR] = 2.
Take o € H NR such that Hx NR = Q(«): then, Hx D K(a) D# Q(«), which implies
that K (o) = Hg. We can multiply « by a large enough integer so that « is an algebraic
integer.
(3) By Corollary 5.34, we know that the left hand side holds if and only if p splits completely
in Hg. By the knowledge of prime splitting in quadratic fields, we know that p splits

completely in K if and only if (%) = 1. Let (p) = pp in K. We would like to use

Dedekind’s criterion for p, which requires (p, [On, : Ogk[a]]) = 1. Note that [Op, :
Ok|a]] divides disc(Ogk[a]). Let 8 € Ok be such that (’)K =7Z- 1@Z S. Then, Ok[a] isa
free Z-module with basis 1, av, - - - , al#x K1 3 8o ... Balfx K=l which implies that
disc(Ogla]) = disc(Z[a])? disc(O)HxK] which is not divisible by p by assumption.
Therefore, we can use the Dedekind’s criterion, that O [a]/pOk|a] = O, /pOp,.. As
f(X) has a solution in F, = Ok/p, there is a prime q C Op, lying over p such that
f(qlp) = 1. Since Hi /K is Galois, this means that e = f = 1, so p splits completely in
Hp. 1t is clear that this is an equivalence.

0

Example 5.36 (The case of 2% + 5y, redux). Recall that in Example 3.26 we showed that K =
Q(v/—5) has class number 2 and showed that, for p # 2, 5,

-5
either p or 2p is 2 4 5y for some z,y € Z < (—) = 1.
p

We want to use Theorem 5.35, which means we need to compute the Hilbert class field Hx, which
is an unramified degree 2 extension of K. We claim that H is the field J = K (1/5) = K (v/—1).

As all archimedean primes of K are already complex, any archimedean prime of K is unramified
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in J. Thus, we need to prove that disc(.J/K) is the unit ideal. Using the K-basis {1,1/—1} of .J,

we see that ,
B 1 -1 )
—4 = det (1 _\/_—1) € disc(J/K).

Using the K-basis {1, %5} of J, we see that

1 1+v5
5 € det ) e | € dise(J/K).
2

Thus, 1 =5 — 4 € disc(J/K), which implies that disc(.JJ/K) is a unit ideal, as desired. Thus, this
implies that J = Hy. Thus, using Theorem 5.35 with o = /5, f(X) = X2 — 5, we see that, for
p# 2,5

-5 5
p = 2° + 5y for some x,y € Z < (—) = <—> =1
p p

The Hilbert class field has another nice property.

Theorem 5.37 (Principal ideal theorem). Let K be a number field. For every maximal ideal p C
Ok, pOu,. is a principal ideal in O,

Proof. We want to prove that the natural map Cl(K) — Cl(Hkg), a — aOp,., sends everything
to zero. As we have the isomorphisms coming from the Artin reciprocity law,

Arty g - CI(K) = Gal(Hk /K),

Art}IHK/HK . CI(HK) :> Gal(HHK/HK),

we wonder if the natural map C1(K') — Cl(H ) has another description in terms of Gal(Hg /K) —
Gal(Hy,. /Hy ). Note that Hy,. /K is Galois, as any element in Gal(K /K ) sends H ;. to the max-
imal unramified abelian extension of the maximal unramified abelian extension of K, which is
just Hp,, again. Thus, Gal(Hp, /K) is solvable, with an abelian normal subgroup Gal(Hy,. / Hk)
and an abelian quotient Gal(Hy/K), or that Gal(Hy /K ) = Gal(Hp,. / K)®.

Let p C Ok be amaximal ideal. Let qi, - - - , q; C Op,, be the prime ideals lying over p, so that

Then,
g
Hy,/H
ArtHH JHrc (PO H ( HI;/ K)
i=1 v
Letv; C Op,,, be aprime ideal lying over g;. Then,

Therefore, if we enumerate the representatives of Gal(Hy, /K )/ Gal(Hp,. /Hk) as g1, -+ , Ghye
then we have

hx

Artir, i (Om) = [ ] 976 Fr(elp)gs € Gal(Hup, /K)™
=1
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for any prime v C Op,, _ lying over p, where gy is such that Fr(t[p)g; € g Gal(Hpu, /Hi).

As Fr(t|p) = <HKT/K>, the map Cl(K) — Cl(Hg) has the following group-theoretic description,

with H = Gal(Hy, /Hk) < G = Gal(Hpy, /K): if we denote the representatives of G/H as
J1,° -, gn, then we have a map
h
ab ab -1
G — H™, xw— Hgf(i)xgi,
i=1
where again gy(;) is such that xg; € gy;)H. This follows from the following tricky group-theory
lemma whose proof we will not provide as it is irrelevant. U

Lemma 5.38. Let G be a finite group, and let H = |G, G]. Let gy, - - , g, be the representatives of
G/H, and define

. ab ab —1 )
V. G — H s T+ Hgf(l)xgla
i=1

where gy(;) is such that xg; € g H. Then, V = 0.
We record the relative relationship of various quantities.

Proposition 5.39.

(1) Let K/ L be an extension of number fields. Suppose that H;, N K = L. Then, hy|hk.

(2) Let K/L be an extension of number fields, such that there exists a prime p of L (maybe
archimedean) that is totally ramified in K. Then, hy,|h. For example, if K/ L is a quadratic
extension where a complex prime of K restricts to a real prime of L, then hy|hk.

(3) Let J/K /L be a tower of either local or number fields. Then, fxr|fs/L-

Proof.

(1) Note that H;, K/ K is abelian, as Gal(H /L) = Gal(H,/KNH) = Gal(H,K/K). Also,
by the same reason, H; K /K is unramified. Thus, H;, K < Hg, so hy|hy.

(2) As Hy, N K = L, its follows from (1).

(3) It follows from the transitivity of norms.

O

Remark 5.40. In general, if K/ L is an extension of number fields, hx and h have no relation-

ship.

5.5. Reciprocity laws via class field theory. As another Diophantine application of global
class field theory, we understand the algebraic proof of quadratic reciprocity law in a more general
context in relation to global class field theory.

Definition 5.41 (14,,). Let n > 1 be a positive integer. We define y,, to be the group of n-th roots
of unity. It is abstractly isomorphic as a group to Z/nZ.

Definition 5.42 (Hilbert symbols). Let n > 1 be a positive integer, and let K be a local field of
characteristic 0 that contains p,,. Then, for a,b € K*, the n-th Hilbert symbol (a,b) € p, is

such that
o (/b)

(a,b) =
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where o € Gal(K(3/b)/K) is the natural image of Artx(a) € Gal(K*"/K) under the natural
quotient map Gal(K?*"/K) — Gal(K (V/b)/K).

If K is a number field that contains pu,,, and p is a prime of K (maybe archimedean), then for
a,b € K*, we define (a,b), := (a,b) defined using a,b € K.

Proposition 5.43. The local Hilbert symbols satisfy the following properties.
(1) (a1,b)(az,b) = (a1az,b) and (a,by)(a, by) = (a, bibs).
(2) (a.b) = (b, ).

Proof. (1) Clear from the definition.
(2) Let z € K be such that ™ — b # 0. Then,

n—1
" —b= H(iL‘ - C;C/E)a
1=0

which implies that 2" — b € Ny %)/K(K(%)X)23. Thus, (2™ — b, b) = 1. Therefore, in
particular, (—b,b) = 1. We have
(aa b) = (CL, _a)(a> b) = (CZ, —CLb), (b> a) = (bv CL) (b7 _b) = (ba —ab),
SO
(CL, b)(ba CL) = (CL, —ab)(b, _a’b> = (Clb, _ab) = ]-7
as desired.
O

When (n,p) = 1, the n-th Hilbert symbol for a p-adic local field becomes more concrete, and
is often also called the tame Hilbert symbol.

Theorem 5.44 (Tame Hilbert symbols). Let (n,p) = 1, and let K be a p-adic local field which
contains ji,. Let p C Ok be the maximal ideal, vi be the normalized discrete valuation, and q be

the order of the residue field of K.
(1) The prime-to-p-power roots of unity of K form a group i,—1. In particular, n|(q — 1).
(2) For every x € O, there exists a unique w(x) € fi,—1 such that v = w(x) (mod p).
(3) For x € Oy, the extension K(/x)/K is unramified.
(4) Fora,b € K*, we have

q—1

(Lo

avK (b)

q—1

In particular, (a,b) = 1 ifa,b € OF, and (7g,b) = w(b) = = b (mod p) for a uni-
formizertig € K andb € O.

Proof. (1) By Hensel’s lemma, 1i,_; in the residue field F, lifts to y;,_1 C Oj. On the other
hand, if p, C Op, then as X" — 1 is separable mod p, it must have u,, C IF;, implying
that n|(q¢ — 1).
(2) This is immediate from (1).
(3) As Fy({/x)/F, is of degree n, fr( 1z x > 1, which implies that f = n and e = 1, so the
extension is unramified.

23To be very precise, we have to take into account the cases when some m-th root of b exists in &, but the general
case is not much different from this case.
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(4) The general formula follows from the special cases when b € O and a is either 7k or
in O}, because of the multiplicativity. By (3), K (3/b)/K is unramified, so in particular

Artg(a) € Gal(K(V/b)/K) is 1 if a € O} and Fr if a = 7, hence the formula.
U

Theorem 5.45 (Hilbert reciprocity law). Let K be a number field containing ., and leta, b € K*.

Then,
I (@v,=1

p prime of K

This is some form of the compatibility between the local Artin map and the (global) Artin map;
it is called the local-global compatibility. As the proof requires an idelic version of global
class field theory, we will not prove here. Rather, we deduce a vast generalization of quadratic
reciprocity law, called the power reciprocity law.

Definition 5.46 (Power residue symbols). Let n > 1 be a positive integer, and let K be a number
field containing y,,. Let p C Ok be a maximal ideal lying over p, where (p,n) = 1. For any

uniformizer 7g, of K, anda € K* N O]X(p, let the n-th power residue symbol { ) € u, be

defined as
a
g = (WKW a)ﬁ’

which is independent of the choice of 7k, by Theorem 5.44. We define, for a C Ok anideal, with

a= H?:1 pfi’ . "
O

i=1
whenever the right hand side makes sense. If a is a principal ideal, we also write its generator in
the denominator.

Theorem 5.47 (Power reciprocity law). Let n > 1 be a positive integer. Let K be a number field
containing [i,,, and let a,b € K* be coprime to each other, and ton. Then,

(5)() - e

plnoo

Proof. If p is prime to bnoo, then, if we let v, be the normalized discrete valuation on K,

b vp(a) o (a
(E) = (7, D) = (0, D)y (, b)y = (0, )y,

by Theorem 5.44, where 7y, € K, is a uniformizer and u € O is a unit with a = W}?p(a)u. Thus

) D) pe e e

p[ () pl(a) p[(b) pl(a) p[(ab)

Here, the subscript p|(a) for example means that v,(a) # 0. Since (b,a), = 1 for p prime to
abnoo, by Hilbert Reciprocity Law, Theorem 5.45,

(5)(2) = I 6, = T ah = TT 0" = [0t

p|(abd) pnoo p|noo p|noo
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O

The power reciprocity law is a massive generalization of quadratic reciprocity law. As a sanity
check, we see how the quadratic reciprocity law follows from the power reciprocity law.

Example 5.48 (Quadratic reciprocity from power reciprocity). We apply the power reciprocity
law, Theorem 5.47, for K = Q and n = 2 (possible since ps = {+1} C Q). Then, for a,b € Z

odd and coprime integers,
a\ (b
(5) (%) = @hatab

Note that the power residue symbol (%) really is the (multiplicatively extended) Legendre symbol,

because if p, ¢ are odd distinct primes, (%’) € {£1} and is congruent to p%l mod ¢. So what are
(a,b)2 and (a, b)s?

e By the local Artin reciprocity, Theorem 5.3, (a,b); = 1 if and only if @ is a norm from
Q3(v/)/Q,. This extension is unramified if and only if b = 1 (mod 4) (cf. Exercise 4.6),
so a € O, is in the norm if b = 1 (mod4). If not, we consider if 2> — by> = a has
solutions in 2,y € Qq. Suppose a = 1 (mod 4). Then, as b = 3 (mod 4), either a or a — 4
is congruent to —b mod 8, so either % o “_—’b4 is = 1 (mod 8). By Exercise 4.6, this has
a square root in Zy, which means that 22 — by? = a has solutions (with either x = 0 or
x = 2). On the other hand, if a = 3 (mod 4), then 2 — by? = 2% + y* (mod 4) can never
by equal to 3 (mod 4), so 22 —by? = a has no solutions in Z,. If ? — by* = a has solutions
in Qo, then x = 37, y = 5 for some n > 0. Let n be minimal such, so that either w or
z is odd. Then, from w? — bz?> = 4"a, we have w? = bz% (mod4), so b = 1 (mod4), a

contradiction. Thus, 22 — by? = a has no solutions in Q5. Thus,

(a,b)s = (_1)%%%1 _ {1 if either a = 1 (mod4) or b = 1 (mod 4)

—1  otherwise.

e By definition, (a, b)s, = 1 if and only if Artg(a) fixes v/b. Note that Artg (a) is the identity
if @ > 0 and the complex conjugation if a < 0, so the only way that Artg(a) can send v/b
to a different number is when ¢ < 0 and v/b is a complex number, i.e. when b < 0. Thus,

(4,D)o = (~1) ™57 =

() (5) =

This in particular contains the case of < ) One can also compute <%> for an odd prime p € Z

(;) = (1. 2)y,

and since (p, 2), = 1 for any ¢ # 2, p, 0o, by the Hilbert reciprocity law,

(9,2)p = (2,0)2(2, )0

sgn(a)—1 sgn(b)—1 1 if eithera > 0or b > 0
—1 otherwise.

Thus,

+s n((21) 1sgn(b) 1

by hand, namely



Since 2,p > 0, (2,p)oc = 1,50 (p,2), = (2,p)2. Now the question is whether 2 is the norm
from Qy(/p)/Qo, ie. if * — py? = 2 has solutions in z,y € Qo, or if 2% — py® = 2°"*! has
solutions in z,y € Zy, n > 0 such that if n > 1, either x or y is odd. Obviously if both x and
y are even, then x? — py? is divisible by 4, so the condition is just always z or y odd. If only
one of them is odd, then z? — py? is simply odd, so we want both z,y odd. This implies that
22l = 22 — py? =1 —p (mod 8), so 1 — p is congruent to either 0 or 2 mod 8, or p is congruent
to either 1 or 7 mod 8. Conversely, if p = 1 (mod 8), then 1 — py? = 8 has a solution y € Z,, and
if p= 7 (mod 8), then 1 — py? = 2 has a solution in Z, (cf. Exercise 4.6), so (2, p)s = 1. Thus,

(g) s {1 if p=1,7 (modS8)

D —1 otherwise.

Using the prototype as above, we may try to prove more general reciprocity laws in elementary
terms.

Example 5.49 (Cubic reciprocity). We now want to do the similar thing for n = 3. For that, we
want to use the number field K = Q((3) = Q(+/—3). Note that O = Z[(3] = Z[%:g’] is a PID,
so a UFD. Note that a rational prime p € Z is inert in K if p = 2 (mod 3) and splits completely
in K if p = 1 (mod 3). Also, 3 is totally ramified, with (3) = p2 where p3 = (1 — (3). As K has
no real prime, the power reciprocity law says that, if a,b € K are coprime to each other and to

3, then »
() -

Note that K has quite a few units, {£1} X p3, so an ideal-theoretic statement does not translate
verbatim into a number-theoretic statement (i.e. there is always the unit worth of ambiguity in
the process of taking a generator of an ideal). To have a clean statement, people often use the
concept of primary numbers.

Definition 5.50 (Primary numbers). A number « € Z|[(3] is primary if (o, 3) = 1 and
a =2 (mod(1 — (3)?).

Note that (1 — (3)? = (3 — 2(3 + 1 = —3(3, so a number a + b3 € Z|[(3), a,b € Z, is primary
if and only if 3|0 and a = 2 (mod 3).

Starting from a rational prime p € Z, it is as itself a primary number if p = 2 (mod 3). What
about a prime ideal p C Z[(3], N(p) = 1 (mod 3)?

Lemma 5.51. Given a maximal ideal p C Z[(3], N(p) = 1 (mod 3), there is exactly one generator
T € p that is a primary number.

Proof. Take a generator x = a + b(3, a,b € 7Z, of p. Then, the possible generators of p are £z,
+(3x, +C2x, or

a+bl3, —a—0bG, —-b+(a—0G, b—(a—0b)C, (b—a)—als, —(b—a)+als.

Note that a? — ab + b? is a rational prime = 1 (mod 3), so either a or b is not a multiple of 3. If

3|a, then exactly one of (b — a) — a(s or —(b — a) + a(s is primary. If 3|b, then exactly one of

a-+b(z or —a — b(3 is primary. If neither of these happen, then a* — ab+b* = 2 — ab = 1(mod 3),

which implies that ab = 1 (mod 3) or a = b (mod 3). Thus, exactly one of —b + (a — b)(3 or

b — (a — b)(3 is primary. O
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Now let «, 3 be primary primes of K. Then, by definition,

(%) _ (%) — (i @),

which, by tame Hilbert symbol, Theorem 5.44, is equal to the power of (3 that is congruent to
a5 mod B. Note that this is 1 if and only if & (mod /3) is a cubic residue.

Now we can state the cubic reciprocity law.

Theorem 5.52 (Cubic reciprocity law). Let K = Q((3), and let m, 79 € Ok be primary primes.

Then,
T . o
T2 B st ’

Proof. By the earlier observation, it suffices to prove that (7, 72),,, = 1. This only depends on the
classes that 7, 75 belong to in O /(O )3, so let’s first identify what this is. Since (3 — 1 € O, is
a uniformizer which is Eisenstein (cf. Exercise 1.5), we see that O, = Z3[(3 — 1] = Z3[(3]. Note

that ey, g, = 3, so by Exercise 4.4 (because r = 2 > pfl = %),

(14 (¢ —1)°0L, x) = (¢ — 1)°0,+) = (30, +),

by the exponential and the logarithm. Thus, under this correspondence, (1 + ((z — 1)20p)? =
3(¢s — 1)201 = ({3 — 1)*Oy, so in the multiplicative world we have

(14 (¢ — 1200 =1+ (¢ — 1)*Oy.

Thus, (0})% D 1+ ({3 — 1)*Or. Thus, we only need to check the classes of primary primes in
OF /(1 + ({3 — 1)*Or). As ({3 — 1)* = —3(3, this is just the congruence classes modulo 9. If
x = a+ b(s is a primary prime, a,b € Z, then a = 2 (mod 3) and b = 0 (mod 3). Thus, x modulo
9 must be congruent to a(1 + b¢s) for a = 2,5,8,b = 0,3, —3. Note that (z, z),, = (z,z),,", so
(x, a:)gg = 1, which is only possible when (z, ),, = 1. Also, 8 is a cube, and we can replace 5 by
—4. So, we have to show

(27 _4)}33 =1, (1 + 3C37 1 - 3C3)P3 =1,
(a,1+bC)p, =1, a=2,—4, b==3.
Note that (2, 2),, = (2, —2)p, = 1 so the first identity follows. Also,
(=4, 14+ bCs)py = (2,14 C3)7, (=1, 1+ bCs)p, = (2,1 + bC3)2,,

as —1 is a cube. Finally, as (1+3¢(3) "' = 1 —3(3 (mod 9), so (14 3¢3,1—3(3)y, = (1+3¢, (1+
3(3)_1)p3 = (143G, 1+ 3(’3)]3_31 = 1,and (2,1 — 3(3)p, = (2, (1 + 3C3)_1)p3 =(2,1+ 3(3);31-
Thus, we only need to prove that

(2,14 3¢3)p, = 1.
Note that Ny /g(1 + 3¢3) = 7, and 7 splits completely in K as

(7) = (14 3¢)(1 +3¢3) = (1 +3¢3)(2 + 3¢3)-
On the other hand, 2 is inert in K. Thus, by the Hilbert reciprocity law,

(2,14 3Cs)ps = (143G, 2)2(1 + 33, 2)148¢; = (2,1 +3C3)5 (1 + 3C3, 2)1 13¢5
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We can compute the symbols on the right hand side as the tame Hilbert symbols. Note that
K3 = Q2((3) is the degree 2 unramified extension of Qs, so
(2, 1 —|— 3€3)2 = W(l —|— 3(3)

4-—1
3

= w(1+3G).
Note that

1+3¢ =2 — ¢ = ¢ (mod2),
$0 (2,1 + 3¢3)2 = (3. On the other hand, K (1;3¢,) = Q7, so

(143G, 2)143¢, = w(2) T = w(2)2

We want to show that w(2) = (3, which means that 2 = (3 (mod 1 + 3(3). This is indeed true, as
(14 3¢)¢E = ¢34+ 3 =2 — (3. Therefore, (2,1 + 3(3)p, = 1 as desired. O

What does Theorem 5.52 mean in concrete terms? We want to answer whether, given integers
m,n, m is a cubic residue mod n in a systematic way.

Definition 5.53 (Rational cubic residue symbol). Let m,n € Z be coprime integers. The rational
cubic residue symbol is defined as

—1  otherwise.

[m] {1 if m is a cubic residue mod n
nls

For a prime p # 3, if p = 2 (mod 3), then every congruence class mod 3 is a cubic residue, as
(3,p — 1) = 1. Thus, it is interesting only if p = 1 (mod 3). As p splits completely in K, this
means there is « := a + b(3 € Z[(3], a,b € Z, such that a> — ab + b* = p. As seen above, there
is a unique a, b € Z satisfying a®> — ab + b* = p, 3|b, a = 2 (mod 3). As Ox /aOk = F,, we can

compute [%} in terms of (%) For example:
3

Proposition 5.54 (Euler). Letp = 1 (mod 3) be a rational prime, so thatp = a* —ab+0?, a,b € Z,
with 3|b and a = 2 (mod 3).*

(1) We have L—%] = 1 if and only if 2|b.
3
(2) We have [%] = 1 if and only if either 5|b or 5|(2a — b).
3
(3) If p # 7, we have L—Z] = 1 ifand only if 7|b or 7|(2a — b).
3

Proof. Let « = a + b(3 € Z[(3]. Let K = Q((3).
(1) Note that, by cubic reciprocity, [%] = 1 if and only if (%) = 1. As 2 is inert in K,
3
we see that (%) = lif and only if @ € Ok /20 is a cube. Note that Ok /20 = F,
with representatives {0, 1, (3, 1 + (3}, and 1 is the only nonzero cubic residue here. Thus,
(9) = 1 if and only if 2|b and a is odd. Since 2|b implies automatically that a is odd (as p

2
is odd), we get the result.

#Note that 4p = 4a® — 4ab + 4b> = (2a — b)? + 3b%, so, with 3|b, one can write as p = 1(L? + 27M?) for some
L, M € Z, and this representation is unique up to the sign changes of L and M. Then, (1) is the same as 2| M (which
implies 2|L), (2) is the same as 5| LM, and (3) is the same as 7| LM.
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(2) Note that, by cubic reciprocity, [g] = 1 if and only if (%) = 1. As 5 is inert in K, we
3

see that (%) = lifand only if « € O /50 is a cube. Note that O /50 = Fo5 with
representatives {a + b(3 | 0 < a,b < 4}. There are 8 nonzero cubic residues here, and we
know that 1, 2, 3, 4 are cubic residues. Furthermore,

(-1 =¢ 3G +3G—1=060+3=(+3(mod5),

is a cubic residue, so ({3 + 3), * = 1,2,3,4, are. These subsume all the 8 nonzero
cubic residues in Ok /50k. Thus, @ € Ok /50k is a cube if and only if either 5/b or
a = 3b (mod 5) (the latter condition is the same as (2a — b) being divisible by 5).

(3) Note that, by cubic reciprocity, [%] = 1 if and only if (%) = 1. Note that 7 splits
3

completely in K, as

tame Hilbert symbol. Note that

(%) =ws(a)F = ws(a)?,

where wg(a) € {1,(3,(3} is such that wg(a) = « (mod §). This implies that 3|(« —
wg(a)), so B|(@ — wg(a)). This implies that

wy(@) = ws(ar) = ws(a) ™.

Thus,
(3) = wsl@)ws(@)? = wsla)ws(@) ™

So we are looking for when wg(a) = wg(@). Note that Ok /FOk = Fy, so there are 2
nonzero cubic residues, +1. Thus, wg(a) = wg(a@) if and only if £ = £1 (mod 3), or
a£a =0 (modj3). Note that a + @ = 2a+ b(3 + b(3 =2a—b,and o — @ = b(3 — b3 =
b(3(1—(3). As2a—b € Z, 2a—bis divisible by /3 if and only if 2a — b is in SOk NZ = TZ,
or if 2a = b (mod 7). On the other hand, b(3(1 — (3) is b times a unit times an element of
norm 3, so b(3(1 — (3) is divisible by f if and only if b is divisible by 3, which, again by
the same logic, is equivalent to 7|b.

O

EXERCISES

Exercise 5.1. What we have learned so far suggests that absolute values correspond to primes
— from this perspective, the archimedean absolute values should be primes! In this analogy,
we regard R and C as local fields as well, and they are called either co-adic local fields or
archimedean local fields. Given a number field K, an embedding ¢ : K — C defines an
archimedean prime of K, where a real embedding defines a real prime, and a pair of complex
embeddings defines a complex prime. The extension C/R is considered ramified.

We will see that many aspects of theory of primes and the local class field theory translate well

into the case of archimedean primes and local fields.
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(1) Let K/L be an extension of number fields. Using the above perspective, define what it
means for an archimedean prime of K to lie over an archimedean prime of L.

(2) Retaining the setup of (1), define what it means for an archimedean prime of L to be
unramified in K.

(3) The local Artin map for R can be defined as

Artg : R* — Gal(C/R) = {1}, 2+ %
xr

Show that Part (1) of local Artin reciprocity (Theorem 15.10(1) of the notes) holds.
(4) State and prove the local existence theorem for L = R.

Exercise 5.2. Let L = Q(/3).

(1) Show that h;, = 1, so that the Hilbert class field of L is H;, = L.
(2) Let K = L(v/—1). Show that every prime ideal p C Oy is unramified in K.
(3) Why are (1) and (2) consistent with the global class field theory?

Hint. Compute the conductor fx/z.
Exercise 5.3. In this question, we determine the ray class fields of Q. Let co denote the unique

archimedean prime of Q.
(1) Let m > 1 be such that vy(m) # 1. Show that the kernel of the Artin map

is equal to P*>°. Deduce that Q((,,) is the ray class field of Q for modulus moo. Deduce
that fg(c,.)/0 = noo with n|m.
(2) Retaining the same notation as (1), show that Q((,,) C Q(,). Deduce that n = m.
(3) For m > 1 odd, show that Q((s,,) = Q((,). Deduce that, for n > 1,
1 ifn=1
fo.)/o = § 500 if niseven, 5 is odd
noo  otherwise.

(4) For a finite extension K/Q,, show that the local conductor fx g, cannot be equal to 1.
(5) Using (3) and (4), deduce that the ray class field of QQ for modulus m is

Q¢ if m = noo
Q(m) = 1 36 L
Q)" =Q(C +¢, ") ifm=n.
Exercise 5.4. In this question, we revisit Exercise 3.3 on the primes p # 2,7 of the form p =
x? + 144” for some integers x,y € Z. We have already seen that C1(Q(v/—14)) = Z/4Z.

(1) Let K = Q(v/—14) and K’ = K(+/2). Show that K’/K is an unramified extension
(including the archimedean primes).

Hint. Use that K’ = Q(+/2,/—7) and that 2 splits completely in Q(y/—7).

(2) Let K" = K'(\/2v/2 —1). Using that (2v/2 — 1)(=2v/2 — 1) = —7, show that K" =
K'(\/—2v/2 — 1). Using the discriminant, show that "’/ K" is unramified at every prime

coprime to 2 (including the archimedean primes).
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(3) Note that 2v/2 — 1 = (1 + v/2)? — 4, so that K" = K’(«), where

1+v2+V2v2-1
=
2 Y
Using the discriminant, show that K" /K’ is unramified at every prime.

(4) Show that K"’/ K is an abelian extension. Deduce that K" = H.
(5) Show that, for p # 2,7 a rational prime,

o —(1+vV2)a+1=0.

4
p = 2’414y for some z,y € Z < (—) = land X* 4 2X? — 7 = 0 (mod p) has an integer solution.
p

Exercise 5.5. Let n > 1 be an odd integer, and let K be a local field of characteristic 0 that
contains yi,,. For a,b € K* with a # —b, show that

(@,5) = (a,a+ b)(a +b.b).
Hint. Let @ + b = c. Then, we have
1=(1—-act ac™t) = (bct ac™?).
Use that —1 is an n-th power.
Exercise 5.6. Let p be an odd rational prime, and let K’ = Q((,). Let m = 1 —(,, which generates
the unique prime ideal p = (7) lying over p (more precisely, p = pP~!), and define ¢; = 1 —
fori > 1.
(1) Using Exercise 4.4, show that, in K, (14+72Ok,, x) = (7°Ok,, +). Deduce that (Ok,)F >
]_ + 7Tp+10[(p.
(2) Fori,j > 1withi+j > p+ 1, use ¢; + 7'e; = e;;,; and Question 4 to show that
(6i7 ej)P =L

Hint. Using (1), show that e, ; is a p-th power in K,,. Apply Question 4 to (e;, 7’e;).

(3) Show that, if z € 1 + 7O K,» T can be expressed as an infinite product

- m
r=e"e, " -, forsomem;mi, - €Z.
Here, the above expression means that the sequence z;, 7,1, -+ € O, defined by
e My Tt mj ; ;
Lj =€ €1 "€ 7, J =1,

converges to x.

Hint. Note that Ok, /7Ok, = [, with representatives {0, 1,--- ,p — 1}. Deduce that, if
r=1+rr (modx),0 <n <p—1, then % =1 (modx'*!).

e

%
pt1

(4) Show that for a,b € K* coprime to each other and to p, such that a,b = 1 (mod 72 ),
the p-th power residue symbols satisfy

- (2).
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6. UNITS, CLASS NUMBERS, AND L-FUNCTIONS

We now move on to the “analytic” aspect of algebraic number theory. It is an oxymoron that
there is an analytic aspect in algebraic number theory, but this provides crucial tools that are
otherwise not easily accessed by just using pure algebra. There is a general theme of L-functions
(e.g. the Riemann zeta function) and periods (e.g. 7, log 2, etc.) that appear in algebraic number
theory that are a priori analytic but essentially encoding algebraic and geometric information, and
they involve things like special functions (e.g. logarithm and exponential) or integrals of those
with all numbers written in the formulae are algebraic numbers. For example, we have already
seen the usefulness of logarithms and exponentials in the study of p-adic local fields (really, local
fields are made to do analysis over them).

We will see in this section that the special values of various L-functions encode extremely
nontrivial information about the number fields. It gives us a mix of the data of class number,
periods, and units. We firstly show that the group of units (namely, O for a number field K) is
a finitely generated abelian group of a precise rank and torsion (Dirichlet’s unit theorem), and
move on to study the properties of the special values of L-functions.

6.1. Dirichlet’s unit theorem. As we saw earlier, the algebraic approach gives a very clean
statement in terms of the ideals, but an ideal-theoretic statement does not translate well into
a number-theoretic statement because an ideal can have many choices for its generators. This
ambiguity comes mostly from the units. Dirichlet’s unit theorem gives a precise structure of the
group of units, O, for a number field K.

Theorem 6.1 (Dirichlet’s unit theorem). Let K be a number field with r real embeddings and s
pairs of complex embeddings. Then,

OIX( = M X ZT+S_1,
where [ is the group of roots of unity in K, which is a finite cyclic group.
Proof. Let 04, -+ ,0, : K — R be the different real embeddings of K, and let 0,1, - , 0,45 :
K — C be the s complex embeddings, one from each pair of complex conjugates. Recall that

we know that x € O is a unit if and only if N K/Q(m) = -+1; thus, it is natural to consider the
logarithmic version of what we used for the proof of finiteness of class number,

L:K*—=R* aw (logl|o(x)|, - ,log|o.(z)|,21og |0, 11(x)],- -, 21og|oms(x)]).
Note that, for x € O, Ng/g(x) = £1 implies that
o1(z) - op(2)|ori (@) - opys(2) P = £1.
Therefore, L(O}) C V, where V C R""*is an r + s — 1-dimensional Euclidean space defined by
Vo= {(t1, b, ) ER™ [l + by 4+ + 1 = 0}

The image L(O%) is an additive subgroup of V. A crucial fact is that L(Op) is a discrete sub-
group of V. This can be proved as follows.

Definition 6.2 (Height). Let o € Q be an algebraic integer. The height of a, denoted H (),
is defined as

H(a) := max{|d/| : o isa conjugate of }.
More generally, for an algebraic number o € Q, the height of a, H (), is defined as

H(a) :=d(a) max{1, max{|a/| : o isa conjugate of a}},
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where d(«) € N is the minimal integer such that d(«)« is an algebraic integer.

The notion of height measures the complexity of an algebraic number: a height of an algebraic
number is large if “either the numerator or the denominator is large”

Lemma 6.3 (Northcott property). Letn € N and M > 0. Then, there are finitely many algebraic
numbers o whose degree (i.e. the degree of the minimal polynomial over Q) is < n and whose height
is < M.

Proof. As H(«) > d(«), there are finitely many choices of d(«). Thus, it is sufficient to prove this

for algebraic integers. Let oy, - - - , o, be the conjugates of o, and let p(X) = X™ + a; X™ ! +
-+ + a,, € Z[X] be the minimal polynomial of « over Q. Then, a; is, up to sign, the sum of the
products of all possible i-tuples from oy, - - - , ;. Therefore,

l < (7)o,

so that if we assert H () < M, then |a;| < (") M". As a; € Z, there are finitely many choices for
the polynomial. Thus, there are finitely many choices for p(X) (note that we also assert m < n).
As each polynomial has at most n roots, we get the desired result. U

Thus, the notion of heights gives a way to enumerate the countable set Q (in the order of
increasing degree and height).
Now, suppose we choose an open ball D(0, R) of some radius R > 0 around 0 € R""*, i.e.

D(0,R) = {(t1, -+ ,tr4s) ER™ |t + - + 2, < R*}.

To show that L(Op) is discrete, it suffices to prove that L(Oj;) N D(0, R) is a finite set. On the
other hand, if « € O} has L(a) € D(0, R), then this implies that log|o;(a))| < R for every i.
Thus, H(a) < €%, and o has degree < [K : Q], so by the Northcott property, Theorem 6.3, there
are only finitely many o’s in the intersection, as desired.

The above paragraph not only proves that L(Oj;) is a discrete subgroup but also proves that
ker L is finite! Note that « € Oy N ker L means that |o/| = 1 for every conjugate o’ of a.. As
any integer power of a has the same property, we see that {1,,a? ---} C ker L N OF. As
ker L N Oy is finite, it follows that {1, «,a?, - - -} is a finite set, i.e. @™ = 1 for some m > 0!
Therefore, it follows that ker L N O} consists of the roots of unity in K, which is usually denoted
as [x. We already know that px is a finite abelian group, and it is actually a cyclic group: if
we let m be the lcm of the orders of all roots of unity in jug, then i = Z/mZ (ie. there is a
primitive m-th root of unity in px). This is because if m = H?Zl p;' is the prime factorization,
then by definition there is (; € i whose order is divisible by p:*, so by taking an appropriate
power of (;, we have (! € p which is a primitive p;’-th root of unity, then (j - - - (;, is a primitive
m-th root of unity (check!).

Anyway, we have

Ok /nx = L(O).

Since L(Op) is an additive subgroup of V, it is torsion-free. Furthermore, as L(Oy) C Visa
X

discrete subgroup, L(O}) is a free Z-module of rank < dimg V. This is because of the following
lemma.

Lemma 6.4. Let M C R" be a discrete subgroup. Then, M is a free Z-module of rank r < n.
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Proof. We use an induction on n. If n = 1, then we want to show that M is free of rank < 1.
Otherwise, M has Z-linearly independent elements v1,vo € M C R. By scaling, we can let
vy = 1. Then, vy is not a rational number by assumption. Then, for any N > 0, there is a big
enough N’ € N such that N'v, has fractional part in between —% and %, which is a simple
pigeonhole principle. This contradicts the discreteness of M.

Now for general n > 1, if the R-span of M is strictly smaller than R", then we can use induction
hypothesis of smaller dimension. Thus, we can assume that the R-span of M is R". Suppose also
that M is not of rank < n. Then, there are Z-linearly independent elements vy, -+ ,v,11 €
M, and by the dimension reason, they are necessarily R-linearly dependent. We can choose
V1, ,Ups1 SO that the R-span is R™. Then, there is, up to scaling, only one R-linear relation,
aivy + - -+ + apy1Vpe1 = 0. Since vy, - -+, v,41 has no Q-linear relation, it follows that the Q-
vector space spanned by ay, - - - , a,4+1 in R is of dimension > 1. Asn+1 > 3, one can choose one
a; such that the rest of a’s still span a Q-vector space of dimension > 2 (otherwise this means that
the ratio between every pair of a’s is a rational number, which cannot hold). After reshuffling the
index, we can assume that the Q-span of ay,--- ,a, in R is of dimension > 1. Then, it follows
that any Z-linear combination of vy, - - - , v, is not a scalar multiple of v,, ;1. Thus, if we take the
orthogonal projection along v, of M C R" to R""}, then the images of vy, - - - , v, in R" ! are
still Z-linearly independent, which by induction cannot happen, a contradiction. U

This implies first that Oy is a finitely generated abelian group, and the torsion part of Oj; is
precisely 11, and, by the fundamental theorem of finitely generated abelian groups, we have the
decomposition

Ok = ux x L(OF).
We now only need to compute the rank of L(O};), i.e. show that it is of full rank. We make use
of the embedding we used in the proof of finiteness of class number:

o: K —->R' xC° 1z (o1(x), - ,00(x),0041(x),  ,0r1s(x)).

Take R > 0 big enough such that the radius R ball centered at the origin, D(0, R) C R" x C*,
satisfies vol(D(0, R)) > 2" vol(Dy(0y)), where vol(Dy (o)) is the volume of a fundamental
parallelopiped of 0(Of) C R" x C*. By Minkowski’s theorem, there is a nonzero element o(x) €
o(Ok) N D(0, R), z € Ox\{0}. Note that, by definition, | Ny q(z)| < R""*, and as Ny g(z) is
a nonzero integer, there are finitely many possibilities for Ny q(x).

Now consider W C R" x C°,

W={(x1, ,2ps) ER"XC° : |xy- -mpal, - a2, | =1}
Then consider, for « = (ay, -+, a,45) € W, the region
aD(0,R) = {(aqz1, -+, QpysTigs) ER" X C* 1 (21, ,245) € D(0,R) CR" x C*}.

As multiplying by « gives an R-linear isomorphism R" x C° — R" x C? that preserves the
volume (which is the same as |a; -+ - a2, -+ a2, | = 1), we see that aD(0, R) is a compact,
symmetric, convex region of R” x C* of the same volume as D(0, R). Thus, again by Minkowski’s
theorem, there is a nonzero element o(z) € 0(Ok) N aD(0, R), for € Ox\{0}. Again, by the
same logic, [Nk /q(z)| < R"2. This implies that () C O is of norm < R"*?*, and there are
finitely many ideals that satisfy this. As taking a generator out of an ideal is precisely ambiguous
up to a factor of Oy, this implies that there are finitely many elements y;,--- ,y, € Ok such

that = y;u for some 1 < i < bandu € O.
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Then, there is a natural group homomorphism (from multiplicative to additive) L : W — V,
L(zy,- - ,xrps) = (log ], - - - ,log |z, |, 2log |zr i1, - -+, 21og |z,45]) € V.

Furthermore, the following diagram obviously commutes:

O]X(—U>W

I
L(Og)——V
Our observation in the previous paragraph was that, for any o € W, aD(0, R) N o (y;)o (O ) #
() for some 1 < i < b, or if we denote C' = o(y;) " *D(0,R) U --- U o(yy) ' D(0, R), then
aCNo(OF) # 0. If welet C" = L(C N W), then this implies that, for any 5 € V, (5 + C") N
L(Og) #0,0r C'" N (= + L(OF)) # (. This implies that the L(O} )-traslates of C’ covers the
whole V. As C” is a compact subset of V, this is possible only if L(O}) is of full rank! More
precisely, C" — V/L(O}) is continuous and surjective, so V//L(O}) is compact, which is only
possible if the rank of L(Oj;) is equal to dimg V' (in general, it is topologically isomorphic to
(ST )rankz L(O)  Rdimz V—ranks L(OK)) Thus we are done. O

Therefore, this implies that there exist multiplicatively independent units uy, - - - , %51 € O
such that every unit u € O can be uniquely written as

UZCUTIUT—::ﬁIl7 CeuKum17'“7mT+871€Z'
We call uq, - -+, u,15s—1 a fundamental system of units. In general, computing a fundamental

system of units is a very challenging task.

Example 6.5. (1) We see that Oy is finite if r + s — 1 = 0, i.e. if either r = 1, s = 0 (which
isjustr +2s = 1,ie. K = Q),orr = 0,s = 1 (which means r + 2s = 2, i.e. K is an
imaginary quadratic field). Namely, if K is an imaginary quadratic field, O = px. This
is something that we kind of expected.

(2) We see that OF is of rank 1 if K is a real quadratic field. Then, a fundamental system
of units consists of just one unit. As pux = {£1} (because ug = {=£1}), this implies
that there is a unit € of K such that all units of K are of the form +¢", n € Z. There
are four choices for the generator of the free part: €, —¢, e !, —e~!. After choosing a real
embedding K — R, there is only one out of the four units above that is bigger than 1. This
specific generating unit is often called the fundamental unit of a real quadratic field.

If d = disc K, then finding the units of K is the same as finding the integer solutions
to the equation

> —dy* =+1 (ifd # 1 (mod4)), 2*—dy*=44 (ifd=1 (mod4)).
The above equation is called Pell’s equation.

6.2. Continued fractions and units of real quadratic fields. Although a fundamental system
of units is difficult to compute in general, for real quadratic fields there is a nice way of computing
the fundamental unit (and thus the complete solution to the Pell’s equation) using continued

fractions, which we explain in the rest of the lecture.
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Definition 6.6 (Continued fractions). Let € R be a real number. Then, a continued fraction

of r is the expression
1
r = (ap; a1, ag, ) = ag + ———,
ar + o

where ag, ay, - - - € Z are defined inductively as follows.

e Weletty=randag = [to].

e Foreachi > 1, we lett; = L and a; = [t;]. If t; is an integer (i.e. t; = a;), we

terminate the sequence.
By definition, a1, as, - - - > 0. A continued fraction is finite if the sequence ag, a1, - - - terminates
at some point, and is infinite otherwise. A continued fraction is periodic if it is infinite and if
there is a positive integer ¢ > 0 and N > 0 such that a,,.y = a,, for any n > N. The minimal
such ¢ is called the period of the continued fraction.

The following is a fundamental result on continued fractions.

Theorem 6.7. For r € R, its continued fraction is finite if and only if r € Q, and its continued
fraction is periodic if and only if Q(r) is a real quadratic field.

Proof. That a finite continued fraction gives rise to a rational number and a periodic continued
fraction gives rise to a (necessarily real) quadratic number is clear. Also, a rational number must
have a finite continued fraction as the process is just the Euclidean algorithm which must stop at
a finite stage. Thus, it remains to prove that any real irrational number 7 has a periodic continued
fraction. As the continued fraction after a, stays the same even if we add an integer to r, without
loss of generality, we may assume that r > 0.

Note that we have

1 Pnflf + Pn—l

a + %% an + Qn—lj
where (P_1, Py, P1,---) and (Q_1, Qo, @1, - - - ) are the sequences of integers defined recursively
by

ag +

P,lzl, P(]:CL(], Pn:anpn,l—i—Pn,zfornZl,

Qfl = 07 QO = 17 Qn = ananl + anQ for n > 1.
The proof of this is a simple induction; the n = 0 case is

1 Ao + 1
ag+ — = ———,
X X
and
+ 1 + 1 Pnfl (an—i_%)_'—Pan
a —_— = Q =
" ap + ! 1 ’ ay + 1% Qn—l (an + l) + Qn—Q
il R p— T *
z n- an+4

o (Pn—lan+Pn—2)x+Pn—l o Pn$+Pn—1

B (Qn—lan + Qn—?)x + Qn—l B an + Qn—l ‘
The sequences (P,) and (@, ) have the following properties.

e The sequence ((),,) consists of positive integers and is strictly increasing. This is because

a, > 0forn > 1.
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e Foranyn > 1,
Pt Pu_ (C1" Pun Pu (=1 ane
Quit Qn  QnnQn’ Quyz Qn QupaQn
This is because
Pov1Qn — Quir By = (an1 Py + Poo)@Qn — (an11Qn + Qu1) Po = FumiQn — Qua Py
== (=) (PQ-1 — QoP1) = (1),

and
Pn+2Qn_Qn+2pn = (an+2Pn-i-l_"Pn)Qn_(an+2Qn+1+Qn)Pn = an+2(Pn+1Qn_Qn+1Pn) = (_1)nan+2-
Given the continued fraction (ag;aq, - - - ), we define the n-th convergent as (ag;ay, - ,a,).
Then, by the above formula, (ag; a1, -+ ,a,) = %. Note that, by the above observation, we see
that
lim L
Ry

Pn(an+l§an+2a"' )+Pn 1
Qn(an+l§an+21"' )+Qn71

In and =L P” L, but the sequence <&> is a Cauchy sequence. Furthermore, the sequence of con-
n

Rigorously, we see that r = , which implies that r is a real number between

Q TL Qn
vergents alternates, ie.

n—1
P, 1
—— = Qo —+ (—].)Z .
Qn Zz:; QiQiv1
Thus, as an alternating sum,
P, 1
r—— —_—
Qn QnQn-H

Now suppose that 7 is a root of a X 240X 4+c=0,a,b,c € Z. Then, using the above calculation,
T = (Qp; Qpy1, - -+ ) is a root of

a(Pact X + Pas)” + B(Pact X 4 Po) (Quoa X + Quoz) + ¢(Quoa X + Quoa)” = 0,
or A, X%+ B, X + C, =0, where
A =aP? | +bPy 1Qp 1 + Q>
B, =2aP,_1P,_2 + b( P, 1Qn_o+ anlpan) +20Qn-1Qn—2,
Cp=aP? 5 +bP, 2Qn 2+ cQ:_,.
o1 P
Qn 1 Qn 2

has determinant +1 as observed above, we see that the discriminant is preserved, i.e. b*> — 4ac =
B2 — 4A,,C,,. Note that ‘

Note that this is a change-of-basis of the quadratic form with a matrix ( ) which

implies that

Q QnQn

A, € 2 ( € ) e(2ar + b)QnQnH + ae?
——=a(r+=+—| +tb|r+——)+c= ;
31—1 < QnQn—H) QnQn-H Q2 n+1

for some |¢| < 1. Thus,

2

[Anl < 5375 —
Q2 n+1

((2ar +0)Q,Qny1 +a) < 3ar + b,

126



which means that there are only finitely many possibilities for A,, € Z. Note also that C,, = A,,_1,
so there are also finitely many possibilities for C,, € Z. From b — 4ac = B2 — 4A,,C,,, it follows
that there are only finitely many possibilities for (A,,, B,,, C,,). Thus, there are only finitely many
possibilities for r,,. Thus, r,, = 7,4, for some n > 0, h > 0, which implies that the continued
fraction for r is periodic. U

Using the continued fractions, we can now find the fundamental unit of a real quadratic field!

Theorem 6.8. Let d > 0 be a squarefree integer # 1 (mod 4), and let K = Q(+/d) C R (sending
Vd to\/d). Let /d = (ag; ay, as, - - - ) be the continued fraction of /d, which is periodic with period
0. Let (P_1, Py, Py, ) and (Q_1,Qo, Q1, - - ) be the sequences of integers defined recursively as
in the proof of Theorem 6.7. Then, the fundamental unit of K is

€ = Pe_l + Qf—l\/C_l.
Py
Qn
irrational number v/d in the best possible way. First, note that the fundamental unit e = = 4 yv/d
is the solution to % — dy* = +1 such that x,y > 0 and |y| is as small as possible. This is because:

Proof. The key idea is that the convergents are the rational numbers that approximate the

e foranya = z4wvd e K, z,w € Q*, exactly two of the four numbers, 24wVd, z—w\d,
— 2+ wVd, —z—w\/d, are positive, and the product of the two positive numbers is | N («);

e so, if z,w > 0, then z + wvVd, being the largest number out of the four numbers +2 +
wv/d, is larger than /| N ()|, and conversely, there is exactly one number out of the four
numbers £z + w+/d that is larger than /| N (a)];

e thus, the units s + tv/d € O that are larger than 1 are exactly those that s, € N;

e if two units z; +yl\/a, To +y2\/3, with 1, y1, 22, yo > 0, satisfy z1 + ylx/a < T9+ yg\/g,
then zo+y2Vd zo+y2Vd

Y > 1 is a unit, so oyvd = T3 + yg\/a, x3,y3 > 0, which means

Ty = 1173+ dy1y3, Y2 = Y103 + T1Y3,
so in particular zo > 1 and y, > y;, which implies that the fundamental unit has x, y > 0
and has the smallest |y|.
Now, as 22 — dy? = +1, we have

Yy

1
= <
(

1
Yo+ Vi) (VA D 2

using the crude approximation that 2> > dy® — 1 > (d — 1)y?. This shows that % is a very good

rational approximation of v/d.

1
Vid — ]—?‘ < 202 then P is a convergent to the continued fraction of V.
q q

q
Let’s assume this and finish the proof of the Theorem first. The Claim implies that % is a conver-

gent to the continued fraction of v/d, so (x,y) = (P,,Q,) for some n. As A, = P? — dQ?,
and as (P,) is positive and increasing in this case (ap = [V/d| > 0), we see that the fundamen-
tal unit is P, + Q,\/d such that n > 0 is the minimal integer that satisfies 4,,; = +1 (note

that (Ap, By, Co) = (1,0, —d), but Ay = 1 doesn’t appear as A,,;; in the range n > 0). Note
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2
that as A, = Q%((%) — d), and as the sequence (%) converges to /d as an alternat-

ing sum with difference < 1, it follows that the signs of A, Ay, As, - - - alternate, —, +, —,---.
Thus, we are looking for when A,,,; = (—1)""!. Alternatively, we define D,, = (—1)"A4,,, E,, =
(=1)"82 F, = (=1)"C,, (here B, is always even as b = 0; look at the formula for B,), so that
Tn = (Qp;Qpy1,- -+ ) is a root of D, X? + 2E,X + F,, = 0, and we have D,, > 0 and F,, < 0,
E? — D,F, =d, F,, = —D,,_,. Note that the roots of D,,X? + 2E, X + F,, = 0 are %3, and

we know that precisely one is positive, which must be _E;#J”/E.

So what happens when D,, = 1? This means that a, = —F, + L\/aj, and a, 1 = ay, etc.
Thus, this means that v/d should have a continued fraction that is periodic in the stronger sense:
namely, the whole continued fraction repeats maybe except ay. More precisely, there exists m € Z
such that m + v/d has a purely periodic continued fraction, which means that there exists
¢ > 0 such that a,, = a,,.¢ for all n > 0. If this is the case, then the fundamental unit is indeed
P+ QZ—I\/E, as desired. Thus, the Theorem follows from the additional

Claim 2. L\/Ej +V/d has a purely periodic continued fraction.

The two claims will follow from the two lemmas, Lemmas 6.9 and 6.10, after the proof. O

Lemma 6.9. Let r € R has a continued fraction r = (ao;a1,---). If2 € Q,p,q € Z, ¢ > 0,
satisfies
p
”" [
q

then %’ is a convergent to the continued fraction of r.

2¢%

Proof. The bound requires more if p, ¢ are not coprime, so we may assume that p, ¢ are coprime.
Suppose that § is not a convergent. If ¢ = @), for some n, then p must be P,, as otherwise

)r — L‘ > L which violates the bound. Thus, we see that there exists n such that Q. <

Qn - Qn
q < Qn41 (recall that (Q,) is a strictly increasing sequence). If [p — qr| > |P, — Q,r|, then

|P, — Qur| < i, SO

P,

r— <

[ _|_ ,
4Qn q¢ Qn 2¢°  2Qng  Qng
which implies that p(Q),, — ¢F,, = 0, which again contradicts with the assumption that § is not

<‘E—r

+

. . (P, P .
a convergent. Thus, |p — qr| < |P, — Q,r|. As the inverse of the matrix ( " "H) is also

integer-entried, it follows that there exist u, v € 7Z such that o Qo
p=uP,+vP1, q¢=uQy+vQni.
Then,
p = qr| = [u(Py = Qur) + v(Frs1 — Qnyar)|.
Note that ¢ = u@,, + vQ,+1 and 0 < @, < q < Q11 implies that u, v cannot have the same

sign. As P, — @Q,r and P,.1 — @Q,17 have different signs, it follows that (P, — Q,7) and
V(P11 — Qny17) have the same signs (0 is assumed to have both + and — sign), so that

p = qr| = [u(Po = Qur) + v(Pasa = Quiar)| = [ul[(Py = Qur)| + [0][(Poyr — @niar)].
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For this to be less than | P, — Q,,r|, we need u = 0. Then, ¢ = vQ,, 11, s0 v > 0,but as ¢ < Q,11,
v < 1, which is a contradiction. O

Lemma 6.10. Letr € R be a quadratic irrational number. Then, r has a purely periodic continued
fraction ifr > 1 and —1 <7 < 0, whereT is the conjugate of r.

Proof. Let r,, = (an; ans1, -+ ). Then, r, = a, + # which implies that 7, = a,, + rn1+1' We
claim that for every n, —1 < 7, < 0. We prove this by induction on n, where n = 0 is the base
case as given. Now, assume —1 < 7, < 0. Then, a,, > 1, as a,, > 1 automatically for any n > 1
with infinite continued fraction and ag > 1 by assumption that » > 1. Thus, 7, —a,, < —1, which

means that 0 > 7,7 > —1. This also implies that a,, = L— L J

Tn+1
As the continued fraction of 7 is periodic, we have r; = r; for some 0 < 7 < j. Then, by the
above formula, a;,_1 = a;_1, so 7,_1 = r;_;. Thus, we can subtract indices to obtain 7y = 7 = 1
for some ¢ > 0. This implies that the continued fraction of r is purely periodic. O

Example 6.11. Consider the case of K = Q(+/7). Then, we consider the continued fraction of
r =T~ 264

1 7+ 2
GQZL\/?JZQ, 7’1:\/?_2:\/_3 N155, a1:|_7”1J:1,
1 3 V741 1 2 VT+1
ro = = = ~ 182, as=|ry| =1, r3= = - ~ 1.22,
Tr-1 JT-1 2 2= (7] ST -1 JT—1 3
1 3 1 1

= VT+2 ~ 464, ags=|ry| =4, 5= — =
4 = |74 Dl S S

a3 — |_7"3J:1, T4 1.

Therefore, ¢ = 4, and the fundamental unit is e = P5 + Qg\/? , where

P_1:1,P0:2,P1:3,P2:5,P3:8,

R-1=0,Q0=1,Q1=1,02=2,Q3 =3,
which means that the fundamental unit is ¢ = 8 + 31/7. Indeed, 82 — 7-3%2 = 64 — 63 = 1, which
means (8, 3) gives rise to a solution to the Pell’s equation 2% — 7y* = +1, and all solutions to the
Pell’s equations satisfy 2 + yv/7 = 4¢" for some n € Z (or equivalently either +¢" or +€" for
n > 0).

6.3. Dirichlet L-functions. We will eventually see that the periods can tell some nontrivial
information about the class number and the units. To compute the periods, we need the notion
of L-functions. The most basic L-function is that of Dirichlet characters.

Definition 6.12 (Dirichlet characters). A Dirichlet character y of modulus m (or mod m in
short) is a multiplicative homomorphism

X : (Z/mZ)* — C*.
By multiplicativity, any Dirichlet character x satisfies x(—1)? = 1. The Dirichlet character Yy is
even if y(—1) = 1, and odd if x(—1) = —1.
If m|n, then a Dirichlet character y mod m can be regarded as a Dirichlet character mod n by
using the natural map

(Z/nZ)* — (Z/mZ)* % C*.



called imprimitive. If not, we call it primitive. Every Dirichlet character y arises from a unique
primitive Dirichlet character whose modulus is called the conductor f, of .

In general, given a finite abelian group G, a character of GG is a homomorphism y : G — C*.
The set of characters of G forms an obvious abelian group by entrywise multiplication, and this
group is denoted as G. The 1dent1ty element in G is called the principal character, defined as
1(g) = 1, and the inverse of x € G is X- The principal Dirichlet character of modulus m is often
denoted as 1
Theorem 6.13. Let G be a finite abelian group. Then, G = G in particular, G is a finite abelian
group.

Proof. By the fundamental theorem of finitely generated abelian groups, G = (Z/myZ) X - -+ X
(Z/myZ). Then, a character y : G — C* is determined by a tuple ({1, -+ ,(x) where (" =

- = (" = 1. Thus, G = iy, X -+ X [y, Where p, C C* is a multiplicative group of n-th
roots of unity. As u,, = (Z/nZ) as abelian groups, we are done. O

The following is typical in the representation theory of finite groups.

Theorem 6.14. Let G be a finite abelian group.

(1) Let x,v € G. Then,
S wg)olg) = 4191 X =¢
0 otherwise.
geG
In particular, 3 . x(g) = 0 for x # 1.
(2) Let f : G — C be any function. Then, f is a linear combination of the characters of G. More
precisely, f = > _aayX, where
Tl Z Iy
geG
(3) The characters are linearly independent over C. More precisely, if there exist a, € C for each
X € G such that eré ay X is zero, namely if

Y ax(g) =0, geg,

xXE€G

then a,, = 0 for all x € G.
(4) Let g, h € G. Then,

0 otherwise.

ZX(Q)Wz {'G‘ ifg=h

Proof. (1) Let ¢ = y¢~' € G. Then, we would like to show that > gec Plg) = 0for o # 1.
For ¢ # 1, there exists h € GG such that ¢(h) # 1. Then,

h)Y elg) =Y wlgh) => ¢lg)

geG geG geG

50 g p(9) = 0.
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(2) Note that, forg € G, g # 1, 3 cax(g9) = 0; as thereis ¢ € G such that ¥(g) # 1,
v(9) D> x(g) =Y w(9)xlg) =D x(g).

XG@ XE@ XE@
Now, the statement we want to prove is true as

> ax(g) = ﬁ >N fh)x(h)x(g) = ﬁ > )Y x(gh™) = flo).

xeG xe@ heG hed €@

(3) Since (2) implies that a |G|-dimensional C-vector space, the vector space of functions
f : G — C, is spanned by the characters in GG, which is of order |G
independent.

(4) Asx(g)x(h) = x(gh™'), we may assume that / is the identity. By induction, it is sufficient
to prove when G is a cyclic group, say G = (Z/mZ). Then, for g = n € (Z/mZ),

m 2mign
D xlg) =D e,

e J=1

, they are linearly

and this is easily seen to be zero if n # m, and is m if n = 0.
O

Given a Dirichlet character x of modulus m, we oftentimes regard it also as a map Z — C such
that y(n) = 0 whenever (n,m) # 1.

Definition 6.15 (Dirichlet L-functions). Let x be a Dirichlet character, regarded as amap Z — C.
The Dirichlet L-function of Y is defined as

L(s,x) == %

This expression defines a holomorphic function in s in the region Re(s) > 1.

Example 6.16. Let y be the trivial Dirichlet character of modulus 1. Then, L(s, x) = ((s) is the
Riemann zeta function.

The Dirichlet L-function, like the Riemann zeta function, has an infinite product expression,
called the Euler product.

Theorem 6.17. Let x be a Dirichlet character of modulus m. Then, for Re(s) > 1, we have an

expression
Lso- ] <1_X(p))_l_

S
p rational prime p

In particular, if x is induced from a primitive Dirichlet character X, then

Ls0 =1, DT (1~ X2).

ps
plm

Proof. Formally both sides coincide, and the fact that they coincide as numbers follows from a
simple convergence argument. O

Here comes the crucial main analytic property of the Dirichlet L-functions.
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Theorem 6.18. Let x be a Dirichlet character of modulus m.

(1) (Analytic continuation) The Dirichlet L-function L(s, x), a priori only defined for Re(s) >
1, has an analytic continuation as a meromorphic function on C. The only possible pole can
appear at s = 1, and the pole appears if and only if x is a principal Dirichlet character,
in which case L(s, x) has a simple pole at s = 1. In other words, if x is not principal, the
analytic continuation of L(s, x) to the whole s € C is an entire function.

(2) (Functional equation) The Dirichlet L-function has a functional equation, relating L(s, )
and L(1 — s,%X). More precisely, if x is a primitive Dirichlet character, then if we define

A(s, x) = <ﬂ> =ta r <3;a) L(s,x), a= {0 if x is even

T 1 ifxisodd,

then

_ G
ioy/m’
The quantity G() is called the Gauss sum, and |G(x)| = \/m, so that |e(x)| = 1.

2min

G(x)=>_x(n)e "

A(s,x) = (A1 —s,%), ()

Proof. By the relation between the Dirichlet L-function for imprimitive Dirichlet characters and
primitive Dirichlet characters, we only need to prove both (1) and (2) for primitive Dirichlet char-
acters. We will prove everything simultaneously, using the theta series, just as the functional
equation to the Riemann zeta function is usually proved. Recall that the Gamma function I'(s)
has an integral representation when Re(s) > 0,

I'(s :/ yle ¥V —.
(s) i "

In particular, for any 7 > 0, the change of variables gives

oo d 1
/ yse_ry—y = —TI'(s).
0 Y re
If we define the theta series to be
Oy(iy) = > x(n)e ™V, y >0,
nez

then this is identically zero if x isodd, andis2 ), -, x(n)e~™" if y is even, and is 142 > sl e~
if x = 1. Thus, when Y is even and nonprincipal and Re(s) > 1,

< 0\ (iy)dy T dy s (S
| B =) [ yrem Y —air () Lo,

Yy 1 0

[t =i () o

Y
Note that, for x even and non-principal, 6, (iy) decays exponentially as y — +o00, so for any

€ > 0, the integral
/Oo yg ex(iy) d_y

and for y = 1,

2y
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defines an entire function on s € C, and similarly fe > y% %%. The behavior of the integral
foe and the functional equation comes from the functional equation for the theta series:
G(x) i
0, (1y) = Ox .
(1Y) mA/y X\ 2 Y

This is a standard application of the Poisson summation formula.

Definition 6.19 (Schwartz function). A smooth (i.e. C*°) function f : R — C is called to be a
rapidly decreasing function if, for any N > 0, lim, 4., |z|" f(z) = 0. A smooth function
f + R — Cis called to be a Schwartz function if any n-th derivative of f, foralln > 0, is a
rapidly decreasing function.

Example 6.20. A typical example of a Schwartz function is
f(xz) = @ p(z)is an even degree polynomial in variable 2 with the negative leading coefficient.

T

2., .
For example, e is a Schwartz function.

Theorem 6.21 (Poisson summation formula). Let f : R — C be a Schwartz function. Then,

S ) =3 fn),

nez ne”

where f : R — C is the Fourier transform of f,
fla) = [ ey
R
which is also a Schwartz function.
The proof of this can be found in any standard text in Fourier analysis, which uses the fact that

the function
Flz) =3 [z +n),

nez
is a 1-periodic function, which has a Fourier series expansion, whose Fourier coefficients are

-~

actually given by f(n).
Applying the Poisson summation formula to f,,(z) := e ("9 since
2mixb
— e m _ Tz
fy,b(:c> = m\/ge 'm.2y7
we have
- —Tm(mn 2 ran
Oliy)= Y x®)) e =% " X0 fum)= Y, xO) fu®)
be(Z/mZ)* nez be(Z/mZ)* nez be(Z/mZ)* nez
2minb
e m _mn? 1 _m? 2minb
= > ) =y e YL x(be
be(Z/mZ)* e VY Y be (Z/mZ)*
As
G ) G 771'71,2
(x) 9x< 22 ) _ (x) Ze 7y (n),
v \iy) = i 2
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the functional equation for the theta series will follow if

ST xS = Gloxn),

be(Z/mZ)*

for all n € Z. If n is invertible mod m, then {nb : b € (Z/mZ)*} is a rearrangement of
(Z/mZ)*, so the identity holds as

ST e =xm) Y xmb)e =x(n) > x(ben = x(n)G(x).

be(Z/mZ)* be(Z/mZ)* be(Z,/mZ)*

2minb

Thus, we are only left with showing that 3, .2y« X(b)e” = = 0if n is not invertible mod m.
Suppose that (n,m) = " > 1. Then, for any = € (Z/mZ)* that x = 1 (mod d),

S =) Y xb)e = x@) Y b0 =) > x(b)e

be(Z/mZ)* be(Z/mZ)* be(Z/mZ)* be(Z/mZ)*

If X( ) = 1 for any such z, then it means that x is induced from a Dirichlet character of modulus
%, which contradicts the primitivity of x. Thus, this implies the desired statement.
From the functional equation of the theta series, for x even and non-principal,
s (8 * sO(iy)dy m' /°° 1 Ox(iy) dy
2F<—>L , — 9 X\I) 7T 2 X——’
" 2 (SX)/Iy 2y+G(Y)Ay 2y
and both integrals now define entire functions in s. As the Gamma function has no zeros, L(s, x)

has an analytic continuation as an entire function. Massaging this equation also gives the func-
tional equation. For the odd Y, one instead uses the theta series

y) =Y x(n)ny/ye ™Y,

nel

and proceed similarly (see Exercise 6.3). Finally, for x = 1, we have

s L 0,(iy) —1d o 01(iy) — == ¢

o s . dy 1 o s_ s=1_4q /OO s . dy 1 1
— 20 —]_— — 2 —_ 2 d — 29 _1_ - —
/1y(1(zy) )y+2/1 (y y )y 1y(l(@y) )y+8 1)

which gives an analytic continuation of ((s). This implies that ((s) may have simple poles at
s =0and s = 1, but as I'(s) has a pole at s = 0, {(s) has a simple pole only at s = 1.
Note that x(—1)G(x) = G(X), and
2mind
> xe " =Gx)x(n),

be(Z/mZ)*

for all n € Z. Therefore,

(P(m)|G(X)|2 = Z Z X(a)x(b)ezmnn(f_b) — Z Ze mn(a b)

n=1 q,be(Z/mZL)* a,be(Z/mZ)* n=1
=m > xla)x(a) = mp(m),
a€(Z/mZ)*

which gives the desired result. O
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The following is a famed result which we will see as a consequence of the analytic class number
formula we will see shortly.

Theorem 6.22. Let x be a nonprincipal Dirichlet character. Then, L(1, x) # 0.

The Dirichlet L-functions are holomorphic functions that themselves have little to do with
algebra, but the numbers appearing in various formulae regarding the Dirichlet L-functions (e.g.
values at certain points, Gauss sum, residue at a pole) encode a surprising amount of arithmetic
information.

6.4. Special values of Dirichlet L-functions. Here, we will study arithmetic properties of
numbers arising in the formula for a value of the Dirichlet L-function at special numbers (such
as integers).

Firstly, we note that the Gauss sums can actually be used to prove quadratic reciprocity; this
is the “analytic proof” (or “homological proof”) of quadratic reciprocity.

Analytic proof of the quadratic reciprocity law. Let p, ¢ be distinct odd rational primes. We want

to show that
p q p—lg—1
- — ) =(=1) 2 2.
(5)(5) =

n

Consider the Dirichlet character x,(n) := <E> of modulus p, and similarly y,, a Dirichlet char-

acter of modulus ¢. The product x, Y, is a primitive Dirichlet character of modulus pg. Note
that
1

pol ol pmin omim o mY 2mitanipm)
-8 £)(2) 7B - 50)(2)

n=1 m=1 n=1

Since gn + pmfor1 <n <p—1land 1 <m < g — 1 goes over all classes in (Z/pqZ)*,

p—1 ¢g—1 p—1 g—1

Z Z qn + pm qn + pm 2m<qn+pm) qn 2mi(gntpm)

Xqu ( ) ( ) - ( ) (—> e Pa .
1 m=1

n=1m=1 q n=1 m=
_Ghoxd)  _ (2) (z)
GOw)Gxg)  \a/ \p
Note that, for any prime p,

DB () () ) -5

n=1 n=1

Thus,

Here, the last equality comes from the fact that, if m runs from 1 to p, m? (mod p) hits nonzero
quadratic residues twice and 0 once. Similarly, for any distinct primes p, g, we firstly have

pq .
2min 2min 2mwipm
g ( ) e ra = E ( ) e pq g e pa = 07

n=1 m=1

so we have

G(xpXq) = i (g) (g) e = pqu ((g) + 1) ((g) n 1) e =Y et

n=1 n=
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Here, similarly, the last equality comes from the fact that, if m runs from 1 to pq, m? (mod pq)
hits quadratic residues coprime to pq four times, quadratic residues that are multiples of p or ¢
twice, and 0 once. Thus, the quadratic reciprocity law is a consequence of the following

Vh  ifh =1 (mod4)
iVh if h =3 (mod4).

h
2min?

Claim. If, for a positive odd integer h, S}, := Z e h , then S) = {

n=1

There are various proofs to this; we present a complex-analytic proof. Consider the function

27iz2

ful(z) = —

- e2miz _ 1’

which is a meromorphic function with simple poles precisely at the integers, and

2min?

€ h

Resz:n fh(z> = s

271

so if we let C'y be the contour which is a parallelogram that has Im(z) = £V as the horizontal
sidesand z = —% +(1+d)tand z = h— % + (1+1)t as the vertical sides (expressed as parametric
equations in variable t), by Cauchy’s integral formula, we have

frn(z)dz = Sh.
Cn
If 2 = x + iy, we have

_4nzy
e

h
< — .
|fh(z)| = ‘e,Qﬂ-y IR 1‘

Thus, the integral on the horizontal sides goes to zero as N — +oc. Thus, if we let L,; and L, be
the slope 1 lines (going upwards) passing through —% and h — %, then

Sy, = fn(2)dz — fn(z)dz.
Lo Ly

Note also that
fulz +h) = '™ f(2),

SO

i ; miz2  omiz2 iz
Sp = / (647”2 — 1) f(2)dz = / (e*™* + 1)@2sz = / o220 5 (1 4 / e ds
Ll L1 Ll L1

2_h2

27ri(z2+hz) 2miz2 2mi (Z _T) 2miz?
= e dz+ e h dz= e R dz + e r dz,
L4 Lq L1+% Ly

where L, + % is the contour L shifted to the right by g Since the integrand decays exponentially
away from the imaginary axis fast as the imaginary part goes to infinity, by Cauchy’s integral
formula, we can shift the contour without changing the integral, yielding

2_ p2

2mi| z *T) 7riz2 ik m_zz rih )
Sh :/ e(hdz—i—/ 62 vodz = (e_ 3 + 1)/ 62 hody = (e_T} 4 1) \/E/ e27rzz2dZ’
L L L Ly
1 1 1

Vh
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where again \L/—% is the contour L, scaled by \/LE By the same reasoning, we can shift the contour

L o .
5 so that the contour passes through the origin. We claim that

, 1 )
/627”22(122 +Z7
I 2

for any positive slope line L (going upward) passing through the origin. If the claim is true, then
if h =1 (mod 4), then S, = LEI=VE — \/ and if h = 3 (mod 4), then 5, = LV — ./,
which is what we want. By the same reasoning as above, it is easy to see that the integral does
not depend on the slope, so let’s assume that L is the slope 1 line. Then,

. o0 ) . o0 1 [ 1+1
/ 22 1y = / eQm(H“)Q(l +i)dt = (1 +1) / e =4 gt = ;_ ! / e ™ dt = ;—Z,
L _ —_

as desired. O
For two Dirichlet characters v, x, the quantity
G(¥x)
G)G(x)’

is very interesting, as used in the above analytic proof of the quadratic reciprocity law. This is
also useful when 1), x are of the same conductor, and even has a name to it.

Definition 6.23. Let p be a rational prime. For v, x two Dirichlet characters of conductor p such
that ¢y # 1, then the Jacobi sum is

I = S

Lemma 6.24. Let p be a rational prime, and let 1, x be Dirichlet characters of conductor p such
that v is not principal. Then,

p

J(W,x) = x(a)y(1 —a).

Proof. Note that

as desired. O

Now we can give an “analytic proof” of Fermat’s theorem that any prime = 1 (mod 4) is a sum

of two squares.
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Analytic proof that a prime = 1 (mod 4) is a sum of two squares. Let p = 1 (mod 4) be a rational
prime. Then, as 4 divides p — 1, there is a surjective group homomorphism x : F* — Z/4Z. By
identifying 7 /47 with us C C, we can see x as a Dirichlet character of conductor p. Note that
|J(x,x)| = \/p from the size of the Gauss sums, but also by Lemma 6.24, J(x, x) is an integer
linear combination of i and 1, so J(x, x) € Z[i]. Thus, J(x, x) € Z[i] has norm p, so we actually
explicitly constructed an element Z[i] whose norm is p. O

The Jacobi and Gauss sums can also give an “analytic proof” of the cubic reciprocity law!

Analytic proof of the cubic reciprocity law. Let K = Q((3) and 7, m € Of be distinct primary
primes, with N (1) = p1, N(m2) = p2. Here, we will only prove the case p; = p, = 1 (mod 3),

which is the most difficult case. We can consider, for j = 1,2, x,(n) = (ﬂ) as a Dirichlet

character mod p;. Then, J(x1, x1) € Z[(3], whose norm is p;, thus a prime number. Note on the
other hand that x? = X7, so
Gx)?* _ Glx)? G(x)? G )

T00X) = G0y =66~ e . m

as x1(—1) = x1(—1) = 1. Therefore,

327rz'_1

p—1
27ia 27r'La 27r'La
J(xl,xozG(xl)?’:(}jma)ep) }jm e 2:3 =T—1zz<mods>.
a=1

—1

Therefore, it follows that J(1, x1) is a primary prime whose norm is py, so J(x1, x1) is either
T Or ﬁl.
We claim that J (1, x1) = 7. Note that, by the definition of x1,

p1—1 p1—1

J(x1, x1) ZXl a)Xa(l —a) Za 5 (1—a) P (mod 7).

Note the following lemma.

Lemma 6.25. Let p be a rational prime. Let f(X) € Z[X] be a polynomial such that f(0) = 0 and
deg f < p — 2. Then,

Zf 0 (modp).

Proof. Tt suffices to show when f(X) is a monomial, i.e,, for 1 <k <p— 2,

p—1
Z a® = 0 (mod p).
a=1

Note that there is a primitive root g mod p, which means that {1,2,--- ;p—1} = {1,¢, -, gp_Q}
modulo p. As g* # 1 (mod p),

p—1 p—2 p—l)k 1

a=1 =0 g -1
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Therefore, it follows that J (1, x1) = 7. In particular, G(x1)® = pi7i.
Note that, for j = 1, 2, 7;, the complex conjugate of 7}, is also a primary prime. Let 1;(n) :=

<::]> Then, G(¢1)® = p,71. Thus,

po—1

G ' = (mm) 3

= Xz(p177) (mod my),

or

G(V1)P? = G(Y1)x2(p1m1) (mod 7).
On the other hand,

p1—1 orin Pz pi—1 pil 2mia
= (Z wl(a)e Pl ) Zw _ Zwl(a)ep??
a=1

p1—1

p2)™" Y tn(paa)e” P = 4y (p2) G () (mod my),

so we have
U1(p2)? = xa(pr71) (mod my).
Since both are in ;13 C K, them being congruent mod 7, is the same as them being equal;

Y1(p2)? = x2(p177).

p1—1 - p1—1

Note also that 91 (p2) = p, °  (mod 77), which implies that ¢ (p2) = py * (mod 1), or 1 (p2) =
X1(p2). Since ¥y (p2) = ¥1(p2)?, we have

X1(p2) = x2(p171).

We can switch the roles to obtain various equalities:

x1(p2)® = x2(mim1),  Y2(p1)® = xa(pam2),  x2(p1)® = xa(pama),
Thus we have

X1(ma2)xa(p177) _ X1(pams) _ Xa2(p1)?
X2(p177) x2(pim)  xe(pimi

3)-@)

Another arithmetically interesting numbers coming out of the Dirichlet L-functions are the
values of Dirichlet L-functions at certain numbers, in particular at the integers, which are ex-
pressed in terms of the (generalized) Bernoulli numbers.

xi(m2) = ) = Xa(m1),

or

0

Definition 6.26 (Bernoulli numbers). The Bernoulli numbers By, By, - -- are a sequence of
rational numbers defined as the coefficients of the power series as follows:

X By o
eX —1 n‘X
n=0
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More generally, let x be a Dirichlet character of modulus m. The generalized Bernoulli num-

bers By ,, B, - - are a sequence of algebraic numbers defined as the coefficients of the power
series as follows: . .
Xe®X By on
ZX(CL>€mX 1 Z n PR
a=1 n=0
Note that B, 1 = B, except B, 1, for which B; = —% whereas By 1 = %; this disparity comes

from the only appearance of pole in the Riemann zeta function and not in the other Dirichlet
L-functions.
The generalized Bernoulli numbers can be computed using the Bernoulli polynomials,

B, (X) = Zn: C‘) B X",

i=0
from which, for a Dirichlet character of modulus m,

= ”IZX w(a/m).

In particular, B, , € Q(x), where Q(y) is the trace field of y, which is the smallest number
field that contains y(a) for all @ € N.
Example 6.27. The first few Bernoulli numbers are:
1 1 1
By=1, Bj=—-——-, By=-, B3=0, Byj=-——
0 ) 1 2 ) 2 6 ) 3 ) 4 30 )

There is an obvious pattern, which is in fact true in general:

B5:07 BGZ_

Proposition 6.28.

(1) For an odd integern > 1, B,, = 0.
(2) For a Dirichlet character x of modulusm > 1, B,,,, = 0 if (—1)" # x(—1) (i.e. if n is odd
and x is even, or if n is even and X is odd).

X X+XeX
+7_ tre

Proof. (1) This is an easy consequence of the fact that - X = 551 is an even function

1
in X, as
X —Xe X —XeX¥—X X+ XeX

2(e —X—1) T 2(1— &X) :2(eX—1)'

(2) Let f(X)=>"""x(a ) X% (the sum can end at a = m — 1 as m > 1). Then,
m—1 e—aX m—1 (m—a)X
Xe
x(a X(— — = x(=Df(X),
a=1 a=1

from which the statement follows.

O

We will see in a few lectures that these harmless-looking rational numbers have in fact a lot to
do with the arithmetic of cyclotomic fields. In the meantime, we notice the relation between the
generalized Bernoulli numbers and the values of the Dirichlet L-functions at the integers.

Theorem 6.29 (Values of the Dirichlet L-functions at the integers). Let x be a primitive Dirichlet

character of conductor m.
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(1) For a positive integern > 1,

B,y
wt
In particular, L(1 — n,x) € Q(x), and L(1 —n,x) = 0 if (=1)™ # x(—1) (i.e. L(s,x)
vanishes at the negative odd integers when X is odd, and at the nonpositive even integers
when X is even, with an exception ((0) = —% ). These zeros are called the trivial zeros of
the Dirichlet L-functions.
(2) Let x be even. For a positive integer n > 1,

L(1—n,x)=—

7T2n

2m?2n (_2/2) (n!)?

L(QTL, X) = _G(X) BQn,x-

In particular, 2229 € Q.
(3) Let x be even. For a nonnegative integern > 0,
272n . L(s,%)

. lim :
m2n+1 (H;E) (n!)Q s——2n 8 + 2n

L(2n+1,x) = (=1)"G(x)

(4) Let x be odd. For a nonnegative integern > 0,
20+

m?2n+l (_];1/2) (nh)2(2n +1)

L(2n+1,x) =iG(x)

B2n+1,X'

In partlcular ijlx € Q.
(5) Let x be odd. For a positive integern > 1,
22n—l ) L(s,X)

L(2n,x) = (-1)"G lim ——
(2n,x) = (=1)" (X)mzn(né)(n_l)!n! 5%11@2718%—2”—1

Proof. Note that (2), (3), (4), (5) are the consequences of (1) and the functional equation, with some
facts such as B, = B, ['(n) = (n — 1)! for a positive integer n, Res,—_, ['(z) = (7n1!)" for a
nonnegative integer n, and for a nonnegative integer n,

r(%Jrn) - (”;%>n!ﬁ, F(%—n) :T‘/j)n!.

We now prove (1). We start from

o d o0 d
I(s) = / yse_y—y = / nsyse_”y—y,
0 Yy 0 Yy

which holds for Re(s) > 1. From this, we get, for Re(s) > 1,

P($)L(s, / (ZX —”y> dyy.

Let P (X) = 3202 x(n) X" = 3200 x(a) X0 3002 g X = 3700y X(a) 1= - Then, I'(s)L(s, x) =

fooo Px(e*y)ysd—;’. We want to take this integral representation and perform the analytic continu-
ation of the product I'(s)L(s, x) by doing integration by parts with u = P, (¢7¥) and dv = y*~*,
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using that I'(s + 1) = sI'(s). The problem is that P, (e™¥) diverges as y — 0. Thus, we consider
the modifed version, L*(s, x) = (1 — 21~ S)L( ) 'Ihen we find that

)L* (s, %) / Ry(e™?) Ry(X) = Py(X) — 2P,(X?).

This has an advantage, that

+1)

(Xm—a—1_|_-_._‘_1)_(XCL—1_|_...
ZX <1—Xm I_sz) ZX X2m=1 4 ... 41

which now has the property that limy_,o+ R, (X) = >, x(a)™2% is a finite number, and

limy 00 By (X) = 0. Let ry x(y) = (ddy—kk> R, (e7Y). Then, by integration by parts,

y=oo 1 [ dy 1 /°° dy
s+1 s+1

[ — 7” , y y —_— T —— /r‘ , y y _7
y=0 S /o x1) Y sJo 1) Y

D)L (5,00 = ryaln) &

as 7,,0(y) decays exponentially as y — 400, so

o d
D(s + 1)L (s, ) = — / ralo)y L
0

By a repeated application of integration by parts, we get, for any £ > 0 nonnegative integer,

(s + L (s = (1) [ ) sl L

The integral on the right defines an entire function on Re(s) > —k. Now applying this to k = n
and s = 1 —n, we get

(1= 2)L(1 —n,x) = (—1)" / @)y = (—1)" i (0).

Note that
rvo(y) = Py(e7?) = 2P (e7™),
“ e > By,
vy — _ _ X, k—1
R = M0y = DD
o)
[e%S) Bk
TX O — 1 o 2k‘ k‘X k— 1
k:0
Therefore,
(1-2")L(1 )= (=" o (v) 1 (1)1 — 2 e
» X dyn_l x,0 Yy =0 n ’
or L(1 —n,x) = —By,/n, as desired. O
Example 6.30. For example, Theorem 6.29(2) applied to the Riemann zeta function implies that
7.[_211

2n :——BQn.
T
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This replicates the known values:

w2 w2 m mt mt
€(2) =~

WBQ =% (2n) = ——=7B an

8("/3) 7 303 90’

Note that Theorem 6.29 tells us that L(s, x) evaluated at the nonpositive integers are algebraic
numbers, and half of them are zeros. Furthermore, L(s, x) evaluated at the positive integers with
matching parity with x is an algebraic number times a precise power of 7. It is a well-known fact
that 7 is a transcendental number, i.e. T ¢ Q, so we know the transcendence of L(s, ) at the
positive integers with matching parity.

What about the values of L(s, y) at the positive integers with different parity from Yy, i.e.
the cases of (3) and (5) in Theorem 6.29? Note that the limits appearing in the statement are the
leading coefficients at the zeroes of Dirichlet L-functions; indeed, if x is even, L(s, X) has a zero

ats = —2n,and lim,_,_o, % is the leading coefficient of the Taylor series expansion of L(s, )
at s = —2n, and similarly for x odd case. These cases include the values of ((s) at the positive

odd integers > 1. In fact, the following is expected.

Conjecture 6.31 (Folklore). For a Dirichlet character x and a positive integern > 1, L(n, x) is a
transcendental number (i.e. L(n,x) ¢ Q).

Other than those covered by Theorem 6.29, the progress is minimal; the only progress so far is
that ((3) ¢ Q (Apéry, 1978)*. Note that only the irrationality is known, not the transcendence!
Finally, we record the Generalized Riemann Hypothesis (GRH):

Conjecture 6.32 (Generalized Riemann Hypothesis). Let x be a Dirichlet character. If s = z isa
non-trivial zero of L(s, x), then Re(z) = 1.

6.5. Analytic class number formula. We now study the information carried by an L-function
associated with a number field, called the Dedekind zeta function.

Definition 6.33 (Dedekind zeta function). Let K be a number field. The Dedekind zeta func-
tion ((s) is defined as

Ck(s) = Z N(la)S’ Re(s) > 1.

aC O g nonzero ideals

Example 6.34. The Dedekind zeta functions are generalizations of the Riemann zeta function,
as (o(s) = ((s).

Lemma 6.35. For a number field K, the Dedekind zeta function (i (s) has an Euler product expres-

(k(s) = I1 (1-N(p)~)"", Re(s)> L

pC Ok maximal ideals

Proof. Easy. O

The Dedekind zeta function, just like Dirichlet L-functions or any other L-functions, has an-
alytic continuation and functional equation. We will however focus more on the poles and the
residues of (x(s), which is encoded by the analytic class number formula. To state it, we
need one more definition.

25In March 2024, Calegari-Dimitrov-Tang announced the proof of L(2, x3) ¢ Q, where y3 is the unique non-
principal Dirichlet character of modulus 3.
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Definition 6.36 (Regulators). Let K be a number field, with r real embeddings oy, - - - , 0., and s
pairs of complex embeddings, {o,.1,7,71}, - ,{0+s, 0715} The regulator of K, denoted Ry,
is the volume of a fundamental parallelopiped of 7(L(O})) C R"**~!, where

L: OIX( — RT+87 xr = (10g ’0-1(3:)’7 T 710g |UT($)‘7 210g |UT+1(J;)‘7 T ,QIOg |0-r+s(x)|)7
is the map considered in the proof of Dirichlet unit theorem, Theorem 6.1, and
TR S RS (e ) e (f e teyse),

forgets the last coordinate.

In other words, if uy, - - - , u,1s_1 is a fundamental system of units of K, then
log | (u1)]| logloi(uz)| -+ logloi(uys-1)|
Ry = |det log |0 (u1)]| log |0 (u2)] T log |y (tr45-1)]
2loglovii(ui)|  2loglopia(ug)|  --- 2loglopr(Urgs—1)]
2log|orps—1(u1)| 2log|oygs—1(uz)| -+ 2log|os—1(trgs—1)|

Lemma 6.37. Forany 1 < i < r + s, the regulator Ry can be computed by using 7; : R™"* —
R"*5~1 which forgets the i-th coordinate.

Proof. This is because the (r + s) X (r + s — 1) matrix

log |oy (u1)]| logloi(uz)] -+ loglon(uris—1)|
log ’O—r(ul)’ 10g ’O-T(UQ)’ e log |0r(ur+s—1)|
2log |41 (ud)]| 2log o (uz)|  --- 2log o (urrs—1)| |,
210g |0r+371(u1)‘ 210g ’UrJrsfl(uQ)l e 210g ’O-r+sfl<ur+sfl)’
2 log |Ur+s (u1>| 2 lOg |Ur+s (u2>| e 2 lOg |O-7"+s (uT+S—1)|
has the property that each column sums up to zero. U

Example 6.38. Let K be a real quadratic field, regarded as a subfield of R, and let € be the
fundamental unit. Then, Rx = log k.

Now we can formulate the analytic class number formula.

Theorem 6.39 (Analytic class number formula). Let K be a number field of degree n, with r real
embeddings and s pairs of complex embeddings. Then, the Dedekind zeta function (i (s) has an
analytic continuation to a meromorphic function on the whole complex plane, with only one simple
pole at s = 1, with residue

2"(2m)°Rih
lim(s — 1)Cr(s) = —2m) Bachie
1 #iur /| dise(K)]
It’s very surprising that the residue of the Dedekind zeta function, an analytic quantity, is
related to a bag of algebraic quantities we have defined so far! We will not try to prove the
analytic class number formula in this class; the proof is elementary but time-consuming.** An

26The basic idea is to estimate the number of integral ideals of norms < mn and to use the so-called
Abelian/Tauberian theorems. The class number appears as you can partition the integral ideals according to
their ideal classes, and the regulator appears because you are counting something using geometry of numbers.
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application of the functional equation, which we also do not bother to state, gives an equivalent
statement for the Dedekind zeta function at s = 0;

Theorem 6.40 (Analytic class number formula, alternative version). Let K be a number field
of degree n, with r real embeddings and s pairs of complex embeddings. Then, the (analytically
continued) Dedekind zeta function (xk (s) has a zero of orderr + s — 1 at s = 0, and

Cr (s) _ hg R

s—0 Sr+sfl #,UK .

The analytic class number formula is extremely useful both computationally and theoretically.
Firstly, there is a relation between the Dedekind zeta function and the Dirichlet L-functions.

Lemma 6.41. Let K/Q be an abelian extension, which is contained in Q((,) by the Kronecker—
Weber theorem, Theorem 2.36. Let X be the set of Dirichlet characters mod n that are trivial on

Gal(Q(¢)/K) C Gal(Q(¢,)/Q) = (Z/nZ)*. Then,

8): H L(S7X0)7

XEX K

where, for each x € X, xo is the primitive character inducing .

Proof. By the Euler product expansion, it suffices to show that

() 11 (1=NE) ™) = ] 0= x@p),

pC O primes lying over p XEXK
for all rational primes p € Z. As K/Q is Galois, the residue degrees are the same among the
primes above p and the same applies for the ramification indices. Let e, f, g be the usual notation.
Then, the left hand side of (x) is (1 — p~7/*).

Note that if we take the smallest n such that K is contained in Q((,), then any prime p € Z
that ramified in Q((,,) is also ramified in K; if not, if we let n = p®m for a > 1, (p,m) = 1, then
any prime of Q((,,) lying over p is totally ramified in Q((,,)/Q((n), so KQ((n) = Q((n), or
K C Q(¢n), a contradiction.

Suppose e = 1. Then, p € (Z/nZ)* corresponds to Fr, € Gal(Q((,)/Q), and by the Frobenius
in towers, Theorem 4.61, Fr,, € Gal(//Q) is the natural image of p € (Z/nZ)* = Gal(Q(¢,)/Q),
and f is the order of p € Gal(K/Q). This implies that, for Y € Xy, x(p)’ = 1. Note that

#Xkg = [K : Q] = fg, as X = Gal(K/Q) = Gal(K/Q). It is easy to see that there are
precisely g characters in X that y(p) = e?™™/f for each m = 0,1,--- , f — 1 (exercise!), so the
right hand side of () is H;.c:l (1 — e?™3/fp=2)9. Now the identity follows from the identity

~

(1-— Xf — H 2m]/fX

7j=1
and plugging X =p~°
Suppose ¢ > 1, so that n = p*m witha > 1, (p,m) = 1. Let K/L/Q be the maximal
subextension on which p is unramified (this exists as p being unramified is preserved by the
compositum of field). I first claim that [K : L] = e. This is because, if we take p C Ok lying
over p, then D(p|p) C Gal(K/Q) is of order ef, and D(p|p) = Gal(K,/Q,) for which ek, 9, =
e and fg,/g, = f, so the maximal unramified extension K,/M/Q, gives rise to a subgroup

Gal(K,/M) C Gal(K,/Q,) corresponding to a subgroup G C D(p|p) C Gal(K/Q), and this
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fixes a subfield L such that p is unramified in L and [K : L] = e. As this index cannot be smaller
than e, we indeed have the claim.

Now I claim that the Dirichlet characters in X of conductor prime to p are precisely those
induced from X;. If this is true, the p-part of (x) follows from the corresponding identity in
L which we dealt in the above paragraph. As the Dirichlet characters in X; have conductors
prime to p, one containment is clear. Suppose conversely that a Dirichlet character x € Xk has
conductor prime to p. This implies that y : (Z/nZ)* — C* comes from xy : (Z/mZ)* — C*, or
that x is trivial on Gal(Q((,)/Q(()). Thus, x is trivial on Gal(Q(¢,)/Q(¢n)) Gal(Q(¢,)/ K) =
Gal(Q(¢,)/Q(Gn) N K). I claim that L = Q((,,) N K, which will prove the claim. On one
hand, L is the maximal subextension of K/Q on which p is unramified, and on the other hand,
Q(¢n) is the maximal subextension of Q((,,)/Q on which p is unramified. Thus, L C Q((,,) N K.
On the other hand, certainly p is unramified in Q((,,) N K, so Q((,,) N K C L, yielding that
L =Q(¢n) N K, as desired. O
Corollary 6.42. Let K/Q be an abelian extension. Then, C(()) is an entire function.

Combining Lemma 6.41 with the analytic class number formula, we get the following

Corollary 6.43. Let K/Q be an abelian extension, and retain the notation of Lemma 6.41. Then,

2"(2m)°Rih
( ) .K = = H L(LXU)
#MK | dlSC<K)‘ XEX, X nonprincipal
Proof. This follows from the fact that the simple pole of ((s) at s = 1 has residue 1. U

We now can see why Theorem 6.22 is true.

Proof of Theorem 6.22. Let x be a non-principal primitive Dirichlet character of modulus m. Then,
by Theorem 6.18, the only way that (g((,,)(s) has a simple pole at s = 1 (which is indeed the case

by the analytic class number formula) is when L(1,1)) # 0 for all nonprincipal ¢ € (Z /mZ)%,
as ((s) has a simple pole at s = 1 and no other Dirichlet L-function has a pole at s = 1. D

The reason why this is computationally useful is that L(1, x) has a closed formula!
Theorem 6.44. Let x be a primitive nonprincipal Dirichlet character of modulus m. Then,
o [P (e ifx is odd
(1) = —% Yo X(a)log ‘1 — e%‘ if x is even.
Proof. The odd case is simply a reformulation of Theorem 6.29(4), which says L(1, x) = %(X)BLX,

. . . . 1
combined with the identity By, = >~ | x(a)a.
The basic idea for the even case comes from that

:_¥iy(aﬂog (1_627:;-&) :—% Y log‘l—Gania .

m

271-1an

a=1 a=1
Here, the last identity comes from the fact that, as x(—1) = 1,

27mia

+ X (—a)log ‘1 —e m

X(a)log <1—e22a> + X(—a)log (1—6’2?) X(a log‘l—e o
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However, this is not really a proof as the infinite series is only conditionally convergent, so we
cannot freely change the order of summation. This can be justified as follows. We have, for

Re(s) > 1,

m m o m 2mi(a—n)k
1 x(a) e m
L) =) xa) >, 5=D 55> D —i—
a=1 n=a (modm) a=1 n=1 k=1
1 m m 0o e_m 1 m e ) e_m
2miak m _ m
S (S ) S - S e
k=1 =1 n=1 k=1 n=1
_ 2mwink
We can now use the fact that, as s € R approaches 1 from the right on the real line, > | ~—"—
is sent to — log <1 — 6_%) Switching k to —k, we get the desired result. U

Remark 6.45. Theorem 6.44 can be reformulated in terms of the leading coefficient of L(s, x)
at s = 0, ie. L(0,x) for x odd, and L'(0, x) for x even. As seen in the analytic class number
formula, the expressions for L(s,y) at s = 0 are much nicer (in particular doesn’t involve 7
or the Gauss sums). There is a generalized version of Lemma 6.41 that applies to any number
field K /Q, which factorizes (i (s) into a product of Artin L-functions (non-abelian version of
Dirichlet L-functions), and the analogue of Theorem 6.44 is called the Stark conjecture, which
predicts the leading coefficient of the Artin L-functions at s = 0 in terms of a regulator matrix
consists of logarithms of units.

6.6. Class numbers of quadratic fields, II: A closed-form formula. A surprising conse-
quence of this is a closed-form formula of the class number of a quadratic field!

Definition 6.46. Let K = Q(v/d) be a quadratic field with d = disc(K). The quadratic Dirich-
let character (quadratic character in short) x, is a Dirichlet character of modulus |d|, defined
as

0 if (n,d) > 1
xa(n) = (p%) 1”’(10%) ' ifn>0,n=p"- - pfand (n,d) =1

xa(—=n)xq(ld| — 1) ifn <O0.

Lemma 6.47. Let K = Q(\/d) be a quadratic field with d = disc(K).

(1) The quadratic character x4 is a primitive Dirichlet character of conductor |d|.
(2) The quadratic charcater x4 is even if d > 0 and odd if d < 0.

Proof. (1) By quadratic reciprocity, it is easy to see that x, is indeed a Dirichlet character of
modulus |d|.

We show that y is a primitive Dirichlet character of conductor |d|. Then, |d| can be a
non-squarefree integer precisely because there might be a power of 2 dividing |d|, and it
can go up to 8|d. On the other hand, v5(d) can only be 0, 2 or 3. If d is odd, thus square-
free, the quadratic reciprocity law shows that indeed the conductor is divisible by every
prime factor of d, thus equal to d.

Suppose that v5(d) = 3. Let’s take a prime p = g + 1 (mod d), which is possible due to
the Dirichlet’s theorem on primes in arithmetic progression (e.g. Exercise 6.4). Then,

()~ ().
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Now note that d/4 is a square-free integer, d = €2¢; - - - ¢, € € {£1}. Then,

wo=(5) G)II(5)

As p = 1 (mod4), by quadratic reciprocity, <%) = <p> = <i> = 1. Also, as p =

E q;
1 (mod 4), regardless of whether € is 1 or —1, (%) = 1. On the other hand, (%) = —1, as

p = 5 (mod 8). This implies that x4(p) = —1. This implies that the conductor of y, does
not divide £, which means that the conductor is precisely |d|, as desired.

Finally, suppose that v5(d) = 2, so that d = 4e, e = 3 (mod4), e = +¢;---q, a
squarefree integer. Let’s take a prime p = £ + 1 (mod d), which is possible due to the
Dirichlet’s theorem on primes in arithmetic progression. Then,

wo = (5) = (5) = G (3) - G I (=0 (3)) - (5) e

as p = 3 (mod4). If e > 0, then x4(p) is (—1) raised to the power of the number of ¢;’s
that are = 3 (mod 4), which is odd, so this is —1. On the other hand, if e < 0, then y4(p)
is (—1) times (—1) raised to the power of the number of ¢;’s that are = 3 (mod 4), which
is even, so this is again —1. All in all, this implies that the conductor of x; does not divide
g, which means that the conductor is precisely |d|, as desired.

(2) Ifdisodd, thend = +¢q; - - - ¢, is a squarefree integer. Letp = 2¢; - - - ¢,—1 (mod 4q; - - - ¢;.)
be a prime, whose existence is again guaranteed by the Dirichlet’s theorem on primes in
arithmetic progressions. Then,

s ()= (RE)-TIE) -1 E) T

=1 =1 =1 =1

as p = 1 (mod4). Note that, if d > 0, then ¢ ---¢, = 1 (mod4), so that the number
of ¢;’s that are = 3 (mod 4) is even, so x4(—1) = 1. On the other hand, if d < 0, then
¢1 -+ g = 3 (mod4), so that the number of ¢;’s that are = 3 (mod 4) is odd, so x4(—1) =
—1.

If vo(d) = 8, then d = +8¢q1g2- - ¢, q1,- -+ ,q- are distinct odd primes. Let p =
—1 (mod |d|), whose existence is guaranteed by the Dirichlet’s theorem on primes in
arithmetic progressions. As p = 7 (mod 8),

wen == (5) = () G)IG) = GO0 (7))
-G (3)-G)

Thus, y4(—1) =1ifd > 0and x4(—1) = —1if d < 0.
Finally, if v5(d) = 4, then d = +4¢1--- ¢, ¢1, - , ¢, are distinct odd primes, and

+q¢---¢, = 3 (mod4). Let p = —1 (mod |d|), whose existence is guaranteed by the
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Dirichlet’s theorem on primes in arithmetic progressions. As p = 3 (mod 4),

Xa(—=1) = xa(p) = (g) - (%) H (%) - (%) 11 ((_in;l (§)>

=1

-G (3)-G)

Thus, xy4(—1) =1ifd > 0and x4(—1) = —1if d < 0.

The factorization of Dedekind zeta function gives the following:

Corollary 6.48. Let K = Q(v/d) be a quadratic field with d = disc(K). Then,
Cr(s) = C(s)L(s, xa)-
Proof. This follows from Lemma 6.41 and Lemma 6.47(1). 0]

Theorem 6.49. Let K = Q(v/d) be a quadratic field with d = disc(K).

(1) Ifd < 0, then
|d|
o H#IK
hx = o0 Zxd(a)a :

a=1

(2) Ifd > 0, then

10g|eK| ZXd )log (sm <7Tda>> ’

where e is the fundamental unit of K (with respect to the real embedding K C R sending
Vd /).
Proof. (1) As per the analytic class number formula and Lemma 6.47(2), we need to prove that

d

Note that x4 is valued in 41, so in particular L(1,y,) is a real number, and actually a
positive real number, according to the analytic class number formula (alternatively you
canuse L(1,x) = > 7, x(n)/n and the alternating series test). By Theorem 6.44,

|| |d|
T/ |d| T
L(1,xq4) = [L(1, xa)| = FE > xala)a| = [P > xala)a
a=1 a=1

(2) As per the analytic class number formula and Lemma 6.47(2), we need to prove that

L(1,xq) Zxd ) log (Sm (7;@)) .
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Again, by the same reasoning, L(1, Xd) isa positive real number, so by Theorem 6.44,

Zxd ) log ‘1 — el

L(1,xa) = |L(1, xa)|

As yq4 is even,

d
Z Xa(a)log ‘1 — i
a=1

noting that if d is even, a = g will be still even, so that x4(a) = 0. Now the statement

follows as
1 2ma s 2ra’\| 1 2ma 2+ . o [ 2ma
oS 7 1sin 7 = oS 7 sin 7
2ma .o (T . [(Ta
2—2(:03(7)—\/2—2(1—25111 (7)>—2sm<7),

as 0 < 7 < 7, andasQZa 1Xd( )log2 =1log2 3¢ xa4(a) = 0.

5]

=2 Z xa(a)log ‘1 e~

a=1

)

27ia

‘1—6 d

0
Example 6.50. (1) Let K = Q(v/—5). Then, d = disc(K) = —20, so

e (G () () () (B () ()

34T () 1+ (F) 13+ ()17 (F)19] _ 20-11-13-17-19] _ 40 _y
20 20 20 ’
which matches with our earlier discussion.

(2) We have found above that the fundamental unit of KX = @(\/7 ) is 8 + 3v/7. Then, d =
disc(K) = 28, so

‘log sin g + ( )log sin 37 S5 T (g) log sin 3% 55 T ( ) log sin 2Z S5 T (ll) log sin 1215? + (13) log sin 1238“
log(8 + 3\/_)

‘log sin 55 + log sm — log s1n < +log sm — logsin &* 1

log(S +3V7 )
Now you can numerically compute the class number using calculator, as you are theoret-
ically guaranteed to get an integer for this horrible expression! Indeed, both the numer-
ator and the denominator are computed ~ 2.7686, so hx = 1 (computation correct up
to a certain error will actually rigorously pin down the class number as it is an integer).

Alternatively, you may algebraically manipulate the fraction to show that it is 1, which I
am sure is a fun exercise?’.

17r 137

— log sin 5

sin 28 sin 28 sin 28

27Let’s prove that 2228 > 28 "0 28 — 81 3./7, which will prove the desired equality. Note that this is the same

sin 28 sin 38 sin I8

5
as tan 3%

. .. . 1—tan 2 1—2a— 3a—
— 28 . — — i o 58 — a—a’ 3T _ 3a a’
fam 2 tan IZ 8+37. Leta = tan o5 for simplicity. Since tan 2 38 TFtan 32 TT2a—qz and tan el

9.2
we want to show that L_gg 32 = (8+3\f) 31(1 3—;2 , ((11+22aa a(lz))(glagiaa“)) = 8+3+/7. Note that as L&M > 1,it

7~ tan

follows that the identity ((11+22aa :2 ))((31(123(1&2) =8+4+3\/Tis equivalent to the identity (((11_;22;:;1;))((?)1&2iaaf) — 8) = 63,
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Asyou can see, the practicality of the formula comes from the ability to put this into computers,
not from the simplicity of the formula - it’s generally tedious to massage the closed-form formula
into a number. Another virtue of the formula is that we can prove very general upper bounds on
the class number. For example,

Theorem 6.51. Let K = Q(\/—n) be an imaginary quadratic field with n squarefree integer > 1.
Then, hie < 3.

PrOOf We know that #MK = 2 in this case, so hK = |dlsc(K Z‘dlSC K)| 1sc(K) (CL>CL’. As
Xdise(k)(—1) = —1, we have

L%J
1 .
hK = W ; (Xdisc(K)(a>a - Xdisc(K)(a)(| dlSC(K)’ — (I))

I_ | disc(K)\ J
1
= W Z XdlSC(K (‘ dlSC( )’ — 2@)

1
< — disc(K)| — 2a).
e (oD (| dise(K)| — 2a)
1<a<| 1Ol | (g, disc(K))=1
If n = 3 (mod 4), then disc(K) = —n is odd, so

n—1

1 (n—2a) =

hrg < —

3
[+
3
o |
—
|
S
|
[\
[\&)
A
SIE

=)
—_

and if n = 1,2 (mod 4), then disc(K) = —4n, so

n

hi < % 2(477, —2(2a—1)) =

(An+2)n 1~ 2n+1 n+1 n
in 2 a="3 2 2
O

Remark 6.52. In general, when you are using the analytic class number formula, it is difficult
to separate the terms hy and Rx. Moreover, even in the case of K an imaginary quadratic field
so that R = 1, giving a lower bound on h is the same as giving a lower bound on L(1, x)
for some ¥, and this is generally much harder than giving an upper bound on L(1, x) - giving
a lower bound on L(1, ) is related to the absence of zeros in a region around 1, and you may
imagine that this is hard as the Generalized Riemann Hypothesis is also about the absence of
zeros in a region.

EXERCISES

or after clearing the denominators a'? —4a*t —52a'0+28a° +455a® —24a” — 103245 —24a° +455a* +-28a3 — 5202 —

4a+1 = 0. Using the tan =1, wehave % =1,ora”—7a%-21a°+35a*+35a3—-21a®~7a+1 = 0.
Note that this is (a+1)( — 8a® — 13a* + 48a3 — 13a® — 8a+ 1) = 0, s0 as a # —1, we have a® — 8a® — 13a* +
48a3 —13a® —8a+1 = 0. As (25 — 825 — 132% + 4823 — 1322 — 8z + 1) (25 + 42® — T2t — 2423 — T2% + 42 +1) =
212 — 4zM — 52210 4 2849 + 45528 — 2427 — 103225 — 242 + 4552* + 2823 — 5222 — 4z + 1, we have shown
the desired identity.
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Exercise 6.1. Let K = @(\/8) be a real quadratic field with d > 1 is a square-free integer with
d=1(mod4),ie. disc(K) =d,and O = Z[@].
(1) Show that the continued fraction of

{\/E+1J+\/8—1

2 2

is purely periodic.

Vid—1
2 b

(2) Let (ag; aq, - - - ) be the continued fraction of
damental unit of K'ise = Py + Qz_1@.

Exercise 6.2. Let K = Q(v/d) C R be a real quadratic field, with d > 1 a square-free integer.
The sign of K is N(K) := Ng/q(€), where € is the fundamental unit of K (i.e. the smallest unit
> 1).
(1) Show that N(K) = —1 if and only there is a unit whose norm is —1. Deduce that N (K) =
—1 if and only if the equation z* — disc(K)y? = —4 has integer solutions z, y € Z.
(2) If d has a prime factor that is = 3 (mod 4), show that N(K) = 1.
(3) Let m be the modulus of K such that m; = 1 and m, is the product of the two real
embeddings of /. Show that the natural surjective map Cl — CI(K) is an isomorphism
if and only if there exists a unit of norm —1.
(4) Using (2) and (3), deduce that if d has a prime factor that is = 3 (mod 4), then there is an
abelian extension L /K that is strictly bigger than Hy and is unramified at every prime
ideal p C Ok (cf. Exercise 5.2).

Exercise 6.3. Let y be a primitive odd Dirichlet character of modulus m, and let

iy) = Zx(n)n\/@e_”"Qy, y > 0.

ne”L

(1) Show that, for Re(s) > 1
. 1 * .0, (iy)d
m glf(sg )L(&x):/ yi i) &y,
0

(2) Using the Poisson summation formula, show that

i) =~ ().

Hint. The Fourier transform of f(z) = ze™ ™" is f(x) = —ige ™,

Exercise 6.4. Let x be a Dirichlet character. Note that the Euler product expansion of L(s, x)
implies that, for Re(s) > 1,

log L(s, x) = Zlog (1—x(p)p~°).

p prime

(1) Show that, for Re(s) > 1

log L(s, x) = ZZX

p prime n=1
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and the double infinite sum on the right hand side is absolutely convergent.
(2) Show that there exists a constant C' > 0 such that for any x and Re(s) > 1,

log L(s,x) — > x(p)p~*| < C.

p prime

3) Letn > 1,and let a € (Z/nZ)*. Show that
(

L x@lesLis,) | - S l<c

gp(n) XE(ZﬁZ)X p prime, p=a (mod n)

Deduce that there are infinitely many primes that are = a (modn).

Hint. Show that lim,_,;+ Zp prime, p=a (modny P diverges.

Exercise 6.5. In the notes, we provided the “analytic” proof of the cubic reciprocity law between
two primary primes lying over the rational primes = 1 (mod 3). In this exercise, we supplement
this with the proof of the remaining cases of the cubic reciprocity law.

Recall that a primary prime in Z[(3] is either 7 € Z|w] with N () a rational prime = 1 (mod 3)

or a rational prime p = 2 (mod 3). For primary primes 71,7 € Z[(3], ( 2 ) € {1, (3, (3} is such

that
T N(mg)—1
(—1) =m ° (modm).

2

(1) If m; = ¢ is a rational prime = 2 (mod 3), show that any integer coprime to ¢ is a cube
mod g. Deduce the cubic reciprocity law in the case when both 7, 5 are rational primes

= 2 (mod 3).
(2) Suppose that m = ¢ is a rational prime = 2 (mod 3) and 7w = 7 is such that N(7) = p
is a rational prime = 1 (mod 3). Let x(n) := (2) be a Dirichlet character mod p. From

G(x)? = pr, show that

G = (g) G(x) (modg).
(3) Show that
p1 iag?
G()™ => x(a)e » (modg).
a=1

(4) Deduce that

Exercise 6.6. Let n be an even positive integer.
(1) Show that, for any m > 1.

B, =m""* Z Bpn(a/m).
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(2) Show that the denominator of B, is a square-free integer.

Hint. You need to show that v,(pB,,) > 0 for any prime number p. Use (1) with m = p

to get
Ld n n . .
pB, = Z Z (i)szia”_Z.
a=1 =0
Now, use induction on n.

(3) Show that, for any prime p,

B = {—1 0= o)

0 otherwise

.. . 1 - . 28
This 1mp11es that B,, + Zp primes such that (p—1)|n p 1s an integer.

Hint. From the identity used in the Hint of (2), one has
p

pB, = Z (a” + anla”_l) (mod p).

a=1

Then, show that v,(npB;) > 1.

Exercise 6.7. Using the analytic class number formula, compute the class number A, /=s7) of
Q(v-21).
Exercise 6.8. Let K = Q(1/d) C R be a real quadratic field, where d is a square-free integer > 1
satisfying d = 2,3 (mod 4).
(1) Show that
€K > \/E,

where € is the fundamental unit.
(2) Using the analytic class number formula, show that

logl\/gdlog (sin (ﬁ)) )

(3) Show that, for 0 < x < 1, sin (gx) > x. Deduce that hx < 4d.

hrg < —

28This result is often called the von Staudt-Clausen theorem. This in particular implies that 6 always divides
the denominator of B,,.
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7. CYCLOTOMIC FIELDS, REDUX

We apply the techniques we have learned so far to study the cyclotomic fields. The ideal class
groups of cyclotomic fields are still actively researched in modern number theory. For example,
the behavior of ideal class groups over the tower of cyclotomic fields Q((,n ), n > 1, is the subject
of lwasawa theory.

7.1. The even part and the odd part. Recall that the cyclotomic fields Q((,,), m > 2, have
an index 2 subfield Q((,) " := Q((n + ¢,,') whose archimedean primes are all real primes (see
Exercise 2.5). This means that Q((,,)" is totally real, and Q((,,) is a CM field:

Definition 7.1 (Totally real/totally imaginary/CM fields). A number field is totally real (totally
complex, respectively) if all archimedean primes are real primes (complex primes, respectively).
A number field is a CM field® if it is totally complex and is a quadratic extension of a totally real
subfield. Given a CM field K, we denote the totally real index 2 subfield as Kt, and call it the
totally real subfield.

The notation is justified by the following.
Lemma 7.2. In a CM field, there is a unique index 2 totally real subfield.

Proof. Let K be a CM field and let L, M C K be index 2 totally real subfields. Then, L is totally
real; if we take any embedding LM — C, then both L, M are contained in R, so LM C R. Thus
either [ : LM] = 2 or [K : LM| = 1; the latter case is impossible as K is totally complex, so
[K : LM] = 2, which means L = LM = M. O

CM fields have very close ties with their totally real subfields.

Theorem 7.3. Let K be a CM field.

(1) The norm map N i+ : CI(K) — CL(K™) is surjective. In particular, we have hy+|hg. We
call the quantity hy; 1= hh—fi the relative class number.
K
(2) Let Qg = [Of : uxg O ]. Then, Q is either 1 or 2. If K = Q((), m > 2, then Q = 1 if
and only if m is either a prime power or 2 times a prime power.
(3) We have

Ry 9K *+:Q]-1
R+ Qr

(4) If K = Q(¢n), m > 2, then the natural map C1(Q((n)™) — CHQ(Gn)), I = 10q(,,) is

an injection®.

29The word “CM” stands for “complex multiplication”, as CM fields play a foundational role in the theory of
complex multiplication of elliptic curves.

30From Theorem 7.3(1), one may think that Theorem 7.3(4) should be true for all CM fields, but this is actually false;
for K = Q(+/10,+/—=2) with K+ = Q(1/10), (2,1/10) is non-principal in O, but is principal in O (actually
(2,4/10) = (v/=2) in Ok).
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Proof.

(2) Let ¢ : O — px /3 be the multiplicative group homomorphism defined as ¢(z) =

(1) Let Hy+, Hg be the Hilbert class fields of K, K, respectively. Then, the compat-
ibility of the global Artin map with changing fields, Theorem 5.26, implies the commuta-
tivity of the diagram

Jx At Gal(Hy/K)
NK/ml Jrs
JK+ Gal(Hg+/K™)
Wit
It gives another commutative diagram
Cl(K) == Gal(Hk/K)
zvmdl j

Cl(KT)=——=Gal(Hg+/K™")

so the surjectivity of the norm map will follow from the surjectivity of the restriction.
Note that K D Hg+ N K D K*. On the other hand, as an archimedean prime in K"
ramifies in K, Hx+ N K # K. Thus, Hg+ N K = K. Since Hy+ K/K is abelian and
unramified everywhere (including the archimedean primes), Hx+ K C Hpy. Now the
restriction map can be regarded as Gal(Hg/K) — Gal(Hx+ K/K) = Gal(Hg+/K™),
which is surjective.

where © : K — K is the nontrivial Galois element in Gal(K/K™). If x € ug, then
Y(x) =2 =1® =1 € pug/py. Furthermore, if © € Oy, then ¢(z) = £ = 2 = 1. Thus,

kerv) O gy, . Furthermore, if © € O is in ker 1), then £ = u? for u € g, which
means that

5

soy = T satisfies % = l,ory = y,ory € K*. Thus, y € Oj, which means that

x € pugOx,. Thus, ker ) = pOy., . This implies that Qx < #(ux/p%k ). Since pig is a
finite cyclic group, # (e /%) is either 1 or 2, so Q is either 1 or 2.
Suppose that K = Q((,,), m > 2, such that m is a composite number. We may assume

that vo(m) # 1 as otherwise K = Q(Cuny2)- Let m = pf*---pr, r > 2. Then, 5= is

?
XZ—l XZ—l
Ale

divisible by =; s are coprime to each other for¢ =1, - - - | r, it follows that

- X™-1
X=1 is divisible by [];_, X 1_ L. Note that X — (,, divides X—‘ll_, so by plugging

T sz —1
i=1

0 pez = 11in Ok, so 1 —{,, is a unit. Note that p(1—(,,,) =
=119

= —(p. Ifmis odd then —(,,, = m+2 is not a square, as otherwise (4,, € K. If m

X =1, weget1—(,, divides
1_
1-Cnt
is even, then —(,,, = T,% . As 4|m, Cn% 1s not a square, as otherwise (5, € K. Thus, if
m is a composite number with ve(m) # 1, Qi = 2.

Suppose on the other hand that m = p® for some odd prime p. We want to show that
Qx = L. Let x € Ok. Then, £ = £(.. Since z = by + b1(pe + -+ + b¢(pa),1C§§pa)_l,
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bo, -+, bypa)—1 € Z, we have
T =by+ b4+ bypey—1 (mod 1 — (pa).

Similarly,
- -1 —p(p*)+1 _ —
r = bo + blépa + -+ b(b(p“)—l(pﬂ = bo + b1 + -+ b¢(pa)_1 (mod 1 <pa),

= (Ja (as (1 — (o) is a maximal ideal in Ok). As p® is odd, i = 2j (mod p*) for some

J € Z, which implies that z € ker v, so Qg = 1.
Suppose that m = 2° for some a > 2. We want to show that () = 1, which will finish
(2). Since juf is generated by (5., we see that any element in yux \ 3 is a primitive 2%-th
root of unit. If v € Oy has(x) # 1, then 2 = ( for a primitive 2°-th root of unity ¢. Then,

Nic o (@ _ —_ .
% = NK/Q(i)(C)- Note that NK/Q(i)(:U) = NK/Q(l-)({E), and NK/Q(i)($) € Z[Z]X.

Furthermore, NK/Q(i)(O — Czlgbgza, b=1 (moda) 0 — C2a72+2a71(2a7271)’ whose exponent is
divisible by 2°~2 but not divisible by 2*~, so N g(;)(¢) = +i. Therefore, Qx = 1 for
K Q(Cza) follows from Qx = 1 for K = Q(i), which one can check manually (i.e.
’_ﬁ —1=4? andlzll—l)

(3) Letr = [K" : Q] — 1 = ranky O+, and let €1, - - - , €, be a fundamental system of units
in K. Then, they form a finite index subgroup of Oy, as rank; Ok = ranky O+ by
Dirichlet’s unit theorem. Since all archimedean primes of K" are real and all archimedean
primes of K are complex, the regulator determinant computed for K using €, -+ , €, is
2" times Ry+. Note that by definition of (), this determinant is Q— SO g}; = 2"Rp+,
which is the desired equality.

(4) Suppose that I C Og,,)+ be such that IO, is principal, generated by o € Q((p,).
Then, 2 generates a unit ideal, which implies that 2 is a unit and thus a root of unity. If
m is not a prime power and not twice a prime power, then Qx = 2, s0 2 =  for some
u € O, which implies that a/u € O+ is another generator of /O. This implies that
a/u generates I C O+.

On the contrary, if m is a prime power (twice the prime power case is redundant),

suppose m = p°. Then, form = 1— (p , % = —(pe, which always generates i (regardless

of whether p is even or odd). Thus, £ s = ﬁb > for some b € Z, which implies that ar® € K.
Since « generates an ideal coming from K, if we denote v, for the m-adic valuation on K,
then v () is even, and so is vz (an’). Thus, b is even. Thus, £ is a square, which implies
that & = % for some u € Oj. Arguing as above, we get that [ is principal to begin with.

O

The virtue of considering the relative class number is, as per Theorem 6.29, that the relative
class number can be studied completely in the algebraic realm without invoking transcendental
values.

Corollary 7.4. Let K = Q((y,), m > 2. Then,

M = Qudtin 11 (—%Bl,x) |

X odd Dirichlet characters of modulus m
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Proof. The analytic class number formulae for K and K are

(2m) K2Ry 1

L(1, o),
i/ dise(K) )

x Dirichlet characters of modulus m, x#1,,

/ 1 +
#MK+ | dlSC(K ) ’ x even Dirichlet characters of modulus m, x#1m,

Dividing, we get

olK*:Q
Stk 11 L(1, xo).

K 9K+l

- H L(LXO)

disc(K) X odd Dirichlet characters of modulus m

disc(K )

Qr#UK

Let f, be the conductor of x (=modulus of x(). Then, by Theorem 6.29(4), L(1, xo) = %BLW-

Note first that the formula says B, y; = B 5. The desired formula follows from

disc(K)

_ ‘[K+:Q]
H Glxo) = disc(K)

x odd Dirichlet characters of modulus m

9

which follows by comparing the functional equation for the Dedekind zeta function for K and
K and the Dirichlet L-functions, and

_ | dise(K)|
H o= | disc(K+)|’

x odd Dirichlet characters of modulus m

which follows from the conductor-discriminant formula, which we will not prove in this notes.

—

Theorem 7.5 (Conductor-discriminant formula). Let K C Q((,,), and let X C (Z/mZ)* be the
set of Dirichlet characters that are trivial on Gal(Q((,,)/K) C Gal(Q((n)/Q) = (Z/mZ)*. Then,

dise() = (=1 [T £

x€X

where s is the number of complex primes of K.
O

As per Corollary 7.4, things like whether a certain prime divides /. or not can be studied
by looking at the Bernoulli numbers B, ,. One is interested in whether a prime divides a class
number or not as such a result has an implication in Diophantine problems as we have seen above.
For example, it has been of central interest for a long time whether p divides hq(,), because of
its relationship with Fermat’s last theorem.

Theorem 7.6 (Fermat’s Last Theorem; Taylor-Wiles). For an odd prime p, there is no solutions to
XP4+YP=7PwithX,Y,Z € N.

The reason why the condition (p, hg(c,)) = 1 (if this is the case, we call p a regular prime) is

relevant to Fermat’s Last Theorem is as follows.
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Theorem 7.7. Foraregular primep, XP+Y? = ZP hasno solutions with X, Y, Z € 7, (XY Z,p) =
1.31

Proof. We can divide X, Y, Z by their greatest common divisor and suppose that (XY, 7) = 1.

We have
p—1

[[(x+¢y) =2

i=0
As (X 4 (}Y)’s are coprime to each other, (X + (JY') = I} for some ideal I; C Z[(,]. Since
the class number is coprime to p, it follows that /; is principal. Thus, X + (,Y = ua® for some
a € Z[¢y) and u € Z[(,]*. Note that, by Theorem 7.3(2), u = £(}u™ where ut € Oé(@)*'

Note also that a” (mod p) is congruent to an integer n. Thus, X + (,Y = +C’u*n (modp), or
¢, P(X + YY) = +utn (modp). Since +utn is in Q((,) ™, it follows that

G (X +GY) =X +¢'Y) (modp).

As X, Y are not zero mod p, this implies that X = Y (mod p) with gb = CI’J’*l. On the other
hand, the same logic applied to X? + (—Z)P = (—Y)? implies that X = —Z (mod p). This then
implies that 2X? = — X? (mod p), which is possible only if p = 3. If p = 3, then the only nonzero
cubes mod 9 are 1, which implies the nonexistence of solutions. OJ

7.2. Eigenspace decomposition of the class group. A central theme of the arithmetic of cy-
clotomic fields is that something about the field can be split into a product of something about the
Dirichlet characters, just as in Corollary 7.4. What I mean is this: Corollary 7.4 is proved using
the analytic class number formula, which is inherently analytic and has little to do with algebra.
On the other hand, there is some precise sense that the ideal class group C1(Q((,,)) factors as a
direct sum over the Dirichlet characters,

“CUQ(¢m)) = D CHQ(¢m)) X",

x Dirichlet characters of modulus m

where the double-quotation means this holds up to some caveat. The factorization of the class
number then makes us wonder if there is a relation between B , and “Cl(Q((,,))[x]”, for x odd.
This is given for example in the case of m = p an odd prime by what’s called the Herbrand’s
theorem. To formulate the algebraic decomposition of the class group, we need a bit of repre-
sentation theory.

Definition 7.8 (Group ring). Let A be a commutative ring, and let G be a finite abelian group.
Then, the group ring A[G] is an A-algebra defined as follows. As an A-module, A[G] = A®IC],
with a free basis given by the elements of GG. The ring multiplication of A[G] is given by the ring
multiplication of A and the group structure on G.

Equivalently, an A[G]-module M is the same as an A-module M together with a representation
of G on M, i.e. an A-module homomorphism G — End4(M).

Example 7.9.
(1) If G = Z/mZ is a cyclic group, A[G] = A[X]/(X™ —1).
(2) A Z|G]-module is an abelian group (=Z-module) together with an action of G. A p-group
with an action of G can be regarded as a Z,)[G]-module, or even as a Z,[G]-module.

31A more complicated argument (still elementary) shows the full Fermat’s Last Theorem for regular primes (cov-
ering the case of some of X, Y, Z divisible by p), which we do not cover in this case.
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Proposition 7.10. Let G be a finite abelian group. Let A be a commutative ring such that |G|

is invertible in A and 1, C A, where m is the exponent of GG, so that the characters in G can be
regarded as taking values in A. For an A[G|-module M, there exists a decomposition

M =P My,

xeG

as A|G]-modules, where any g € G acts on M[x| as the scalar x(g). In other words, this is the
simultaneous eigenspace decomposition for commuting operators (one for each g € G) where the
eigenvalue of g € G on M[x] is x(g).

Proof. For x € G, let
1 -
T ar ZX(Q)Q te AlG).
Gl 2=
It is easy to check that €, s satisfy:
(1) € = ¢y
2) e,ey =01if (IR
(2) eyey X
(4) and £,9 = x(g)ey for g € G.

Let M[x] := e, M C M be the image of the action of ¢, on M. By (4), M[x] is an A[G]-submodule
of M. By (3), M|[x]’s span M. By (1), (2), (3), (4), g acts on M|x] as the scalar y(g). This implies
that the M[x|’s have no overlap, proving the statement. U

Now, for an odd prime p, consider the p-Sylow subgroup of C1(Q((,)), denoted C1(Q((p)),
(“the” because the class group is abelian), which is Z,|[G]-module for G = Gal(Q({,)/Q) =
(Z/pZ)*. By Proposition 7.10, we have the decomposition

CHQ(E)), = @ CLHQ(G))p ).

Note that the Z,-valued characters of G have a very explicit shape: they are powers of the Te-
ichmiiller character w.

Definition 7.11 (Teichmiiller character). The Teichmiiller character w : F; — p, 1 C Z;
is the inverse of the mod p reduction map p,_; — F, which is bijective by Hensel’s lemma.
Namely, w(z) is the (p — 1)-st root of unity in Z, whose mod p reduction is z.

Therefore,
CHQ(¢))p = @ Cl(@(Cp))p[wi]'

We would like to compare this with the analytic class number formula. First we need to relate
this with the plus and minus part of the class number.

Lemma 7.12. The subgroup C1(Q({,)™), C CH(Q((p)), is identified with
CUQ(G) )y = @ CUQ())ple]-

0<i<p—2, 1 even
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Proof. 1tis clear that the right hand side contains the left hand side. The left hand side contains the
right hand side as the norm map Ng¢,)/0(c,)+ : CL(Q((p)) — CLQ((,) ™) is surjective, because,

for any element x in the right hand side, 22 is in the left hand side, but 2 is invertible as p is
odd. O

Thus, we have

(h@(gp))p = H |Cl(@<gp))p[wi] ’

0<i<p—2, i odd

where for an integer n, n, = p*»(" is the largest power of p dividing n. Comparing this formula
with Corollary 7.4, we wonder:

Question. For odd 4, is C1(Q((,)),[w’] related to the generalized Bernoulli numbers?
This is the subject of Herbrand’s theorem which we will state in a moment.

Remark 7.13 (On the even part of the class group). It is known that the p-divisibility of hg,)
can be detected by the p-divisibility of h@( o) therefore, we may use Corollary 7.4 to see whether
p is regular or not.

Theorem 7.14 (Kummer). Let p be an odd prime. If p is irregular (i.e. if p|ho(,) ). then plhg . In
other words, if p|hqc,)+, then p|h<§(<p)'

We will not prove this Theorem as it requires the so-called “p-adic class number formula”.

On the other hand, studying the p-part of the even part of the class group C1(Q(¢,)"), is also
inherently interesting. From the analytic class number formula, it is natural to expect that the
even part of the class group should have something to do with the units of the cyclotomic field.
We have seen in Exercise 1.5 that the cyclotomic fields have specific kinds of units, called the
cyclotomic units.

Definition 7.15. Let p € Z be a rational prime, and let K = Q((,m), with p™ > 2. Then,
the group of cyclotomic units is the group of units C' C O} generated by +1, (,=, and, for

1—¢k,, . e .
(k,p) =1, 17§Zm- The group of real cyclotomic unitsis C* := C N Ox..

Then, in fact, the following holds!

Theorem 7.16. Let p € Z be a rational prime, and let K = Q((ym ), withp™ > 2.
(1) The group of real cyclotomic units C" is generated by +1 and

1*7‘1]. —Cam pm
0=k Ld l<a<— =1.
6 Cp 1 _Cpm7 a 9 ) (avp)

(2) The group of real cyclotomic units C* is of finite index, and is exactly of index hy+: namely,
[0K+ . C+] = hK+.

Proof. (1) This amounts to checking that £, is real.

(2) Note that pg+ = {1} C C* and the number of 1 < a < &-, (a,p) = 1, is precisely

the rank of Og+ by Dirichlet’s unit theorem. So, the statement will follow if the absolute
value of the determinant of the regulator matrix formed by &, is Rx+hg~+. This sounds a
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lot like something that appears in the analytic class number formula! Indeed, if you write
out the determinant of the regulator, you obtain

= hg+ R+,

R({&}) = 11 Y (@log 1~ G

x even Dirichlet character of modulus p™

by the analytic class number formula. For more details, see [Was, Theorem 8.2].

O

Remark 7.17. If you look at the formula in Corollary 7.4, it seems like there is a factor of p in the
right hand side, coming from #/iq(¢,) = 2p. However, it does not imply that Ay , is divisible by
p, as B; , may have denominators divisible by p. In fact,

1~
B i = - E w'(a)a,
: pa:l

and as w(a) = a (modp), so pBy i € Zy, and pB, ;i € pZ, if i # —1. Thus, B i € Z, for
i #p—2,and By o2 — ’%1 € Zy, cancelling out with the p from # ().

Now here comes the desired relation between C1(Q((,)),[w’] and the Bernoulli numbers.

Theorem 7.18 (Herbrand’s theorem). Let p be an odd prime, and let 3 < i < p — 2 be an odd
number. Then, B i € Z, annihilates C1(Q((,)),[w']; in other words, the p-group C1(Q((,)),[w’]

has exponent dividing p*'Pr«=). In particular, if p JBy ., i, then C1(Q((,)),[w’] = 0.

In fact, the converse is true, so that we can precisely tell when C1(Q((,)),[w’] = 0 by checking
whether B, ,-: is coprime to p.

Theorem 7.19 (Converse to Herbrand’s theorem; Ribet). Let p be an odd prime, and let 3 < i <
p — 2 be an odd number. If p| By i, then C1(Q({,)),[w’] # 0.

The proof of Ribet’s Converse to Herbrand’s theorem is beyond the scope of our course, as it
uses the constructions in the Langlands program in the case of modular forms. We will prove
Herbrand’s theorem by using the Stickelberger’s theorem.

Theorem 7.20 (Stickelberger’s theorem). Let K = Q((,) for an odd prime p, and let G =
Gal(K/Q) = (Z/pZ)*. Consider § € Q|G| defined by

15
0= — Zaa;l,
p a=1

where 0, € G corresponds to a € (Z/pZ)*, i.e. 0,((y) = . Let I := Z[G]0 N Z[G|, which is an
ideal of |G|, called the Stickelberger ideal. Then, I annihilates C1(K); namely, for any x € |
and c € CI(K), zc = 0.

Proof. What we will prove in the end is that, for ¢ € CI(K), some specific multiple of 6 annihilates
c. This means that we exhibit some specific multiple of conjugates of ¢ as a principal ideal with
an explicit generator, which will in fact be given by a power of the Gauss sum!

Let ¢ be a prime ¢ = 1 (mod p), and choose a primitive root s mod ¢ and define a Dirichlet
character x : (Z/{Z)* — Q((,) of modulus ¢ by x(s) = (,. Then, x* = 1, and by the Jacobi

sum identity, for any m,n # 0 (modp) with m + n # 0 (mod p), % € Q(¢). This
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(

implies that p 7 € Q(¢p)- Since G(x*™1) = G(x ") = x(-1)G(x) = zé(;), it follows that

Gy € @<<p> As =1 (modp), G € Q(G).

We are eventually interested in the prime ideal factorization of the principal ideal (G (x)*!) C
Z[Cp]. To compute this, it suffices to know the prime ideal factorization of the principal ideal
(G(x)) C Op of M = K((), where G(x) is understood as G(y) = Zi;ll x(a)C} € Oy. Note
that, as the norm of G(x) is a power of ¢, only the primes of M above ¢ can divide G(x). Note
that ¢ splits completely in /K, and is totally ramified in Q((;), so for each prime ideal [|¢ of K lying
over /, there exists a unique prime ideal £ of M lying over [ such that [0); = £°~!. Moreover,
after you fix a prime ideal [ of K lying over /, all prime ideals of K lying over ¢ are expressed as
o, 1, and the same applies for all primes of M lying over ¢. Therefore,

Ou D (G(x)) =[] ea'e™ ra>0.

Now we give an expression of what 7, is. Note that o * £ for any a lies over the unique prime

ideal of Q((y) lying over ¢, which is ({, — 1) C Z[(g]. Thus, ¢, — 1 € 0, ' £. In fact,

(¢ —1) H0_1£
G(x

in O);. Therefore, @ 1)T has no factor of ¢, ' £ in its prime ideal factorization, i.e.

invertible mod o, ' £. Note that as f(£|¢) = 1, we have Oy /0, 'L = Ok /o' I =F,.
Let T € Gal(M/K) be such that 7((;) = ;. Since it fixes K, 7(0, '£) = o, ' £. Therefore, for

any x € Oy, 7(z) = x (mod o, ' £). Applying this to z = (CG(T))M , we get
- sa -1
G(x) - T(G(x)) _ Za:sl x(a)G _ G(ZC)X(S) (mod o 1£).
(Ce—=1)re (G —1)r (G =1 (G —1)re
Thus, as we can divide by G(X))ra , we get

G =x(s)" = (Z _:D = (@ ) = (mod oy '€,

Note that both C; L'and s™ are in K, so this congruence is really
¢, =s" (modo, '),
or taking o,, we get
¢, " =s" (modl).

Note that Ok /[ = Fyas f(I|f) = 1. Let 0 < b < ¢ be an integer such that (' = 5" (mod ¢).
Note that (, # 1 (mod ¢), so (,, (mod ¢) has order p, so b is a multiple of Z_Tl. Let0 < ¢ < pbean
integer such that b = %c. Then, we have

(-1

re =ab= ac (mod ¢ —1).
p
Note that this quantity is never 0 mod (¢ — 1) as 0 < a < p. Now note that G(x)G(X) = ¢, so
Ta < VUy-1¢(f) = £ — 1. Thus, 7, is the unique integer 0 < 7, < ¢ — 1 such that r, = Lac or
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more concisely,

Y = (f—l){%},
where {2} = 7 — .

This looks weird, but in fact is something that is built in the element 6; notice that

p—1 p—1
(L—Dob =3 (¢—1) {%} 0.t =Y rao, .
a=1 a=1

Note now that

p—1 p—1
(GO = [Joat e = [ [oa're = (0= Dot
a=1 a=1
so this implies that (¢ — 1)o.0 € Z[G] annihilates the ideal class [[] € C1(K).

Now we claim that, for any 5 € Z[G] such that 6 € Z[G] (so that 80 € I), 0[] = 0 in
CI(K). Note that [[| € CI(K) = Gal(Hg/K) can be regarded as the Frobenius Fr(£|/) by the
global class field theory, as Hx /Q is Galois (as any automorphism C — C fixes K by Galoisness
of K/Q, so it fixes its maximal unramified extension, H), and therefore Fr(£|() € Gal(H /Q)
is something that is sent to ¢ € Gal(K/Q), which is 1 as £ = 1 (mod p), and restricts to [I] €
Gal(Hg/K) = CI(K). By the Chebotarev density theorem, given an ideal class ¢ € C1(K), there
exists infinitely many ¢ such that ¢ = [[|, which implies that the claim proves the Stickelberger’s
theorem.

To prove the claim, let v = 0. 18G(x) € M. Then, v~ = 0,1 8G(x)* ! € K, and
(1) =0 BGO0)TY) = (€= 1)og ! Boedl = (£~ 1)B01 = (501) .

This implies that 56( is principal if seen as a fractional ideal in M. What we want is to show that
this is principal as a fractional ideal of K, which will follow if we show that v € K. Note that
K (v)/K being a subextension of M /K is totally ramified at primes over ¢, so K(7) ®x K| is a
local field which is a totally ramified extension of K. On the other hand, simply K (v) ®x K| =
Ki(7). Since v((~*~1) is divisible by £ — 1, v(() is an integer, so we can modify by a power of a
uniformizer of K| so that K () = K, [(uf—%) for some u € O,X{[. By the discriminant computation,
this is an unramified extension of K, so in particular K(y) = K|, and K(v) = K, which implies
that v € K, as desired. O

Proof of Herbrand’s theorem, Theorem 7.18. Since, for any (d,p) = 1,

= /ad ad “ |ad
d—o04)0 = — = —¢ ot = \‘—JU(JEZG,
a-ew=3 (5 (7)) - L[5 <20
the Stickelberger’s theorem says that (d— o) annihilates C1(Q((,)), so CL(Q((,)),-. Since the de-
composition C1(Q(¢,)), = @’— CHQ((,)),[w'] is a decomposition as Z,[G]-modules, it follows
that (d — 0,4)0 annihilates each C1(Q((,)),|w’]. For z € CI(Q((,)),[w'],
‘ R .
(d—04)0x = ¢;(d—04)0r = (d—w'(d))eifr = (d—w'(d)) - Z aw "(a)e;x = (d—w'(d)) By -i.
p a=1
Let 3 < i < p— 2be odd. Then, if d is a primitive root mod p, then (d — w’(d)) is not divisible by

p, so the above observation implies that B, ,-ix = 0, which is what we desired. O
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Remark 7.21. It may sound reasonable that the analytic class number formula, Herbrand, and
Converse to Herbrand altogether implies that | C1(Q((,)),(w']| = (Bi-i)p, but we cannot say
this as we do not know the group structure of the p-group C1(Q(¢,)),[w’]. It can be proved that,
if (p, hg(c,)+) = 1, then C1(Q((,))p[w'] is a finite cyclic group for all odd 3 < i < p — 2. From the
numerical computations, we suspect this is always the case.

Conjecture 7.22 (Vandiver’s conjecture). Let p be a prime. Then, (p, hg,)+) = 1.

Namely, if we assume Vandiver’s conjecture, then forallodd 3 < i < p—2, | C1(Q(()),[w']| =
(B w-i)p holds.

Vandiver’s conjecture is wide open. In fact, we have very little idea how to approach the
conjecture, and it is so clueless that some people suspect that the conjecture may be false actually.
We have not found any counterexample yet.

Remark 7.23. Similar to Theorem 7.16(2), the relative class number arises as an index:

Theorem 7.24 (Iwasawa). Let K = Q((ym), p™ > 2, R = Z|G] and R~ C R be the minus-part

of R, ie. R~ = {x € R : T = —ux}, where- is the complex conjugation. Let I C R be the
Stickelberger ideal, and [~ = I N R~ = RO N R~. Then,
[R™: 7] = hx.
EXERCISES

Exercise 7.1.

(1) Show that the Bernoulli polynomials B,,(X) can be defined by the equation
ZeX? N Bu(X
e _ Z (X) gn

Z __ |
e 1 —

(2) Show that B, 1(X + 1) — B,y 1(X) = (n + 1) X™
(3) Let n,m € N. Show that

S = Bpyi(m) — Bna(0) 1 S -1y nt 1 By
— n+1 n+1 = 7

This is called the Faulhaber’s formula.
(4) Let p be an odd prime and n > 0 be even integer not divisible by p — 1. Using (3), show

that
p
Za” = pB, (mod p?).
a=1
(5) Letb € N, (b, p) = 1. Show that, for 1 < a < p,ifab = pzr,+r,forz,,r, € Z,0 < r, < p,

ab

(ab)™ = 7" + pn(ab)™ ! {—J (mod p?).
p
By adding the above equation over 1 < a < p, show

p p—1
b
(" —1) Z a™ = pnb" ! Z a™ ! {%J (mod p?).

a=1 a=1
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(6) Let p be an odd prime and a, b be positive even integers such that a = b # 0 (modp — 1)
and a, b are coprime to p. Using (4), (5), show that
E% E%

—~ =, (modp).

This is called the Kummer’s congruences.

Exercise 7.2.

(1) Let p be an odd prime. Recall that the Teichmiiller character w : ' — Z, takes a to the
p — 1)-st root of unity congruent to a mod p. Show that, for 1 <a <p—1,
y cong

aP~ 1

w(a) =a+ — ! (mod p?).

(2) Let p be an odd prime, and let 3 < ¢ § p — 2 be an odd integer. Using Question 1, show

that B
By i = : (mod p).
p—i

This implies that one may replace B, with B,,_; in the statement of Herbrand’s theo-
rem.

Exercise 7.3. Let p be a prime, and let 1 < a < b. Show that the norm map

Na(¢ /00 + CHQ(Gr)) = CHQ(G)),
is surjective. Deduce that hq,.) divides hg( ,)-

Hint. Show that, for any subextension Q((,)/K/Q((p), the unique prime p of Q((pe) over p is
ramified in K/Q((pe). Deduce that Ho¢,.) N Q((p) = Q((pa).

Exercise 7.4. Let p = 3 (mod4) be a prime. Let K = Q(y/—p), and let x,, be the quadratic
Dirichlet character of modulus p (cf. Definition 19.14).

(1) Show that Theorem 19.17(1) reads

p p :
hK:—%ZXp(a)a - —22)@ a+p2xp
a=1

Hint. We know exactly what the value of G(y,) is

(2) Show that (1) can be massaged into

] N N
hy = 5 —42 Xp(2a)a +pz Xp(2a)
a=1 a=1
Hint. x(2a) = —x(p — 2a).

(3) Show that (1) and (2) together gives

hig = Z Xp(a

2—x,(2) Xp(2 —
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Deduce that there are more quadratic residues than non-residues in the interval (0, £).
(4) If p = 1 (mod4) is a prime, show that the number of quadratic residues in the interval
(0, %) is the same as the number of quadratic non-residues.
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APPENDIX A. BASIC COMMUTATIVE ALGEBRA

A.1. Modules and algebras. We will prove Theorem 1.13 by formulating this in a more general
commutative algebra language. First, we will freely use the language of modules and algebras.

Definition A.1 (Modules). Let A be a commutative ring with 1. An A-module M is an abelian
group (expressed additively) together with the notion of “scalar multiplication by elements in A,

a,m)—a-m

Ax M- M.

Namely, this “scalar multiplication” satisfies the following axioms.
(1) a-(my+me) =a-my+a-mg,fora € A, my, myg € M.
(2) (a1 +az)-m=ay-m-+ay-m,foray,ay € A,m € M.
(3) (aras) -m =ay - (ag - m), for ay,as € A,m € M.
(4) 1-m =m,form € M.

Roughly speaking, the notion of modules is a generalization of the notion of vector spaces,
where we relax the field of scalars to be a commutative ring. Just like a vector space where you
cannot “multiply” two vectors, you cannot “multiply” two elements in a module.

Example A.2.

(1) For a field K, a K-module is the same notion as a K -vector space.

(2) A Z-module is the same notion as an abelian group.

(3) For any commutative ring R with 1 and anideal I C R, I is an R-module. There are many
more R-modules than just ideals though.

(4) If R, S are commutative rings with 1 and if there is a ring homomorphism f : R — S,
then any S-module M can be also regarded as an R-module by defining

r-m:= f(r)-m, réeRmeM.
Definition A.3 (Various properties of modules). Let A be a commutative ring with 1.

(1) For the A-modules M, N, a homomorphism of abelian groups f : M — N is a homo-
morphism of A-modules (or sometimes just called an A-linear map) if it respects the
scalar multiplication — namely, for any a € Aand m € M, f(a-m) =a- f(m).

(2) The two A-modules M, N are isomorphic if there is a bijective homomorphism of A-
modules f : M — N.

(3) For an A-module M, an abelian subgroup N C M is an A-submodule if it is also closed
under the scalar multiplication by A — namely, foranya € Aandn € N,a-n € N.

Given an A-submodule N C M, one can form the quotient group M /N which can be
given an obvious A-module structure. This A-module is called the quotient module. The
natural map M — M/N is a homomorphism of A-modules.

(4) Given a homomorphism of A-modules f : M — N, the kernel of f, denoted ker f, is
defined as

ker f:={me M| f(m) =0} C M.
It is an A-submodule of M.
The image of f, denoted im f, is defined as

im f:={f(m)|me M} CN.

It is an A-submodule of N. The module version of one of the Isomorphism Theorems is

that im f is isomorphic to the quotient M/ ker f (Easy; exercise).
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The quotient N/ im f is called the cokernel of f, denoted coker f.
(5) Given any set (may be infinite, may be finite) / and, for each i € I, an A-module M;, the
direct product of M;, denoted Hiel M;, is the A-module defined by

LM = {(ma)ies | m; € M; for all i € I},
i€l
with natural addition and scalar multiplication. Namely, this is a collection of tuples of
elementsin M;. If [ = {1,--- ,n} is a finite set with cardinality n, we also just write it as
My x My x -+ x M,.
The direct sum of M, denoted P

M;, is the A-submodule of [[._, M; defined by

iel iel
@ M; = {(m;)icr | m; € M, for all i € I, m; = 0 for all but finitely many i € I}.
iel
IfI = {1,--- ,n}isafinite set with cardinality n, we also just write it as M; & My @ - - - P
Mn~32

(6) An A-module M is finitely generated if there are finitely many elements my,--- ,my €
M such that any element m € M is expressed as an A-linear combination of my, - - -, my.
Namely, for any m € M, there exist ay, - -- ,ay € A such that

m=amy+---+axmny.

(7) An A-module M is free if it is isomorphic to a direct sum of the copies of the ring A as
an A-module. If it is isomorphic to a direct sum of finitely many copies, let’s say n copies,
of A, then we call n the rank of M.

(8) For the A-modules M, N, the set of all A-module homomorphisms from M, N is denoted
by Hom 4 (M, N). This has a natural structure of an A-module.

Definition A.4 (Algebra). Let A be a commutative ring with 1. An A-algebra is a ring B with
1 that is also an A-module such that

(1) the addition as a ring is the same as the addition as an A-module,
(2) and the scalar multiplication as an A-module is compatible with the multiplication as a
ring, namely

a-(biby) = (a-b1)by = bi(a-b2), ac Ab,byeB.

Roughly speaking, the notion of algebras is a generalization of the notion of field extensions;
a field extension L of a smaller field K is indeed a K-vector space (=K -module) but also has a
ring structure.

Example A.5. If f : R — S'is a homomorphism of commutative rings with 1, then S is naturally
an R-algebra. Therefore, any commutative ring with 1 is a Z-algebra.

Conversely, if S is an R-algebra, then there is a natural ring homomorphism f : R — S given
by f(r) = r - 1. Therefore, the R-algebra structure is more ore less the same as giving the ring
homomorphism from R.

Definition A.6 (Various properties of algebras). Let A be a commutative ring with 1.

32Note that, if I is finite, ) el M,; = Hie 7 M;. On the other hand, mathematicians still would like to distinguish
a finite direct sum from a finite direct product for some reason.
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(1) For the A-algebras By, By,amap f : By — B, thatisboth ahomomorphism of A-modules
and a ring homomorphism is called a homomorphism of A-algebras.

(2) The two A-algebras By, By are isomorphic if there is a bijective homomorphism of A-
algebras f : By — DBo.

(3) For an A-algebra B, an A-subalgebra is a subring B’ C B that is also an A-submodule.

(4) An A-algebra B is finitely generated if there are finitely many elements by, --- ,by € B
such that any element b € B is expressed as an A-linear combination of finite products of
by, -+ ,by (ie. apolynomialin by, - - - , by, with coefficients in A). Namely, for any b € B,
there exists an expresion

_ 2 : i in
b= iy ... 7iNb1 <. bN y o Qi iy € A.

0<iy, - in<M

(5) For an A-module M, the A-module Hom 4(M, M) can be given an A-algebra structure
by declaring the composition of A-module homomorphisms as its ring multiplication. We
denote this as End 4(M), and call it the endomorphism algebra of M.

Remark A.7 (Warning). By definition, an A-algebra B is also an A-module. However, the notion
of being finitely generated as an A-algebra is different from being finitely generated as an A-
module. In fact, being finitely generated as an A-module is a stronger condition than being finitely
generated as an A-algebra.

For example, let K be a field. Then, the polynomial ring K [X] is naturally a K-algebra. It is
finitely generated as a K -algebra, as any element is a polynomial in a single element, X. However,
it is not finitely generated as a K-module, which is the same as the dimension of K[X] as a
K -vector space is infinite.

Definition A.8 (Integrality). Let A, B be commutative rings with 1, and let A < B be an in-
jective map of rings. Then, we say b € B is integral over A if there is a monic polynomial

f(X) € A[X] such that f(b) = 0.
Example A.9.

(1) If A, B are fields, then b € B is integral over A if and only if b € B is algebraic over A.
(2) If A = Z and B is a number field, b € B is integral over A if and only if b is an algebraic
integer.

Definition A.10 (Integral closure). Let A, B be commutative rings with 1, and let A < B be an
injective map of rings. Then, the integral closure of A in B is the set

{b € B| bis integral over A}.
We say A is integrally closed in B if the integral closure of A in B is A itself.
Using this notion, the ring of integers O in K is precisely the integral closure of Z in K.

Theorem A.11. Let A, B be commutative rings with 1, and let A — B be an injective map of rings.

(1) An element b € B is integral over A if and only if there is an A-subalgebra R C B that
contains b and is finitely generated as an A-module.
(2) The integral closure of A in B is a subring of B.

Before giving the proof, let’s try to understand what this means.
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Example A.12. Let us consider the simple situation of Z C Q. Since % € Qis obviously not inte-
gral over Z, as per Theorem A.11(1), it should be the case that any Z-subalgebra of Q containing

1 is not a finitely generated Z-module. In particular, the Z-algebra generated by %,

2
ZB] :{;—k|nez,k21},

should not be a finitely generated Z-module. Let’s see why this is the case. Suppose that Z [%] isa
finitely generated Z-module. This means that there are finitely many elements in Z [%] so that any
element in Z [%} could be expressed as a Z-linear combination of those basis elements. However,
it is obvious that this is false, as any Z-linear combination of chosen finitely many elements must
have a denominator which divides the common denominator of the basis elements, and there are
elements in Z [%] with arbitrarily high powers of 2 in their denominators.

On the other hand, consider the situation of Z C Q(\/§), and consider the Z-subalgebra of
(@(\/5) generated by /2, denoted Z[\/?] Note that by definition this is a collection of elements
of the form

a0+a1\/§+a2\/§2+"'7 aOaala"'Eza

but by the relation \/52 = 2, any term involving a, with n > 2 is actually redundant, and
therefore Z[v/2] is just a collection of elements of the form

Qg —|—a1\/§, ap, a1 € 7,

so {1,/2} is a Z-basis of Z[v/2], making it a finitely generated Z-module. In fact, this is a free
Z-module, meaning that there is no Z-linear relation between 1 and /2. We will see that this is
in fact always true, that Ok is always a free Z-module for any number field K.

Proof of Theorem A.11.
(1) Consider the A-subalgebra of B generated b, denoted as A[b]. More precisely,

N
Alb] = {Zanbn | N >0,a, EA}.

n=0
Suppose that b is integral over A. Then, we claim that A[b] is a finitely generated A-module.
As b is integral over A, there must be some expression of the form

b =ca b+ e, catyer .0 € A

Therefore, any sum of the form Ziv:o a,b" can be rewritten as an A-linear combination
of 1,b,--- ,b%! using the above expression by inductively reducing any d-th or higher
power of b into an A-linear combinbation of lower powers of b. Thus, any element in A[b]
is able to be expressed as an A-linear combination of 1,b, - - - , 5%~ !, which imlies that A[b]
is a finitely generated A-module.

To prove the converse, it is sufficient to prove that any element b of an A-subalgebra
R C B, finitely generated over A, is actually integral over A. There should be finitely

many elementsry, - -- ,ry € Rsuchthatany elementin R can be expressed as an A-linear
combination of r1, - - - , . Therefore, foreach1 < i < N, theremustbea;;, - - ,a;y € A
such that

N
b?”z‘: E CLijTj.
j=1
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We can write this as a matrix form,

b o - 0 1 ay; Q2 -+ Q1N 1
0 b - 0 o | | Q21 G22 -+ Q2N T2
- I
o 0 --- b N ani anz ‘- QNN TN
b—an —Q12 - —Q1N 1 0
—as; b—azxp - —Q2N T2 | _ 0
—an;  —an2 -+ b—ann N 0

Let the N x N matrix on the left hand side expression be denoted as M. Now, consider
the adjugate of M, M4, The Cramer’s rule in linear algebra says that

detM 0 - 0
wpding— |0 detM o0
0 0 - detM

This makes a perfect sense over any commutative ring, as there is no “denominator in-
volved.” Therefore, multiplying on the left by M?Y, we get

det M 0 0 r1 0
0 det M --- 0 ro | |0
0 0 - detM TN 0

This implies that (det M)r; = 0 forany 1 < ¢ < N. Since 1 < A C R, taking an
appropriate linear combination, we have det M = 0. On the other hand, det M = p(b),
where p(X) € A[X] is the characteristic polynomial of the N x N matrix,

aix a2 ai1N
a21  A22 2N

.. )
any an2 -+ QNN

and in particular p(X) € A[X] is a monic polynomial! Thus, b is integral over A.
(2) We have to show that, if b, b’ € B are both integral over A, then both b + ' and bV’ are
integral over A. Consider the A-subalgebra A[b.b'] C B generated by b, b'. More precisely,

finite

Alb, V] = {Z aib'b” | a;; € A} .
%,J

Since b, b’ are both integral over A, there must be relations

bd:Cd_lbd_1+"'+Cg, Cq_1, " ,Co E A,

b/d/ - C/dlilb/dlil + cc e + 06, Cld’*l’ A ,C{) G A
This implies that any linear combination of the form Z??lte
linear combination of b'b” with i < d, j < d'. Therefore, Alb, b'] is finitely generated as

an A-module.

a;;b'b"” can be expressed as a
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A.2. Dedekind domains.

Definition A.13 (Dedekind domains). A Dedekind domain is a Noetherian, normal integral
domain which is not a field and whose nonzero prime ideals are maximal.

We will explain what these words (in particular “Noetherian” and “normal”) mean in a second.
First, recall the following notions.

Definition A.14 (Prime and maximal ideals). Let A be a commutative ring with 1.

(1) A proper ideal I C A (i.e. I # A)is a prime ideal if the following condition holds: if
a,b € A satisfies that ab € I, then either a € I or b € I must hold.
In other words, [ is a prime ideal if and only if the quotient ring A/ is an integral
domain (Easy).
(2) A proper ideal I C A is a maximal ideal if any proper ideal I C J C A containing [
must satisfy [ = J.
In other words, I is a maximal ideal if and only if the quotient ring A/[ is a field (Easy).

From above, it is immediate that all maximal ideals are prime ideals.

Definition A.15 (Noetherian rings and modules). Let A be a commutative ring with 1, and let
M be an A-module.

(1) An A-module M is called Noetherian if it satisfies the ascending chain condition: for
any increasing sequence of submodules of M,

M1CM2CM3C"',

there is some n > 0 such that M,, = M,,.1 = M,,5 = ---; i.e. any increasing chain of
submodules eventually stabilizes.

(2) The commutative ring A is called Noetherian if A is Noetherian as an A-module. Equiv-
alently™, for any increasing sequence of ideals of A,

11C[2C[3C"',

there is some n > O such that [,, = [, ;1 = [,,42 = - - - ; i.e. any increasing chaing of ideals
eventually stabilizes.

Example A.16.

(1) Any field is a Noetherian ring, because the only ideals are either (0) or itself.

(2) The ring of rational integers, Z, or more generally any PID is a Noetherian ring. This is
because an ascending chain of ideals is the same as an infinite dividing chain of elements
by taking their generators,

a is divisible by as is divisible by ag is divisible by - - - |

and as PID is a UFD, after taking the prime factorization of a,, there are only finitely many
prime factors you can strip away from a4, so after a finite amount of steps, a,,, @11, @12,

- will all be just off by a unit, which means that the ideals (a,,) = (a,41) = (@pi2) = - -
are the same.

33This is because an A-submodule of A is precisely an ideal of A.
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(3) An example of a non-Noetherian ring is the ring of all algebraic integers in Q, the algebraic
closure of Q, as it has an infinite increasing sequence of ideals,

(2)c @) c@c. -

Another example is the ring of all (R-valued) continuous functions on R (with pointwise
multiplication and addition), as it has an infinite increasing sequence of ideals I; C I, C
.-+, where

I, ={f : R — R continuous | f(z) =0forallz > n}.
The Noetherianity condition is very close to the notion of finite generation.

Proposition A.17. Let A be a commutative ring with 1, and let M be an A-module. Then, M is
Noetherian if and only if every A-submodule of M is finitely generated.

Corollary A.18. A commutative ring A with 1 is Noetherian if and only if every ideal is finitely
generated.

Proof of Proposition A.17. Suppose that M is Noetherian, and let N C M be an A-submodule.
Suppose on the contrary that /V is not finitely generated. Then, we can inductively choose the
finitely generated submodules N; of V as follows.

e Choosen; € N,andlet N; = An; C N.

e For each i, N; is a finitely generated A-module, so N; # N. Therefore, one can choose
niy1 € N\N;, and the A-module

Niy1 = N;j + Ani 1 C N,
contains V;. Also, as 7,41 € Niy1, N; # Nipq

This gives rise to an increasing sequence N; C Ny C --- of A-submodules of M that never
stabilizes, which contradicts the Noetherianity of M.
Suppose for the converse that every A-submodule of M is finitely generated, and let M; C

My C --- be an increasing sequence of A-submodules of M. Let
N:=|]JM,.
a>1

One can check very easily that N C M is in fact an A-submodule. Therefore, by the assumption,

N is finitely generated, say by the elements ny,--- ,n; € N. Then, as N = J,-, M,, for each
n;, there must be a; > 1 such that n; € M,,. Taking R = max(ay, - - ,a),

ni, No, -+, Ng € MR7
which means that the A-module generated by ny, - - - , ng, which is N, is also contained in Mp.
This means that N = Mg, so Mp = Mg, 1 = Mg,o = - - - stabilizes. O

Here are some useful ways to construct Noetherian rings and modules.

Theorem A.19 (Finitely generated over Noetherian is Noetherian). Let A be a Noetherian ring.

(1) A finitely generated A-module is Noetherian as an A-module.
(2) An A-algebra B that is finitely generated as an A-module is a Noetherian ring.

Proof.

(1) This is Exercise A.2.
174



(2) Let I; C I, C --- be an increasing sequence of ideals of B, or B-submodules of B. Then,
these are also A-submodules of B. As B is a Noetherian A-module, this sequence must
stabilize.

O
Now on to the normality:

Definition A.20 (Normal integral domains). An integral domain A is normal if A is integrally
closed (recall Definition A.10) in its field of fractions, Frac(A).

Example A.21.
(1) Proposition 1.6 implies that Z is normal.
(2) More generally, one can easily prove that any UFD is normal by using the same proof
as that of Proposition 1.6. This explains why Z[+/—3] has no chance of being a UFD; it is
not OQ( /=3)> S0 not normal!

One of the most crucial properties of Dedekind domains is the unique factorization of ideals.
The most natural language to state the unique factorization property is the language of fractional
ideals, which we define.

Recall that a product of two ideals I, J of a ring A is

finite
IJ = {Zaimai el b€ J},

which corresponds to a product of two numbers, and a sum is
I+J={a+bla€cl, be J},

which corresponds to taking the greatest common divisor of two numbers. We in fact prove
slightly more, a unique factorization of fractional ideals.

Definition A.22 (Fractional ideals). Let A be a Dedekind domain. A fractional ideal of A is a
finitely generated A-submodule of Frac(A). It is always of the form

da={da|a€a}, acC Aideal,d € Frac(A).

It is always of the above form because any fractional ideal /, being a finitely generated O-
module, has some @ € A such that al C A is an A-submodule, i.e. an ideal of A.

Definition A.23. For a nonzero fractional ideal I C Frac(A), define
I':={a € Frac(A) | al C A},

which is a fractional ideal®.
For two fractional ideals I, J C Frac(A), define

finite
1J:= {Zaibi la; €1, b; € J},

)

which is a fractional ideal (easy).

341t is obviously an A-module. Take e € I nonzero, then I C (e), so I™* C (e)™! = e 'A. Then, [~! is an
A-submodule of e~ A, which is isomorphic to A as a A-module, so is a Noetherian A-module. Therefore, I -1 s
finitely generated.
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From this, one can define an integer power of a nonzero fractional ideal. Now we state the
unique factorization of fractional ideals.

Theorem A.24 (Unique factorization of fractional ideals). Let A be a Dedekind domain. Then, any
nonzero fractional ideal I C Frac(A) has a prime factorization

=],
=1

where py,--- ,p, are distinct prime ideals of A, and ey, -- , e, are nonzero integers. The prime
factorization of I is unique up to rearrangement of the (p;, €;)’s.

To prove this, we need several lemmas. From now on until the end of this section, A is a
Dedekind domain.

Lemma A.25. Let a C A be a nonzero ideal. Then, there is a finite collection of maximal ideals
p1,--+ . pn C Asuchthat [[}_, p; C a.

Proof. Suppose not. Then, such a cannot be a maximal ideal (as otherwise a = a satisfies the
condition). As a # (0), this implies that a is not a prime ideal (by the definition of Dedekind
domains). Thus, there are a,b € A such that ab € a while a,b ¢ a. Thus, b; = a + (a) and
by = a + (b) are strictly bigger than a, and yet b;bs C a. Since a does not contain any finite
product of maximal ideals, at least one of the two ideals by, b, satisfy this condition as well. Now
we can iterate this process over and over again to obtain a strictly increasing chain of ideals,
which contradicts the Noetherianity of A. O

Lemma A.26. Let a C A be a proper ideal. Then, there is ¢ € Frac(A)\ A such that ca C A.

Proof. Pick a nonzero a € a. Then, by Lemma A.25, (a) D p; - - - p, for some finite collection of
maximal ideals py, - -+ ,p, C A. Let r be the smallest possible such integer. As a C A is proper,
there is a maximal ideal p D a containing a. Therefore,

pDOad(a)Dpr---py,

which implies that p D p; for some p; — if not, choose a; € p;\p, thena;---a, € py---p, Cp
implies that some a; € p, a contradiction. Thus, p = p; for some p,. After reindexing, without
loss of generality, suppose that i = 1.

By the minimality of r, (a) does not contain ps - - - p,.. Let b € py---p,\(a). Then, as b ¢ (a),
b € Frac(A)\A. On the other hand, 2a C 2p;. Since b € py---p,, bp1 C p1p2---p, C (a), so
L—l;pl C A 0

Lemma A.27. Let a C A be an ideal, and a € a. Then, there is an ideal b C A such that ab = (a).

Proof: Let b = {b € A|ba C (a)}. This is an ideal of A that satisfies ab C (a). Let ¢ = Zab C A,
which is an ideal. We want to show that ab = (a), or equivalently, ¢ = A. Suppose not. Then,
by Lemma A.26, there is ¢ € Frac(A)\A such that cc C A. Thus, <ab C A, so cab C (a). Note
also that a € a implies that b C ¢, so cb C cc C A. Therefore, for any x € cb C A, xa C (a), so

z € b. Thus, cb C b.
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As b is finitely generated, we can pick a generating set by,--- ,b, € b. Then, cb C b implies
that there is an n x n matrix M with entries in A such that

by by
. by Y, by
by, by,
Thus
by 0
TR 10N Bl I
b, 0
By multiplying on the left with (1, — M)24, we get
by 0
aet(rr, =) | | =
bn, 0

This implies that det(y/, — M) = 0, or pp(y) = 0, where py(X) € A[X] is the characteristic
polynomial of M. This implies that v € Frac(A) is integral over A. As A is normal, v € A, which
is a contradiction. U

Lemma A.28. Leta,b, ¢ C A be ideals such that ab = ac. Then, b = c.

Proof. Using Lemma A.27, let 0 C A be an ideal such that ad = (a). Then, ab = ac implies that
ab =ac,sob =rc. O

Lemma A.29. Ifa,b C A are ideals, a O b if and only if there exists an ideal ¢ C A such that
b= ac.

Proof. If b = ac, then obviously a D b. Conversely, if a D b, then choose an ideal ¢ C A such
that ac = (a) as per Lemma A.27. Then, (a) D bc, so A D 2bc is an ideal. Let d = Zbc. Then,
ad = Zabc = 1(a)b =b. O

Lemma A.30. For a maximal idealp C A, pp~! = A.

Proof. By definition, pp~! C A is an ideal that contains p. As p is maximal, either pp~* = A or
pp~t = p. If pp~! = p, then by Lemma A.27, there is an ideal a C A such that ap = (a). Then,
pp~! = p implies that ap~ = (a), or p~! = A. This contradicts Lemma A.26. O

We can now prove the unique factorization of fractional ideals.

Proof of Theorem A.24. We first show that for any nonzero ideal I C A, there exists an expression
I = H:Zl p;" with e; > 0. If not, then there is a nonempty collection of nonzero ideals of A
without such expression. Such collection has a maximal member M as A is Noetherian. Note
that M # A as A is the empty product, so there is a maximal ideal M C p containing M. By
Lemma A.29, there exists anideal N C A suchthat M = pN. Thus, N D M;if N # M, then N is
a product of prime ideals by the maximality of M, so M = pN is a product of prime ideals. Thus,

N = M, which means that M = pM. Thus, by Lemma A.28, p = A, which is a contradiction.
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Now let I be a nonzero fractional ideal. Then, it is of the form [ = %IJ forde€ Aand J C Aan
ideal. Then I = [[;_, p: [ [}, q; ', where J = J]/_, p; and (d) = [[;—, pj. Therefore, this proves
the existence part of Theorem A.24.

Suppose now that two prime ideal factorization expressions are equal to each other,

H p;' = H qjj'
i=1 j=1

By rearranging, without loss of generality e; > 0 fori <7, e; < O0for¢ > 1/, f; > 0for j < &,
f; < 0for j > s'. Then, we have

[Te I1 a" = T1 e 11a0
i=1 j=1

Jj=s'+1 i=r'+1

which uses Lemma A.30. Thus, the uniqueness part of Theorem A.24 follows from the uniqueness
when the exponents are assumed to be nonnegative, namely

i=1 j=1

implies that 7 = s and p,’s are permutations of g;’s.

We prove this by the induction on r + s. The base case is 7 + s = 0, which is just A = A. In
general, we have p; D [[I_, p; = Hj’:1 q;, so for some j, p; D q;, so p; = q;. Thus, we can use
Lemma A.28 to reduce r + s to r + s — 2. This finshes the proof of Theorem A.24. U

Now that we have the unique factorization of ideals, an analogue of prime factorization, we
have various arithmetic consequences.

Definition A.31. Let A be a Dedekind domain, and let 7,/ C A be ideals. Then, the greatest
common divisor of I, J, denoted gcd(1, J) or just (I, J), is defined as

ged(I,J) =1+ J.
The least common multiple of /, .J, denoted lem(/, J), is defined as
lem(Z,J) :=1nNJ.

We say I, J are relatively prime (or coprime) if (/,.J) = A is the unit ideal. We say that /
divides J if there is an ideal I’ C A such that J = I’ (by Lemma A.28, this is equivalent to
I>J).

It’s easy to show that the notions defined in Definition A.31 behave exactly as expected under
the prime factorization of ideals. For example:

Proposition A.32. Two ideals I, J C A are relatively prime to each other if and only if the ideal
factorizations of I and J share no common prime ideal factor.

Proof. This follows from that p + q = (1) for any two differet maximal ideals p,q C A, which is

obvious as p + q is an ideal that contains p and is strictly larger than p.
O
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Theorem A.33 (Chinese Remainder Theorem). Let A be a Dedekind domain, and letay,--- ,a, C
A are ideals that are pairwise relatively prime (i.e. gcd(a;, a;) = (1) for alli # j). Then, the natural

map
n n
A/ = ] A/,
i=1 i=1
is an isomorphism.

Proof. The natural map arises from the natural map A — [[;_, A/a;, and its kernel is precisely
i, ;. Thus, to prove injectivity of the map, we need to show that

n n
H a;, = ﬂ a;.
i=1 i=1
By induction, we are left to prove the case of n = 2. Namely, if a + b = (1), then ab = a N b.
One containment, ab C a N b, is obvious, so we need to prove the other containment. Suppose

a € anb. Then, as a + b = (1), there exist x € a, y € b such that z + y = 1. Then,
a=ar+ay, oar,ayc ab.

Thus, o € ab. This proves the reverse containment.

To prove surjectivity, we need to prove the surjectivity of A — [[;_, A/a;. This means that,
forany 1 <1i < mn,thereisx € Asuchthatz—1 € a;andz € a; forall j # i. Since a,+a; = (1),
we have a; € a;, b; € a;j such that a; + b; = 1. Let

T = H(l —aj) = Hb]
ji J#i
Then, expanding [[,;(1 — a;), it is obvious that  — 1 € a;. Furthermore, x = [[,_; b; € a; for
all j # 4, which is what we want.

Theorem A.34. Let A be a Dedekind domain. Then, A is a UFD if and only if A is a PID.

Proof. 1t is in general true that a PID is a UFD, so we only need to prove the converse. Suppose
that A is a Dedekind domain which is also a UFD. Let a C A be any nonzero proper ideal. By
Lemma A.27, there exist a € a and some ideal b C A such that ab = (a). Let

a=upy--pr,

be a prime factorization of a, which comes from that A isa UFD; v € A* isa unit, and py,--- , p,
are prime elements in A. Then, each p; generates a principal prime ideal (p;), which is maximal
by the Dedekind-ness of A. Thus, the uniqueness of the prime factorization of ideals implies that
ab = (p1) - - (p,) means a is a product of principal prime ideals, so a principal ideal. Thus, any
nonzero proper ideal of A is principal, so A is a PID. U

Finally, we record that, even though the Dedekind domains are not necessarily PIDs, they are
not too far away from being PIDs.

Theorem A.35 (Ideals in Dedekind domains are generated by two elements). Any ideal I in a
Dedekind domain Ais generated by two elements. In fact, one can take one of the two generating

elements to be any nonzero element of I.
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Proof. Let A be a Dedekind domain, and a C A be an ideal. Then, a has a prime factorization

n
€
a=]]nl
=1

Choose any a € a nonzero. Then, (a) C a, so the prime factorization of (a), after rearranging,
can be written as
n
@) =]]»"
i=1

where f; > e;.

For each i, choose x; € p\p¥*, which is possible as p{' # pS™'. Then, the Chinese Re-
mainder Theorem, Theorem A.33, implies that there is x € A such that x = x; (mod pzf *) for all
1<i<n Asz;epi,zep soreca=]][",ps, whichimplies that (a,z) C a.

We claim that (a, x) = a. Note that, by definition, (a,z) = (a) + () = ged((a), (z)). Let ()
have the prime factorization

n m n m
=IIv < [Jay =(p2 (a7
i=1 j=1 i=1 j=1

where q;’s are differet from p;’s. Then,

ng H pmm fz,gZ

Note that g; > 0 is the integer such that x € p?* and = ¢ pgﬁl Thus, g; > e;. If f; = e;, then
min(f;, g;) = e;. If f; > e;, then z = z; (mod p;’) and z; ¢ pe’H implies that g; = ¢;, so again
min(f;, g;) = e;. Thus,

(a,2) = (a) + () = ged((a Hp
O

A.3. Change of prime ideals under algebraic operations. It is very much useful to work
with prime ideals of a commutative ring, as can be seen in the text. This is further elaborated
into the area of algebraic geometry (we will not go into further detail here). In that regard,
it is useful to understand how the set of prime ideals changes as one performs various algebraic
constructions on a commutative ring.

Lemma A.36. Let A be a commutative ring with 1, and let I C A be an ideal. Then, the natural
map
{prime ideals of A containing I} — {prime ideals of A/I}, pw—p/I,

is a bijection.

Proof. 1t is easy to see that if ] C p C A is a prime ideal, then p/I C A/I is also a prime
ideal. Furthermore, p — p/I is an injection, as in general the submodules of an A-module M

containing an A-submodule N C M are in one-to-one correspondence with the A-submodules

of M/N.
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Thus, we only need to prove the surjectivity. Namely, given a prime ideal p C A/I, the ideal
p:={a€A]la(modl)€p}CA,

is a prime ideal. But this is obvious; if zy € p, then zy (mod I) € p, so either  (mod I) € p or
y (mod I) € p, hence either x € pory € p. O

Lemma A.37. For commutative rings A, B,
{prime ideals of A x B} = {prime ideals of A} U {prime ideals of B},

where a prime ideal p C A (q C B, respectively) corresponds to a prime idealp x B C A x B
(A x q C A X B, respectively).

Proof. 1t is easy to see that the ideals of the form p x B for a prime ideal p C A and A x q for a
prime ideal q C B are prime ideals of A x B. Conversely, if t C A x B is a prime ideal, then it
is an easy exercise that any ideal of A x B is of the form I x J for ideals I C A, J C B. Since
I =tNAx0andJ =tN0x B, C Asatisfy vy € I implies either x € [ ory € I and similarly
for J C B. This implies that I is either a prime ideal or I = A, and similarly for J. If ] = A and
J = B, then I x J is not a prime ideal by definition. If ] C A and J C are both prime ideals,
thenforx € Tandy € J, (z,1)(1,y) = (z,y) € vt =1 x Jbut (x,1),(l,y) ¢ vt =1 x J,soit
contradicts with the primality of . U

Motivated by this, there is an algebraic construction of a ring called the procedure of local-
ization, which does nice things on the set of prime ideals. In some sense, taking the localization
allows us to “focus on one prime ideal at a time.”

How do we “remove prime ideals” from a ring? The idea comes from the notion of field of
fractions. Note that by taking the field of fractions of an integral domain, you removed all the
nonzero prime ideals from the integral domain.

Definition A.38 (Localization). Let A be a commutative ring with 1 which is also an integral do-
main. A subset S C A— {0} is called a multiplicative set if it is closed under the multiplication,
ie. s,s € S implies ss' € S. For a multiplicative set S C A — {0}, we define a commutative
ring® S71A as
STTA = {E € Frac(A) |a € A, s € S}.
5

Example A.39. (1) For a € A — {0}, the set S = {1,a,a?, -} is clearly a multiplicative
set. For such S, S~' A is also often denoted as A[1].
(2) For a commutative subring B C A with 1 (including the case B = A), and for a prime
ideal ¢ C B, theset S = B —q C A — {0} is a multiplicative set (check this; exercise).
For such S, S™!'A is also often denoted as A, and is called the localization of A at q.

The reason why this construction is called a localization is because it can discard prime ideals
as you would want.

Theorem A.40. Let A be a commutative integral domain with 1 and S C A—{0} is a multiplicative
set.
(1) Anideal J C S~ A isalways of the form J = S~'I := [-S™' A, the ideal of S~ A generated
by I, for some ideal I C A. Furthermore, one can take [ = J N A.
(2) If A is Notherian, S~ A is Noetherian.

57Tt is an easy exercise to check that this defines a subring of the field of fractions.
181



(3) If A is normal, S™' A is normal.
(4) There is a natural inclusion-preserving one-to-one correspondence

{prime ideals of ™' A} <+ {prime ideals p C A such thatp N S = 0},
such that the correspondence is given by
p=pnA,
The ideal generated by p < p.
(5) In (4), ifp C S~1A corresponds to q C A, then

(S A)/p =5 (Afa),
where S C (A/q) — {0} is the image of S in A/q.

Proof. (1) Let = J N A for an ideal J C S~'A. Then, as I C J, we have S~'] C J. On

the other hand, if x € J, then x = ¢ for some a € Aand s € S. Thus, st = a € J, so
a € I = JN A. This means that x € S~'I. Thus, J = S~'I.

(2) Let J; C Jo C --- be an ascending chain of ideals in S~'A. Then, letting I, = .J, N A,
we have an ascending chain of ideals Iy C I, C --- in A, which must stabilize. As
J, =S, J, C.Jy C--- must stabilize.

(3) Note that F' = Frac(A) = Frac(S7'A). Let x € F be integral over S~! A, which means
that there is a monic polynomial f(X) € (S~'A)[X] such that f(z) = 0. Let

Ay B a
f(X):X”+S—1X” 1+---+S—0, p_1, " 00 €A, Sp_1,--+,5 €85.
n—1 0

Lety = sp---S,_17. Then,

n n—1 n an—-180"""Sn—1, n—1 0‘058"'52_1
Qpy— a y" "=y 44
Yy n—1Y 0 PR "
OZf(:E): +— — 4 — =
Ss.-- 8" n—1_  ¢n=1 S sh...gn
0 n—-1 50 Sp—1 " Sn—1 0 0 n—1

Note that the numerator is a polynomial expression in y with coefficients in A, so y is
integral over A. Thus, y € A. Thus, v = —%— € S7'A,

(4) Let us first observe that the map is well-defined. Firstly, let p be a prime ideal of S™!A.
Then, the natural map A — S~'A/p has a kernel ANp,so A/(ANp)— S tA/pisan
injection. Thus, A/(A N p) is a subring of S~ A/p, which is an integral domain, so A N p
is also a prime ideal. Furthermore, as any element in S is invertible in S7' A, S is disjoint
from p, so A N p is also disjoint from S.

Conversely, let p C A be a prime ideal disjoint from S. Let x = ¢,y = £ € S7'4,
a,c € A, b,d € S, such that vy = {5 € S~1p. This means that b= ’5’ forpep,qge S, so
bdp = acq. As bdp € p, acq € p, which means that either a, ¢, or ¢ is in p. On the other
hand, as ¢ € S, ¢ ¢ p, so either a € p or ¢ € p, which means that either x € S™!p or
y € S~1p, which means that S~'p is a prime ideal of S~ A.

We then need to show that the two maps are inverses to each other. Let p C S~1A be
a prime ideal. Then, p N A C p implies that S~'(p N A) C p. On the other hand, if 7 € p
is of the formz = #,a € A, b € S, thenbx = a € p,soa € p N A, which mean that
r € S7Ypn A). Thus, S~*(p N A) = p. On the other hand, if p C A is a prime ideal
disjoint from S, then as p C S~'p, p C (S~'p) N A. Conversely, if z € (S~1p) N A, this
means that x € A but also x = % where a € p and b € S. This means that a = bz, so as
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a € p, either b € p or z € p. On the other hand, b € S, so b ¢ p. Thus, = € p. This implies
that p = (S~ !p) N A, as desired.

(5) We saw that A/q — (S~'A)/p is an injection of integral domains. Thus, Frac(A/q) C
Frac((S7'A)/p) is a subfield. Under this, we see that any element in S C A/q C
Frac(A/q) C Frac((S~'A)/p) is invertible in (S™'A)/p as it can be expressed as an

element in S. Therefore, we have S (A/q) C (S~1A)/p. Conversely, if = € (S71A)/p,
then it has a representative of the form %, a € A, s € S. Then, the corresponding 5 € S

anda € A/q will give rise to 2 = 4.

O

Example A.41. (1) If a € A — {0}, then the prime ideals of A[1] are precisely the prime
ideals of A that do not contain a.
(2) If B C Aand q C B a prime ideal, the prime ideals of A, are precisely the prime ideals
of A lying over a prime ideal contained in q (i.e. prime ideals p C A suchthatp N B C q).
In particular, if B = A, then A, has only one maximal ideal corresponding to .

(3) If S = A — {0}, then S~ A = Frac(A).

Definition A.42 (Local ring). A commutative ring A with 1 is local if it has exactly one maximal
ideal m.

From Theorem A.40, it is clear that A, is a local ring for any maximal ideal m C A.

Definition A.43 (Residue fields). Let A be a commutative ring, and m be a maximal ideal of A.
The residue field of m is the field A/m. If A is a local ring, then often we call the residue field
of the unique maximal ideal of A just the residue field of A.

The following is immediate.

Proposition A.44. If A is a local ring with the unique maximal ideal m, then A* = A —m (i.e.
any element not in m is invertible).

A4. Discrete valuation rings. Applying the localization to Dedekind domains, we arrive at
the notion of discrete valuation rings.

Definition A.45 (Discrete valuation rings). A local Dedekind domain which is not a field (i.e.
(0) is not the maximal ideal) is called a discrete valuation ring.

The advantage of the notion of discrete valuation rings is that there are multiple different
persepectives on this notion.

Theorem A.46. Let A be an integral domain.

(1) If A is a Dedekind domain with finitely many maximal ideals, then A is a principal ideal
domain. In particular, discrete valuation rings are principal ideal domains.

(2) If A is a discrete valuation ring with the unique maximal ideal m, then every nonzero frac-
tional ideal of A is of the form m™ for somen € Z.

(3) If A is a local principal ideal domain which is not a field, A is a discrete valuation ring.

Proof. (1) Let pq,-- -, p, be the maximal ideals of A. Then, by the weak approximation the-
orem and the unique factorization of ideals, for each eq,--- , e, > 0, there is a € A such
that (a) = p{'ps? - - - p&r. This implies that in fact each p; is a principal ideal, so any ideal,
which is a product of p;’s, is principal.
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(2) This is an immediate consequence of the unique factorization of ideals.

(3) Let A be a local principal ideal domain which is not a field. To show that A is a dis-
crete valuation ring, we need to show that A is normal and the nonzero prime ideals are
maximal.

Suppose v = § € Frac(A), a,b € A, gcd(a,b) = 1 (meaning that (a,b) is the unit
ideal), is integral over A. We want to show that x € A. Let m be the unique maximal
ideal. If b ¢ m, then b is invertible, so © € A, which is what we want. Thus, let’s assume
that b € m. Then, there exist a,_i,--- ,ay € A such that 2" +a,_ 2" '+ ---4+ay =0, or
a™ + a, 10" b+ - -+ + agh™ = 0. This implies that a™ € (b) C m. As m is a prime ideal,
this implies that a € m, so (a,b) C m, which is a contradiction. Thus, b has to be not in
m, and z € A, as desired.

Suppose that p C A is a nonzero prime ideal. As A is a PID, p = (a) for some a € A
not zero, which has to be irreducible. Let m = (b). Then, as p C m, a = bc for some
¢ € A. This implies that either b is a unit or c is a unit. Since (b) = m is not the whole A,
it follows that ¢ is a unit, so (a) = (b), or p = m. This implies that m is the only nonzero
prime ideal of A. This finishes the proof that A is a discrete valuation ring.

O

Definition A.47 (Uniformizer). As per Theorem A.46(1), a discrete valuation ring is a principal
ideal domain. A generator of the unique maximal ideal of a discrete valuation ring is called a
uniformizer.

Example A.48 (Examples of discrete valuation rings).

(1) The localization Z,) of Z at (p) C Z is by definition a discrete valuation ring. Its unique
maximal ideal is pZ;), and p is a uniformizer.
(2) The ring of formal power series C[[X]], defined as

C[[X]] := {ZanX" | ag, a1, € C} ,

with the usual multiplication and addition of infinite series, is a discrete valuation ring.
This is because it is local with the unique maximal ideal (X) (i.e. any infinite series with
nonzero constant coefficient is invertible), and more generally any element f € C[[X]]
can be written uniquely as f = X"u for u invertible and n > 0, so that there is a discrete
valuation on Frac(C[[X]]) (as we will see in a moment). In this case, X is a uniformizer.

From Theorem A.46(2), one can define a discrete valuation, v : Frac(A) — Z>o U {oc}, as
v(0) = oo and v(z) > 0 is such that the fractional ideal A - z is equal to m“(*). More generally,
one has the following definition.

Definition A.49 (Discrete valuation). Let F' be a field. A discrete valuation on F' is a map
v: F — Z U {oo} such that the following conditions hold.
(1) v(zy) = v(@) +v(y).

(2) v(z +y) > min(v(z), v(y)).
(3) v(z) = oo if and only if z = 0.

A discrete valuation is normalized if there exists a € F' such that v(a) = 1.

The following explains the terminology “discrete valuation ring”.
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Theorem A.50. Let A be an integral domain such that there is a discrete valuation v on Frac(A)
and A = {x € Frac(A) | v(z) > 0}. Then, A is a discrete valuation ring.

More concretely, if there is a non-zero non-invertible element m € A such that every elementa € A
can be written uniquely as a = ©"u for somen > 0 and u invertible, then A is a discrete valuation
ring, and 7 is a uniformizer.

Proof. First, note that any discrete valuation v : Frac(A) — Z>o U {oo} is of the form v = dw
for d > 1 and a normalized discrete valuation w. This is because the image of v in Z forms a
subgroup of 7Z, so it is of the form dZ for some d > 1. Therefore, we can assume that the given
discrete valuation is normalized.

As per Theorem A.46(3), we would like to show that A is a local principal ideal domain. Let
I ={a € A|v(a) > 1}. Thisis an ideal as v is additive, and z € A— 1 is invertible, as v(z~') = 0,
so z~ ! € A. Thus, [ is the unique maximal ideal, and A is local. This in particular means that,
if a,b € A are such that v(a) < v(b), then v (g) > 0, so g € A. Thus, for any ideal J of A, let
m = min(v(z) | z € J), which exists as the set is bounded below, and if we take any y € J such
that v(y) = m, then any element in J is a multiple of m, so (m) = J. Therefore, A is a local
principal ideal domain, so a discrete valuation ring. Taking m € A such that v(7) = 1, we get the
concrete description. U

The usefulness of the discrete valuation ring is that it basically retains all the information about
the specific prime that we care about, but also the such rings have much nicer properties like being
a principal ideal domain. The following is another useful lemma that appears a lot in algebra.

Lemma A.51 (Nakayama’s lemma). Let A be a local commutative ring, and I C A be a proper
ideal. Let M be a finitely generated A-module. If N is an A-submodule of M such that N + [ M =
M, then N = M. In particular, if IM = M, then M = 0.

Proof. Suppose first that IM = M, but M # 0. Let M be generated by ey, - - , e, € M, and take
the basis so that n is minimal. By assumption, n > 1. As M = I' M, there is an expression

€L =x1€ + -+ Tpey, Ty, ,Tp € 1.

Thus
(1 —mz)e; = xoeq + -+ - + ey,

Let m be the unique maximal ideal of A. Sincex; € I C m, 1 —x1 ¢ m,s0 1 —x; € A* is a unit.
Thus, e; is an A-linear combination of e, - - - , e,,, which contradicts the minimality of n.

Now in the general case, suppose that N + A = M. Letm € M. Thenm =n+ ), a;m, for
somen € N,a; € A,m; € M. Thus, m+ N =) .a;(m; + N),som+ N € M/N is actually
an element of /(M /N). Thus, [(M/N) = M/N, so by the special case as above, M/N = 0, so
M = N, as desired. U

A.5. Topological groups and infinite Galois theory. To precisely formulate the class field
theory, we need to know something about topology of Galois group of infinite Galois extensions.
This theory is often called the infinite Galois theory. There is nothing to worry about; the
upshot is that the fundamental theorem of Galois theory works with only one difference that we
have to take the topology into account. Namely, in the infinite Galois theory, the Galois group is
a topological group.
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Definition A.52 (Topological groups). A topological group is a group GG which is also a topo-
—1

logical space, such that the multiplication map G x G @Y, and the inverses map G
G are continuous with respect to the topology.

Example A.53. (1) Given any group G, you may endow it the discrete topology and make
it a topological group. Recall that the discrete topology means that any subset is an open
subset, so there is nothing to check for the continuity properties.

(2) The real numbers R with its additive group structure and the usual topology form a topo-
logical group. Also, the multiplicative group of nonzero real numbers R* with the induced
subspace topology forms a topological group.

(3) Complete discrete valuation rings and complete discretely valued fields are, additively,
topological groups. In fact, they are respectively topological rings (both addition and
multiplication are continuous) and topological fields (additionally, the multiplicative
inverse map is continuous on nonzero elements). This for example means that, for a com-
plete discrete valuation ring A, the multiplicative group of units A* is a topological ring
(with the subspace topology), and similarly for a complete discretely valued field.

We can now define the Galois group as a topological group.

Definition A.54 (Galois extensions). Let &'/ L be an algebraic extension of fields (maybe infinite).
We say that K/ L is separable if, for every a € K, the minimal polynomial p,(X) € L[X] over
L is separable. We say that K /L is normal if p,(X) splits in K for every a € K. We say that
K/L is Galois if it is both separable and normal. In that case, we write Gal(/X/L) as the group
of L-automorphisms (=bijective homomorphisms of L-algebras) K — K.

Again, whenever either L is of characteristic zero or a finite field, separability is automatically
satisfied.

Definition A.55 (Krull topology on the Galois group). For K /L a Galois extension, we define
the Krull topology as the topology generated by the basis

{Gal(K/M) C Gal(K/L) : K/M/L with M/L finite}.
In other words, a subset U C Gal(K /L) is open if, for every = € U, there exists a finite subex-
tension M /L of K/L such that o0 Gal(K/M) C U.
The Galois group with the Krull topology has the following topological properties.

Proposition A.56. Let K/L be a Galois extension.

(1) The Galois group Gal(K /L) with the Krull topology is a topological group.
(2) If K/ L is a finite extension, the Krull topology on Gal(K /L) is the discrete topology.
(3) The Krull topology on Gal(K /L) is alternatively constructed as follows. Let I be the set

I = {F/L finite Galois subextensions of K/L}.
Then, Gal(K /L) is identified with the subset

whenever F is a subextension of Fy, xp, is
Gal(K/L) = { (zr) € H Gal(F/L) : sent to x g, via the natural map C H Gal(F/L).
Fel Gal(Fy/L) — Gal(Fy/L) Fel
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Foreach F' € I, let Gal(F'/L) be the finite set with discrete topology, and let [ | ., Gal(F/L)
be endowed with the product topology™. Then, the Krull topology on Gal(K /L) is the sub-
space topology. In this perspective, the natural quotient map Gal(K/L) — Gal(F/L) for
any F' € I is continuous (when the target Gal(F'/L) is regarded as a discrete topological

space).
(4) The Krull topology on Gal(K /L) is compact, Hausdorff, and totally disconnected (the only
connected sets are singletons).

Proof. See Theorems 4.6, 5.1 and 5.4 of the handout on infinite Galois theory by Keith Conrad.
The proofs are elementary, but also irrelevant for our purpose. U

The following is the fundamental theorem of infinite Galois theory, namely the Galois corre-
spondence in the context of infinite Galois extensions; closed subgroups correspond to subex-
tensions.

Theorem A.57 (Fundamental theorem of infinite Galois theory; Galois correspondence). Let
K/ L be a Galois extension. Then, there is an inclusion-reversing one-to-one correspondence,

{Closed subgroups of Gal(K/L)} <> {Subextensions of K/L} ,
where the maps in both directions are given by
Hw— K%
Gal(K /M) < M/L.

The above correspondence restricts to various inclusion-reversing one-to-one correspondences,

{Closed normal subgroups of Gal(K/L)} < {Galois subextensions of K/L} ,

{Open subgroups of Gal(K/L)} <+ {Finite subextensions of K/L} ,

{Open normal subgroups of Gal(K/L)} <> {Finite Galois subextensions of K/L} .

Furthermore, if M/ L is a Galois subextension of K/ L, then there is a natural isomorphism
Gal(K/L)
Gal(K/M)
Proof. Omitted. U

= Gal(M/L).

Remark A.58. What is included in the above Galois correspondence are that every open sub-
group is of the form Gal(K/F) for a finite subextension F'/L (that this is open is obvious by
definition), and that such open subgroups are furthermore closed. This is reminiscent of Z,,
where the open disks are also also closed.

EXERCISES

Exercise A.1. Let A be a commutative ring with 1, and let M, N be A-modules. Find the natural
A-module structure on the set Hom 4 (M, N).

Exercise A.2. In this exercise, we will prove the following
Theorem. For a Noetherian ring A, any finitely generated A-module is Noetherian.

36Be aware that the product topology of an infinite product of discrete topological spaces is not discrete!
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(1) Let B be any commutative ring with 1 and M be a B-module. Let N C M be a B-
submodule, and let M;, My C M be two B-submodules of M. Show that M; = M, if and
only if My "N = My N N and MMéN = M];%N as B-submodules of M]%N

(2) For any commutative ring B with 1, show that a B-module generated by a single element

is of the form B/I for an ideal I C B.
(3) Prove the Theorem by induction on the number of generators of the module.

Exercise A.3. In this exercise, we will prove the following

Theorem. Let F' be a field, and A be a commutative F-algebra which is finitely generated as an
F-module. Then, A is an integral domain if and only if A is a field.

As fields are integral domains, we only need to prove one direction. Suppose that A is an integral
domain.

(1) Choose a € A nonzero. Show that the multiplication-by-a map m, : A — A (i.e. my(x) =
ar) is an injective F-linear map.

(2) Show that A as an F'-vector space is of finite dimension. Deduce that m, is surjective.

(3) Deduce that A is a field.

Exercise A.4. Let A be a Dedekind domain, and let I,.J C A be two nonzero ideals with the

prime ideal factorization
n n
r=11e. 7=]]»l
i=1 i=1

with e;, f; > 0 and pq, po, - - - , p, mutually distinct maximal ideals of A. Show that
ged(1,J) =1+ J = Hpm‘“(e“f“, lem(I,J) :=1NJ = Hpmax(eufz

Exercise A.5. Let A be a Dedekind domain.

(1) Prove the weak approxmiation theorem:

Theorem. Let py, - - - , p,, be mutually distinct maximal ideals of A, and let ey, --- , ¢, € Z.
Then, there exists a nonzero b € Frac(A) such that the prime ideal factorization of the
principal ideal (b) has p; appearing with multiplicity exactly e;.

Hint. It is sufficient to prove the theorem for ey, - - - , e, > 0 with the extra requirement
that b € A. Show first that p& /pSt! C A/p“*! is nonzero. After that, one can use (a
variant of) the Chinese Remainder Theorem, that A — [[I_, A/pS*" is surjective.

(2) Prove the strong approximation theorem:

Theorem. Let py, - - - , p,, be mutually distinct maximal ideals of A, and letey,--- , e, € Z.
Then, there exists a nonzero b € Frac(A) such that the prime ideal factorization of the
principal ideal (b) has p; appearing with multiplicity exactly ¢;, and also such that all

the other prime ideal factors of () have nonnegative multiplicities.

Hint. Use the version of the weak approximation for e, --- ,e, > 0and b € A to first

find a denominator, and then to find an appropriate numerator.
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Exercise A.6. For a rational prime p € Z, let v, : Q — Z U {oo} be the map defined as follows.
- Forn € Z, Up(n) > 0 is such that p”p(n) | n but pvp(n)Jrl/{/n.

n n
— For € Q. n,m € Z, define v, <E> = v,(n) — vp(m).

(1) Show that v, is a normalized discrete valuation on Q.
(2) Show conversely that any normalized discrete valuation v on Q is equal to v, for some
rational prime p.

Hint. Show that v(1) = 0, and v(n) > 0 for all n € Z. Then, show that I = {n €
Z | v(n) > 0} is a prime ideal of Z.

Exercise A.7. Let A be an integral domain, and let S C A — {0} be a multiplicative set. Let B
be a commutative ring, and let f : A — B be a ring homomorphism, such that f(s) is a unit in
B for every s € S. Show that there exists a unique ring homomorphism g : S™'A — B where
the composition of g with the natural map A — S7TA a {, recovers f:A— BY

Exercise A.8. Let Z, (the p-adic integers) be the set defined as follows.
Zy = {(ar, a9, ) | an € Z/p"Z, apt1 (modp") = a,}.

Namely, Z,, is the collection of compatible sequences of mod p" congruence classes.

(1) Endow Z, with a commutative ring structure, where the addition and the multiplication
are defined entrywise (e.g. (a1, as, )+ (b1, b, -+ ) = (a1 + by, as + b, - - - ). Show that
Z,, is a discrete valuation ring.

(2) Consider the natural ring homomorphism Z — Z,, n — [n] := (n,n,---). Show that,
for any n € Z coprime to p, [n] is a unit in Z,. Deduce that this gives rise to a natural
injection Z,y < Zy,.

(3) Show that the natural injection Z,) < Zj, is not surjective. Deduce that Q, := Frac(Z,)
is strictly bigger than Q.

37In general, this kind of a statement is called the universal property.
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L1ST OF THEOREMS WITHOUT PROOFS

In the later part of the course, we stated some big difficult theorems without proofs. It takes
a long time (or even a whole semester-long course) to prove these theorems. Our goal in this
course is to rather expose the students to more modern developments of number theory, so we
will not try to prove these theorems, but rather focus on seeing how useful these big theorems

are.

The following is the list of unproven major theorems in the lecture notes.

Kronecker—Weber theorem, Theorem 2.36. It is usually dealt in a typical graduate-level
algebraic number theory course, but in fact it also easily follows from the local Kronecker—
Weber theorem below.

Local Kronecker-Weber theorem, Theorem 5.2. An elementary proof alluded in the foot-
note can be found in [Lub].

The local class field theory, in particular Theorem 5.3 (local Artin reciprocity) and Theorem
5.4 (local existence theorem). This is usually proven in a typical graduate-level algebraic
number theory course.

e Chebotarev density theorem, Theorem 5.22.
e The global class field theory, in particular Theorem 5.26 (Artin reciprocity) and Theorem

5.27 (existence theorem). These are usually proven in a typical graduate-level algebraic
number theory course.

Lemma 5.38, whose proof may be found in some of the class field theory textbooks, such
as Artin-Tate, Neukirch, Lang, etc.

Hilbert reciprocity law, Theorem 5.45.

e Analytic class number formula, Theorem 6.39. The proof is elementary but long.
e Conductor-discriminant formula, Theorem 7.5. It can be proved by showing an equality

of “local discriminant” and the product of local conductors, and this requires more refined
study of ramification in local fields.

Theorem 7.14, that p|hq,) if and only if p|hg. .

Ribet’s Converse to Herbrand’s theorem, Theorem 7.19.

Theorem 7.24, that the index of the Stickelberger ideal captures the relative class number.
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EXERCISE SOLUTIONS

Introduction: Mordell’s equations.

Exercise 0.1.
As T is cyclic, there is a primitive root  mod p, namely F)* = Z/(p — 1)Z and under this
isomorphism 2 € F)¢ corresponds to 1 € Z/(p — 1)Z. Then, a = 27 for some 0 < j < p — 1,

p—1 .

and <%> = 1 if and only if j is even. Note that o' = 2", soitis 1 if j iseven, and x = if j

is odd. Note that <IPT_1> =P 1 =1, 50 2"7" is a solution to X2 — 1 that is not equal to 1, so
p—1

2z = —1. Thus, (%) = 4" mod . U

Exercise 0.2.

(1) As pis odd, p = 2 + y? implies that one of 22, y? is odd and the other is even. Thus one
of them is = 1(mod 4) and one of them is = 0(mod 4). Thus, p = 0+ 1 = 1(mod 4).
(2) Asp|(n®+1) = (n+1)(n—1),if pis irreducible, it means that either p|(n +1) or p|(n —1),
but neither of them holds. Thus, p is reducible.
(3) Aspisreducible,p = z; - - - z,. for zy, - - - , z, irreducible elements in Z[i| (the same element
may repeat more than once). Taking the complex conjugate, we get p = Z; - - - Z,., s0o
pr=lal el

| 2

Note that each |z;|? is a positive integer. Furthermore, |2;|*> # 1, as otherwise it will mean
2;Z; = 1, so z; will be a unit. Thus, by prime factorization in integers, it follows that either
r = 1 with |2|* = p? or r = 2 with |2|> = |23|> = p. Note that as p is reducible, r > 1.
Thus, the only possibility is r = 2 with |21 |> = |23|*> = p. Let z; = x + iy, x,y € Z. Then
|21|? = p means z? + y* = p, as desired.

O
1. Number fields.

Exercise 1.1.

Let K be a quadratic field. By definition, z € K\Q is a root of a polynomial with rational
coefficients that is not linear (as otherwise = € Q). As K is quadratic, it follows that x is a root
of a qudaratic polynomial with rational coefficients, p(X) = X% + aX + b, a,b € Q. Note that
K =Q(z)as K D Q(x) D Q and Q(z) # Q which leaves no possibilities but X' = Q(x). Note

also that y = = + ¢ is a root of a quadratic polynomial ¢(X) = X? 4+ b — %. Note that as y is

x plus a rational number, Q(y) = Q(z), and on the other hand, y = / ’14—2 — b, the square root

of a rational number. Let y = \/%, p,q € Z,q > 0. Then, qy = /pq, and Q(qy) = Q(y). Thus,
K =Q(y/p9)- O
Exercise 1.2.

By the lecture notes, D(1, o, &?) = (—=1)*Ng go(f'()) = —Ngg(3a* +a). Let @ = x1, 22, x3
be the three roots of f(X) in the normal closure of K. Then,

Nijo(3a®+a) = (323 +a)(3x3+a) (323 +a) = 272 xsws+9a(wias+aivs+aswy)+3a° (23 +as+as)+a’.
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Note that as f(X) = (X — z1)(X — x2)(X — 23) we have

r1+ 20 +2x3=0, X120+ 2123+ X923 =a, x1T2x3= —Db.
Thus
rivir; = b7,
wiry + xirs + w3y = (2179 + 1123 + T973)? — 2312973(71 + 12 + X3) = A,
o1+ 23+ 23 = (11 + 29 + 23)% — 2(2179 + 1173 + To73) = —2a.
So
Ngo(3a? 4+ a) = 270> + 9a® — 6a° + a® = 27b* + 4a’.

Thus we get the result. 0

Exercise 1.3.

(1) The primitive element theorem says that X' = Q(«) for some o € K. Let p(X) be the

minimal polynomial of o over Q,
p(X>:Xn+an—1Xn_1+"'+a07 Ap—1,""" 7CLOGQ'

Let d be the common denominator of the rational numbers a,,_1 - - - , ag. Then, = da is
a root of the polynomial d"p(X/d), which is

d"p(X/d) = X" + dan_ X" + - + d"ap.

Note that d’a,_; € Z, as da,,_; € Z. Thus, d"p(X/d) is a monic polynomial with integer
coefficients. By Gauss’s lemma, as p(X) is irreducible in Q[ X, d"p(X/d) is irreducible in
Q[X], so it is irreducible in Z[X]. Thus da € Ok. Obviously Q(«) = Q(da). So we are
done.

(2) Note that D(1,«,- -+ ,a" 1) = £Ngo(f'(a)), where f(X) is the minimal polynomial of

« over Q. Since K /Q is separable, f(X) and f'(X) have no common roots, so f'(«) # 0,
s0 Ni/o(f'(e)) # 0. Thus, D(1, @, - -+, ') % 0. Note that

D(1,a,--- " 1) =[Ok : Z[a]]? disc(K),
so it follows that disc(K') # 0.

Exercise 1.4.

(1) By Gauss’s lemma, if f(X) is reducible, it must be factorized into

FX) = (X" 4 by 1 X o b)) (X ™ 4 o X o ).

Note that bycy = ayg, so either by or ¢y is divisible by p. Also, as p* does not divide ay,

exactly one is divisible by p. Without loss of generality, let p|by and (p, cy) = 1. Then we

have b;co+bocy = a1, and as by, a; are divisible by p, b ¢ is divisible by p. As ¢ is copriem

to p, p divides b;. Continuing, we get every coefficient of (X™ + b, X™ 1 + ...+ by) is

divisible by p, which is obviously a contradiction as it is monic. Thus, f(X) is irreducible.
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(2) By Hint, (. is a root of ®,.(X). Thus it suffices to show that ®,.(X) is irreducible, or
®,. (X +1) is. Note that the constant term of @pa (X +1) is 14+1+- - -+1 = p, so it satisfies
Condition 2. Thus we are left with Condition 1, that ®,«(X + 1) = X?" @~ (mod p).
Note that

a

(X+1) -1  X+1-1  X?

p ( + ) (X 4 1)pa—1 -1 Xpa—l 4 1—-1 Xpa—l

(3) Note that C;fa for1 < k < p% (k,p) = 1, is also a root of ®,«(X), and this exhausts all

roots as we have enumerated all ¢(p*) = p®~*(p — 1) roots. Thus, the conjugates of (pa

are (.. Thus, e (X) is already split in Q((pe ), s0 Q((pe)/Q is Galois. We have a natural
map

= XP"' =1 (mod p).

Gal(Q((n)/Q) = (Z/p"Z)*, o 1(0), o(Ge) = G,
which is injective as the automorphism of Q((«) is determined by where (,« goes. Thus

the natural map is an injection between finite sets of the same order, so it is bijective, so
it is an isomorphism.

U

Exercise 1.5.
(1) Note

P2 -1 p-1)-1)

a=l(p—1)—1
D(1, Cpa, - - - 7C£a (p—1) ) =(-1) 3 NQ(CPG)/@(CD;CL(CPG)).
Let’s not worry about the sign part at the moment. We have
(x) = X -1\ (X -y (X 1) - (X )X -1
- Xpa—l . 1 (Xpa—l . 1>2
B anp“—l(Xpa’I _ 1) . pa_lXpafl_l(Xpa _ 1)
= o 1) .
Let ¢, = gg;‘ la primitive p-th root of unity. Then
et (G —1) =0 1
(b;a (Cpe) = 7o (S 2) =p'—
(Cp B 1) Cp“ (Cp - 1)

Let D be the discriminant, £ be the sign part (to be determined later), and K = Q((p).
Then

(b/

P

Nio(p?) . p" =)
Niso(Gpe)Nkja(Gp = 1) (=17 =D Ny, 0(G — 1P

Here we have used the transitivity of norms and that ®,.(.X') is the minimal polynomial

of (e to determine Ny g((pe). Note also that ¢, isaroot of XP~! + .- +1,s0(, —lisa

root of (X + 1)P71 + -+ + (X + 1) + 1, so Ny(,)/0({ — 1) = (—1)?"'p. Thus we have
D= j:papa_l(P—l)—p“_l.

D=+

So what is this sign? If p is odd, then looking at the expresion of =+, one realizes that
p—1 p—1

+ = (=1)"7 ,s0 D = (—1)"z p®" ' @=D=2"""_ On the other hand, if p = 2, suppose first

that @ > 3. Then, + = (—1)2a_2(2a_1_1) — 1. So, D = p@" '=1=p""" If p* — 4, then
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a=l{p—1)—p

a—1

+ =—-1,s0D = —papa_l(pfl)*pa_l. If p* = 2, then £ = 1,s0 D = p®
we have

a—1/(,_1)_
D(lanaa"' >C§a (p—1) 1) :{

So

aafl _1_0,71
p* T (p=1)=p

if p=1(mod4) or p =2 witha # 2
—p" " @=D=P""1if p = 3 (mod 4) or p* = 4

(2) The minimal polynomial of (ya is ®pa(X), s0 1 — (pa is a root of @,.(1 — X). This poly-
nomial has the constant coefficient p and the leading coefficient (—1)?""'®=1_ 5o the
minimal polynomial of 1 — (pa is (—1)”" ®~D®,.(1 — X), whose constant coefficient
is (—1)*"""®»=Vp, Thus, No(¢,e)/(1 — (pa) = p. This applies to any primitive p®-th root

k
C”Z is 1, which

Cp

of unity, so No(c,.)/0(1 — () = p for k € (Z/p*Z)*. Thus the norm of 1:
means it is a unit. .
(3) Note that 14 (,« within a specific choice of (,« = e?m/P" corresponds to a complex number

2T N s
1+ o — <1 + cos (—)) + 7sin (—) .
e e

Note that Z—Z{ < 2?” < g SO COS (?)—Z) > (. Thus, the complex norm of <1 + cos (i—’;)) +
i sin (127_1r>’ which we denote as A, is larger than 1. Thus, (1 + (,.)* corresponds to a
complex number that is of the norm A*. This grows infinitely larger as k — oo, so (1 +
(pe)* # 1 for any k > 0. Thus 1 + (. is of infinite order.

l

Exercise 1.6.

Note that disc(Q((,)) is = a power of p. As disc(K) divides it, disc(/') must also be a power

of p. This excludes the case K = Q(v/d) with d = 2,3 (mod 4), as then disc(K) is a multiple of
4 (recall we assumed that p is odd). For d = 1 (mod 4) to be a squarefree integer which is + a
power of p, the only possibilities are either d = £p or d = 1. But d # 0, 1, so the only possibility
isd=+p,andd=pif p=1 (mod4)andd = —pif p = 3 (mod 4). O

Exercise 1.7.

(1) Let po(X) = X" +d, 1 X" ' + -+ + dy where p|d,,_1,- -+ , dy but p? does not divide dj.
Then a" = —(d,_10™ ' + -+ -+ dy), so O;Tn = — (d";la”_l + -+ %) € Z[a] C Ok, so

p
a € p(’)K

Thus, multiplying by ™!

, we get
apd™ ' 4+ a"(ay + agar + - -+ a,_10"7?) € pOk.
Since " € pOg, we have apa" ! € pOy. Let apa™ ! = px with x € Og. Then

Nrsglao) Ni/o(a)"™ = Ni/o(p)Niso(z) = p" Niyg(z) € p"Z.
On the other hand, by definition, Ny /q(c) = (—1)"do, so Nk g(c) is an integer divisible

by p but not p?. Thus N K/@(a)”*l is an integer divisible by p"~! but not by p". Tuhs,
Nk jglag) = af € pZ. Thus, ag € pZ. This implies that ajov + -+ + ap_10™ ! = (ag +
st 1™ — ag € pOg. Multiplying by a2, we get ;"' € pOg, from which
we again obtain a; € pZ. Repeating this, we get ag,--- ,a,-1 € pZ.
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(2) Let d be the common denominator of by, - - ,b,_1. Then dz € Z[a] N dOk. If there is
a factor of p in the denominator, then p|d, so dx € Z[a] N pOk. By (1), this means that

dbo, - - ,db,—1 € pZ. On the other hand, if b; is the coefficient with the largest power
of p dividing the denominator among by, - - - , b,—_1, then db; is coprime to p, which is a
contradiction.

(3) Ifthereis an order p element in Ok /Z|«/], this means there is © € O such that pz € Z[a|.
But then x is then a QQ-linear combination of powers of a where each coefficient has
denominator dividing p. By (2), this implies that each coefficient is in fact an integer, that
x € Z[a]. This means that there is no order p element in Ok /Z|a/], as desired.

(4) Let K = Q(v/2) and @ = v/2. Note disc(1,---,v2%) = (=1)"Ng,o(f'()) where
f(X) = X° — 2 is the minimal polynomial of o over Q (it is the minimal polyno-
mial because it is irreducible as it is obviously Eisenstein at 2). Thus disc(1,--- ,a?) =
NK/Q<5CY4) = 55NK/Q(04)4 = 5524.

Now 2 does not divide [Of : Z[a]] by (3) as X° — 2 is Eisenstein at 2. So it remains
to prove that 5 does not divide the index. Note that Z[a] = Z]o — 2] where § = o — 2
satisfies f(X + 2) = (X + 2)° — 2. This is again an irreducible polynomial in Z[X] (as
f(X) is irreducible), but note that it is also Eisenstein at 5: it is

fIX+2)=(X+2°-2=X°+2°—-2= X° (mod5),

and its constant coefficient is 2° — 2 = 30 which is not divisible by 5. Thus, [O : Z[f]] =
[Ok : Z]a]] is not divisible by 5 by (3).

O
2. Prime ideals.

Exercise 2.1.

(1) Straightforward.

(2) Note that, in Fo[X], X? — X = X (X — 1) is reducible while X? — X + 1 is irreducible.
One way to see that X2 — X + 1 is irreducible is because, if it is reducible, it should be
factored into a product of two linear factors, which means there should be a root in Fs,
but 02— 0+ 1= 1and 1> — 1+ 1 = 1, so there is no root in Fy. Thus, f(X) is irreducible
in Fo[X]iff 152 = 1 (mod 2).

(3) Note that f(X) = (X — 3)? — 4, so for p odd, f(X) is irreducible mod p iff ¢ is not a
square mod p, or equivalently d is not a square mod p.

(4) This means that

((27 @+1>(27@) lfp: 2,dE 1 (mod8)
(2) ifp=2d=5 (mod8)
(p) =4 (p) if p odd, d not a square mod p
(p, 1+2\/3 - ]%1)2 if p divides d
(554 — 2 —a)(p, 252 — 2 1) ifpodd, ¢ = a? (modp) for a # 0

Exercise 2.2.
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(1) Suppose that p is ramified in L,
(p) = p‘il .. .p;g C OL,

with e; > 1. Then p? divides (p). Let q be any prime ideal in O lying over p;. Then g>
divides pOg, so p is ramified in K.

(2) Suppose that pis completely splitin K. Then by (1) firstly p is unramifiedin L. Letp C Oy,
be a prime ideal lying over p. We want to show that f(p|p) = 1. Let ¢ C Ok be any prime
ideal lying over p, i.e. ¢ N O = p. Then O /p — Ok /q is a subfield. Also f(q|p) = 1 so
Ok/q = F, which means that O, /p = F,, which means f(p[p) = 1 as desired.

O

Exercise 2.3.
Note that disc(Q(v/d)) = d in this case. Thus Fr, = 1 if and only if p splits completely in
Q(\/E), which is, when p is odd, when d a square mod p. O

Exercise 2.4.

That p is inert means that f = [K : QJ, so D(p|p) is a cyclic group of order f = [K : Q),
for any prime ideal p lying over p. Since D(p|p) is a subgroup of Gal(K/Q), which is of order
[K : Q], it follows that D(p|p) = Gal(K/Q), so it is a cyclic group. O

Exercise 2.5.

(1) This is because there is no primitive n-th root of unity in R.

(2) Note K™ is fixed by 0_; € Gal(K/Q), 0_1(¢,) = ¢, ', so [K : K] > 2. Note that ¢,
is a root of a quadratic polynomial f(X) € KT[X], f(X) = X% — (¢, + ¢, 1) X + 1, s0
[K: K] <2,s0[K:K"]=2.

(3) Lett : Kt — C be any embedding and we can find (,, € C so that the induced embedding
K < C restricts to the given embedding ¢ (you can take the root of f(X) in C which is
possible because C is algebraically closed). Then (,, has complex norm 1, so (! is the
complex conjugate of (,, so (, + (! is a real number, so K+ C R.

(4) Note that O+ = O N KT, so Og+ D Z[(, + ¢, ']. Conversely, if z € O+, then
T = Z?;& a;¢l, a; € Z. Since v € KT, itis fixedby 0_1,s0 x = 0_1(x) = Z;:& a; ¢,
so a; = a,_; (with a,, := ag). Thus it a Z-linear combination of 1, {;, + ¢, 1, 2+ (2, -+ -
Thus it is sufficient to prove that ¢/ + (7 € K for all j € N. We prove this by induction
on j. Obviously 7 = 0, j = 1 case holds. Also,

G +GTNG+G) =G+ G+ G2+,

so by induction we get the desired result.

U
3. Class groups.
Exercise 3.1.
(1) The Minkowski bound is % 20 = /5.
(2) Note (2) factors in K as (2) = (2,v6 4+ 2)%, s0 p = (2,V6 + 2).
(3) Note that 2 = (v/6 +2)(v/6 — 2), so p = (2 + v/6), so it is principal.
U

Exercise 3.2.
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(1) Minkowski bound is %\/4_0 =+/10.

(2) Note (2) factorizes as (2) = (2,v/10 + 2)% so po = (2,10 + 2). Note N(py) =
V(@) = vi=2

(3) If p, is principal, then there is & € O such that N g(a) = £2. If o« = 2 + yv/10, then
Ngjg(o) = 2? — 10y?, so we want to see if 22 — 10y* = £2 has any integer solutions. If
there is an integer solution, mod 5, 2 =42 (mod 5), so a contradiction.

(4) Note X2 —10 = X2 — 1= (X — 1)(X 4+ 1) (mod 3), so (3) = (3,10 — 1)(3,v/10 + 1).
Let p3 = (3,v/10 — 1) and p} = (3,v/10 + 1). As f = 1, N(p3) = N(p}) = 3.

(5) Note that Ng/q(4 + \/E) = 6, so the prime ideal factorization of (4 + \/ﬁ) consists
of p, and some prime ideal of norm 3. On the other hand 4 + V10 € P, so we see
(4 + V/10) = pops. Therefore in CI(K), [pa] = [p2]™' = [ps]~" = [ps], so we see that
[p2] = [ps] = [p}] and they are nontrivial elements of order 2. Thus ClI(K) = Z/2Z.

O

Exercise 3.3.

(1) Note that Q(+/—14) is of discriminant —56. Thus, using the algorithm, we seek for a, b, ¢ €
Z,a,c > 0,56 = dac — >, —a < b<a,c>a andif b < 0, c > a. First we look for
1<a<4/56/3,s01<ac<A4.

Ifa =1 then -1 <b<1s00<b<1. Since biseven, b = 0. Then ¢ = 14. This
corresponds to X? + 14Y2,

If a = 2, then —2 < b < 2. Since 4ac and 56 are both multiples of 8, b must be a multiple
of 4. So, b = 0, and ¢ = 7. This corresponds to 2X2+7Y2

If a = 3, then —3 < b < 3. Since b is even, either b = 0 or b = +2. As 56 is not a
multiple of 3, b # 0. If b = 42, then 56 = 12¢—4, s0 60 = 12¢, so ¢ = 5. These correspond
to 3X2 +2XY 4+ 5Y? and 3X? — 2XY +5Y2

If a = 4, then —4 < b < 4. Since 4ac and 56 are both multiples of 8, b must be a multiple
of 4. So either b = 0 or b = 4. In both cases 4ac and b? are multiples of 16, so 56 must be
a multiple of 16, which is not the case, so a contradiction.

From the generalities, we see that p is properly represented by either of the four forms
if and only if —56 is a square mod p, or, as p # 2, —14 is a square mod p.

(2) If p = X? +14Y?, then X is odd, sop = 1 — 2Y? (mod 8). Also Y2 = 0,1 (mod 4), so
p=1,-1(mod8). If p = 2X? + 7Y? then Y is odd, so p = 2X? — 1 (mod 8). Also
X?2=0,1(mod4),sop=1,—1 (mod8).

(3) If p = 3X2 £ 2XY + 5Y2, then 3p = 9X? + 6XY + 15Y? = (3X £ Y)? + 14Y2
If 3p = Z? + 14W?, then firstly, we want to show that either p = 3 or Z, W are both
coprime to 3. Indeed, 0 = Z? — W? (mod 3), so if either Z or W is divisible by 3, in fact
both must be divisible by 3, in which case 3p is divisible by 9, so p is divisible by 3. Thus,
only one of the two cases, Z = W (mod3) or Z = —W (mod 3), should hold. In that
case one may express Z = 3X & W for some X € Z, and 3p = Z? + 14W? reduces to
p=3X?E£2XW +5W2

Thus, in this case, 3p = Z? + 14W? = Z? — 2W? (mod 8), in which case by the same
reasoning 3p = 1, —1 (mod 8), or p = 3, —3 (mod 8).

(4) If p = 2X2 + 7Y? then 2p = 4X? + 14Y? = (2X)? 4+ 14Y2 If 2p = Z* + 14WW?, then Z

is even, so Z = 2X so that 2p = 4X? 4+ 14W? or p = 2X? + TW?2.
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(5) So either p or 2p = X? + 14Y? if and only if <’714> = 1land p=1,7 (mod ). Since p =
1,7 (mod 8) is equivalent to <%> = 1, we can change the condition into p = 1,7 (mod 8),

(%) = 1. On the other hand, the quadratic reciprocity we proved had an intermediate

g—1

consequence that (%) = (%), SO (%) = (%), so we get the desired result.

(6) If there is p where X? + 14Y? represents both p and 2p, then there are two elementst
a, f € Z[\/—14] such that N(a) = p, N(§) = 2p. Thus p = («) is a prime ideal lying
over p of norm p, and () = pop’ where py = (2,1/—14) is the unique prime ideal lying
over 2, and p’ is another prime ideal lying over p of norm p. Note that either p = p’ or
pp’ = (p), so [p] = [p/|*!. On the other hand, as p is principal, it follows that [p’] = 1, so
this contradicts 1 = [(3)] = [p2][p’] = [p2] which is not true as we saw in the ntoes.

O

Exercise 3.4.

(1) Note that [z] is the ideal class of a fractional ideal Z + Z - z, so indeed Z + Z - (—%) =
Z + 7 - z. Thus it suffices to show that aa is a principal ideal for any ideal a. We can
prove this when a is a prime ideal, and in that case the statement readily follows as we
know how the rational prime splits; if p is inert, a is already principal and a = a, if p splits
completely aa = (p), and if p is totally ramified, a = @ and a® = (p).

(2) Note that —z = bg—‘({ai, so z — —Z has the effect of changing the sign of b. Thus [a, b, c]* =
1 if and only if [a, b, ¢| = [a, —b, c|. This is the case when either b = 0 or [a, —b, ¢] violates
one of the representative conditions, d = 4ac —b?, —a < b < a,c > a,and if b < 0, ¢ > a.
This can be the case when b = a or when c = a and b > 0.

We show the converse. If b = 0, then obviously [a, b, ¢| = [a, —b,c|. If a = b, this in
terms of the complex number in H means Re(z) = 3, so =z = —1 + z which is again
in the same SLy(Z)-orbit. If a = ¢, this means that d = 4a? — b2, so |z| = &34 = 1. So

4a?2
—Z = ’71 = Sz where S = ((1) _01) € SLy(Z). In any case, b = 0,a = bora = ¢

implies [a, b, c]? = 1.
(3) Note that h is odd if and only if there is only one a, b, c with [a, b, c|* = 1, or either b = 0,
= aorc = a. Let K = Q(/—m) with m squarefree. Suppose that m = 3 (mod4).
Then disc(K) = —m = —d. In particular d is odd and squarefree. If d = 4ac — b?, then b
must be odd. Thus b = 0 has no solution.
e Ifb = a, thend = 4bc — b* = b(4c — b), where ¢ > b, b,c > 0. Note that d =
3 (mod4), so for any factor m|d, which must be odd, % = dm = —m (mod4), as
m? =1 (mod4), so £ = 4z — m for some x € Z. In particular, if we let m = 1, then
d =4x —1,and x > 1 as d > 3. This always give rise to at least one solution for
[a,b, c]? = 1.
Suppose d is a composite number, d = p; - - - p, with py, - - - , p, distinct. Suppose that
p1 is the smallest prime factor. Then for there to be no other solution of [a, b, c]* = 1,
we need Z%"'ﬂ“ < p1, Of po -+ - p, < 3p;. Note that this is impossible if » > 3 as
P2 Py > pap3 > p2 > 3py as pp > 3. If r = 2, then this can be possible precisely if

P2 < 3p1.
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e If ¢ = q, then because of the solution in the case b = a, we must have no solution. The
equation becomes d = 4a® —b? witha > 0,a > b > 0. Note d = (2a —b)(2a+b). We
know from the previous case that the only possible case is when either d is a prime
or d = py1pe with p; < ps < 3p;. If d is a prime, then 2a — b = 1 and 2a + b = d,
whence ¢ = %andb = %,soa > bimplies% > %,ord—i—l > 2d — 2, or
d < 3, so d = 3. But then this is included in the case a = basa =1 and b = 1. Thus
anyways in the case d a prime, ¢ = a adds no more solution.

If d = p1py with p; < po < 3p1, we may take 2a — b = p; and 2a + b = ps so that
a= ’% and b = P252L. Then a > b means ’% > PB22PL or py +p2 > 2py — 2py, or
3p1 > po. This holds as 3p; > po. This is also a different solution as @ > b precisely
because 3p; > po. Thus, d composite case will add an additional solution in ¢ = a
case.

Thus we have seen that in the case of m = 1 (mod 4), h is odd if and only if m is a prime.

Now suppose m = 1,2 (mod 4), so that d = 4m. In particular d is a multiple of 4, so

b is even. Thus b = 0 has a solution whenever m = ac, ¢ > a. Thus this automatically
excludes the case when m is a composite number. If m = 1, then [1, 0, 1] is a solution to
[a,b,c]> = 1. It is easy to see that m = 1 case has hx odd as Q(v/—1) isa PID. If m = p
is a prime, then [1, 0, p] is a solution to [a, b, ¢|> = 1. Thus the other cases, b = a or ¢ = a,
must have no solutions.

If b = a, then 4p = b(4c — b), with ¢ > b, b > ¢ > 0. If we take b = 2, then ¢ = ]%1

would be a solution if 1%1 > 2,0r p > 3. Thus m > 3 cases are excluded, and we are only

left with Q(+/—2), which we know is a PID. Thus we see that if m = 1,2 (mod 4), then
hi is odd iff K = Q(v/—1) or Q(v/—2).
U

4. Local fields: one prime at a time.

Exercise 4.1.
We can deduce this if we show that the discriminant disc(K /L) is a unit ideal. Note that we

can see K as K = L(#ﬁ) = L(#a). Note that Gal(K/L) = {1,0} where o(\/p) = —/p

and o(\/q) = —/q. Thusif welete;, = 1, e; = HZ*@ and e3 = 1+2\/a, then D(ej,e3) =
A
det ) 125 | =p and D(ey, e3) = g by the same calculation. Since disc(//L) contains the
2

ideal generated by D(eq, e3) = p and D(eq, e3) = g, this implies that disc(K /L) is the unit ideal.
U

Exercise 4.2.

(1) Suppose not and say all prime factors of f(n) are less than N. Let f(X) = a, X"+ - -+a,.
Then

f(M‘CLQ)

- = apal (M) + - + azag(M!)* + a; M! + 1 = 1 (mod M!).
0

Thus, 229 i5 an integer that is = 1 (mod p) for any p < M. Note that lim,, . | f(m)]| =

ao
|f(M!ao)
ao

oo. Thus, if we take M > N to be very big, we have | > 2, so that a prime factor

of f(l\g_;ao) must be not less than NV, a contradiction.
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From this, this implies that f(X) has a root mod p for infinitely many rational primes

.

(2) Let K = Q(«v) for a« € Ok which is possible by primitive root theorem. Let f(X) be the
minimal polynomial of o over QQ. Then we can use Dedekind’s criterion for all but finitely
many primes, and for then we see that there are infinitely many rational primes p such
that f(X) (mod p) has a linear factor, which implies that there is a prime ideal lying over
p in Ok whose residue degree is 1.

(3) Suppose not, so there are finitely many prime ideals py, - - - , p,, C Op splitting completely
in K. Let M be the Galois closure of K over Q. By (2), and as K/Q is Galois, there are
infinitely many primes p such that p splits completely in /K. This implies that p splits
completely in L and any prime of L lying over p splits completely in K. This contradicts
the finiteness assumption.

O

Exercise 4.3.
(1) By symmetry, it is sufficient to prove that D(b,r) C D(a,r). If x € D(b,r), this means
|b — x| < 7, but then |a — z| < max(|Ja — b, |b— z|) < r,s0ox € D(a,r), as desired.
(2) Ttis clear that | - |7*((a, b)) is open for a < b, so it is continuous.
(3) Note that as | - | is discrete, the condition |a — x| < r is equivalent to |a — x| < r — € for
some small € > 0, as long as | - | does not take value in any number in between r — ¢ and
r. Thus, an open disk is closed by (2).
(4) One side is obvious. If lim,,_,, @, = 0, then by the strong triangle inequality, ZnN:1 ay, 1s
a Cauchy sequence, so it converges.

O

Exercise 4.4.

(1) Obvious.

(2) Immediate from (1).

(3) Obvious.

(4) Note that formally e” and log(1+ z) give inverses to each other, and they are real inverses
whenever they converge, so (2) and (3) imply the desired result.

0

Exercise 4.5.
(1) Note [K : L] = n and ek, > n so the result follows.
(2) Hint is self-explanatory, as 1" = 1.
(3) If we let 77, be a uniformizer of L, % is a unit in K. You can multiply 77, by a unit in L
so that % = 1 (mod 7k ), and then by (2) this itself is an n-th power of a unit, so we can
modify 7 by this unit to obtain a uniformizer 7 as desired.

O

Exercise 4.6.

(1) Obvious by Hensel’s lemma (this is about finding the solution of X2 — u).
(2) We cannot directly use Hensel’s lemma to X? — u. Indeed it is necessary to have u =
1 (mod 8). On the other hand, if u = 1 (mod 8), then X? — u has a solution mod 4, and

the two solutions are not the same. Now we can use Hensel’s lemma to lift two different
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mod 4 solutions to Z,. To be more precise, we want X = 1 4 4Y to be a square-root of
u for Y € Z,, which is the same as (1 + 4Y)2 —u=0,0r16Y?+8Y +1—u=0,or
2Y24+Y + I_T“ = (. This indeed has a root mod 2, as mod 2 this polynomial becomes
Y + 5% By Hensel’s lemma, this means that 2Y? + Y 4 1% has a linear factor whose
mod 2 reductionis Y + 1%‘, so this gives a root.

(3) The statement in Hint is clear. By (2), Q5 /(Q5)? has 8 elements, 2%/?2x {1, 3,5, 7 (mod 8)},
and the 7 nontrivial elements correspond to quadratic extensions. Note that anything cor-
responding to a multiple of 2 is ramified as the minimal polynomial is X ?—(that number),
which is Eisenstein. For a = 3, 7 (mod 8), the minimal polynomial for \/a is X? — a, but if
you plug X +1 we get X2+2X +1—a, which is again Eisenstein, so a = 3, 7 (mod 8) case
is also ramified. The remaining case, @ = 5 (mod 8) case, is actually unramified, namely
Q2(V/5)/Q, is unramified (this is a genuine field extension as 5 is not 1 (mod 8) by (2)).
This is because, for example, if you take z = x + y\/g € Qg(\/g), x,y € Qq, then the
canonical extension of the normalized discrete valuation v, on Q5 to @2(\/3) satisfies

1 vo(z? — 5y
va(2) = 5v2(Noy(v8)/0,(2)) = w

and this is always an integer, namely v,(2? — 5y?) is always a multiple of 2 whenever
z,y € Q. Thisis because if vo(z) # v2(y) then obvious, and if v3(x) = v2(y) then without
loss of generality we may assume vo(x) = v3(y) = 0, then 2% —5y?> = 1 — 5 = 4 (mod 8),
s0 vy (22 —5y?) = 2. Thus only Q,(+/5) is unramified and all the other quadratic extensions
(Qz(\/E), @2(\/i_6), Qz(\/g)’ QQ(\/—_U) are ramified.

O

Exercise 4.7.
(1) Let {v;}icr be an L-basis of K. We define f to be

floi®1) = fi(v),
and extend K>-linearly to define f for every element in K7 ®; K5. This in particular
implies that f(z ®y) = fi(z)f2(y) for every x € K3,y € K>, which in particular implies
that the construction is independent of the choice of basis. It is clear to see that this is an
L-algebra homomorphism. This is unique because the algebra homomorphism structure
forces the value of f on every element.

(2) You apply the universal property for S to K; ® Kj, you get a homomorphism S —
K, ®p K,. Vice versa, you get a homomorphism K; ®; Ky — S. Their compositions,
S — Ki®, Ky - Sand K1 ®;, K9 —» S — K; ® K,, must be the identities as the
universal property gives a unique homomorphism. Thus, S = K; ®j, K.

(3) It is sufficient to show that the elements of the above form multiplied by x ® y is still an
element of the above forms, which is immediate.

(4) If there is R with f1, fo : K, Ko — R, then define f : X — Rasjust f(x ® y) =
fi(z) f2(y). This is unique and there is nothing to think about. Now we need to show that
ker f D I. This is just showing things like f; (v1+v2) fo(w) — f1(v1) fa(w) — f1(v2) fo(w) =
0, etc, which are obvious. Thus, this induces a morphism f : X/I — R. Since the value
of f is again forced by the sturcture of algebra homomorphism, this implies that X /I
satisfies the universal property.

O
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Exercise 4.8.

(1) If K = L((,) with (n,p) = 1, then as X™ — 1 has no repeated roots mod p, the minimal
polynomial of (,, over L, which must divide X" — 1, has no repeated roots mod p, which
implies that K /L is unramified. Conversely, if K /L is an unramified extension, then
ki = ki(a) where a#*x=1 = 1. As #ky — 1 is coprime to p, one can lift a to { € K
such that (##%~1 = 1. Note that L({)/L is unramified with k) = kg, so it follows that
K = L(Q).

(2) Immediate from (1).

O

Exercise 4.9.

(1) Note that 2 is totally ramified in Q(«/) because o’s minimal polynomial over Q is X* — 2,
which is Eisenstein at 2. Similarly, 2 is totally ramified in Q(¢) because we know how
primes factorize there.

(2) We follow the Hint. Suppose Q2(7) C Qz(«). Then, o(a) = i"« for some n = 1,2, 3, but

0% = 1,50i*" = 1, which implies that n = 2, or o(«) = —a. This implies that o(a?) = o?,
so a? = /2 € Qy(i) = Qa()’=". But we have seen that Q(y/—1) and Q,(1/2) are not
isomorphic by Exercise 4.6, because —1 and 2 are not the same as elements of Q5 /(Q5 ).
So a contradiction.

(3) (2) implies that Q2 (cv, %) is a field of degree 8 over Q. Thus, Ky D Q2(«, 7) must be equal
to each other, so a field.

(4) We follow the Hint. Suppose not. Then, as ey, g, is divisible by eg,()/0,, and as « is
Eisenstein, eq, ()0, = 4, which implies that ey, g, is either 4 or 8, and the 8 case is
what we are excluding as assumption. Then, f = 2. This means that there is a maximal
unramified extension in K5 /Qy, which is a quadratic extension of Q. As K5 /Qs is Galois
with the same expression as Gal(K/Q), namely generated by the same s and ¢, we know
precisely what quadratic fields appear as subextensions. Namely, they correspond to index
2 (=order 4) subgroups of D,. By enumerating the three index two subgroups, we see that
the quadratic subfields are Qy(i), Q2(v/2) and Qy(+/—2). They are all ramified over Q,,
so a contradiction.

(5) Note that such p is unramified in Q(«). Since K is the Galois closure of Q(«), K is
the compositum of all Q(«) for o’ a conjugate of . As p being unramified in Q(«) only
depends on the minimal polynomial of « (the discriminant is computed using the minimal
polynomial), p is unramified in Q(«/') for all conjugates o, and therefore p is unramified
in their compositum, K. More concretely, K is the compositum of Q(+v/2) and Q(z{‘/ﬁ)
and in both number fields, p is unramified, so it is unramified in K.

O
5. An invitation to class field theory.

Exercise 5.1.

(1) An embedding ¢ : K — Clies over j : L < C if j is the restriction of i on L C K.

(2) As C/R is ramified, this means the following. If an archimedean prime i : L — Cis a
complex embedding, then any archimedean prime of K lying over 7 is necesarily a complex
embedding, so it is automatically unramified. If 7 is a real embedding, then we want every

archimedean prime of K lying over ¢ to be a real embedding.
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(3) The only thing we need to prove is that R* /N¢/r (C*) = Gal(C/R) via Artg. As Ng/r(C*)
is precisely R-, we get the result.
(4) The local existence theorem says that

{Open finite index subgroups of R*} <+ {Finite abelian extensions of R}.

Note that the finite extensions of R are R and C, and they are all abelian. Correspondingly,
if G < R* is an open finite index subgroup, then firstly 1 € G, and an open neighborhood
of 1 isin GG. Therefore, there is some A > 1 such that every real number between A and 1
is in G. Taking the integer powers of these, we see that all positive real numbers must be
in G. Then we see that there are exactly two possibilities for open finite index subgroups
of R*, either R* or R (. We see that R* corresponds to R and R~ corresponds to C.

O

Exercise 5.2.

(1) The Minkowski bound is < 2, so hy, = 1.
(2) Note that K = L(y/—1), so in this perspective 1,1/—1 € O is an L-basis of K, so
disc(K /L) contains

det G _{;;)2 — 4 e dise(K/L).

On the other hand, K = L(1/—3), so in this perspective 1, %53 € Ok is an L-basis of
K, so disc(K /L) contains

1 V=3
det ) 2= | = —3 € disc(K/L).

2

So, 4 — 3 € disc(K /L), which means that disc(/K/L) = (1) is the unit ideal, so all finite
prime ideals of Oy, is unramified in K.
(3) It’s consistent because the archimedean primes of L ramify in K.

0

Exercise 5.3.
(1) Note that Jg = {(n) : n € N, (n,m) = 1}, and Artg, /g sends (n) € Jg to
n € (Z/mZ)*, so ker Artgy, 10 ={(n) : n €N, n =1 (modm)}. fm = p{' - p" is
a prime factorization, then

ker Artg. o =1{(n) : n€N, n=1(modm)} = {(n) : n>0, p;°

(n—1)} = Fyg"™.

By the global existence theorem, Q((,,) = Q(moo) is the ray class field of modulus mooc.
This implies that fg(c,,)/q|moo. Note that fg(c,.)/q is divisible by 0o, as Q((,,) has no real
prime.

(2) Note that the ray class field Q(fg(c,.)/0) contains Q((y,), so Q(¢,) contains Q(,). Since
va(m) # 1, Q(¢n) = Q(¢,) with n|m implies that n = m.

(3) For m odd, —(,, is 2m-th root of unity, so Q((2,n) = Q({n)- So (1), (2) implies the con-
clusion.

(4) Note that, lfNK/QQ(KX) D1+ QZQ, then 1 + 2Z2 = Z;, SO NK/QQ(KX) D ZX, SO K/QQ
is unramified. Thus, either fx /g, = 0 or fx/q, > 2.
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(5) (3) and (4) imply that Q(moo) = Q((,,,). From this, Q(m) C Q((,,)". Note that CI}} =
Jg/ Pg, where Pt = {(n) : pi*|(n—1)},so Cl = (Z/mZ)* /{£1}, which implies that
the ray class field of modulus m, Q(m), is index 2 subfield of Q(moc) = Q((,), which
implies that Q(m) = Q((n)™.

O

Exercise 5.4.

(1) Note that all archimedean primes of K are complex, so K’/ K is unramified in archimedean
primes. Moreover, K’ = K (1/2) means that all primes of & coprime to 2 are unramified
in K'. Moreover, K’ = Q(v/2,+/—7), and 2 splits completely in Q(v/—=7), as 2> + = + 2
has a root mod 2. As 2 is totally ramified in Q(\/i), for K'/Q,e=2and f =2,s0 g = 1.
As 2 is totally ramified in Q(+/—14), for the unique prime p, of K lying over 2, in K’/ K,
e=1,f=2,9g=1,sothat K'/K is unramified in p,. All in all, K’/ K is unramified.

(2) Note that the identity in the problem shows that K = K’(1/2v/2 — 1) = K'(v/—2v2 — 1).
Note that these two descriptions imply that disc(K”/K') 3 4(2v/2 — 1),4(—2v2 — 1),
so 8 € disc(K"/K), so in particular any prime coprime to 2 is unramified in K" /K’
(including the archimedean primes, as all archimedean primes are already complex).

(3) Note that K” = K’(a). The discriminant of the polynomial X% — (1 4+ v/2)X + 1 is
(1++/2)? —4 =2v/2 — 1, so in particular 2v/2 — 1 € disc(K"”/K'). Since 7 is a multiple
of 2¢/2 — 1,8 — 7 € disc(K"/K'), which implies that disc(K”/K') is a unit ideal, so
K" /K’ is unramified.

(4) Note that we have four automorphisms K" /K,

00 V2 V2,4/2v2 -1 1\/2v2 -1,
01:\/§|—>\/§7 2\/5—1~—>—\/2\/§—1,

02:\/§~—>—\/§, 2V/2 -1+ —2\/5—1,

03: V2 —V2,4/2V2 — 1= —\/—2v2 — 1.

Indeed one checks that these are four different automorphisms of K over K, so K"/ K is
Galois. Since any order four group is abelian, K"’/ K is abelian. Since K" /K is unramified,
Hig = K".

(5) Note that we can use o = / 2v/2 — 1, whose minimal polynomial is (a2 + 1)2 = &, or

a* 4 2a? — 7 = 0. Its discriminant has prime factors in 2, 7, so the statement follows.

O

Exercise 5.5.
Note that by Hint

1= (bct ac™t) = (b,a)

(b,C )( )(C_lac_l) = (b a)(b7 C)_l(ca a)_l(_c_17c_l)<_17c_l)
= (b,a)

(e;b)(a, )((=1)", ™) = (b,a)(a+ b,b)(a,a+b),
as (=1)", ¢ 1) = (=1,¢1)" = 1, s0 (a,b) = (a,a + b)(a + b, b). O

Exercise 5.6.
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(1) Note that e = p — 1, so (1 + 72Ok, x) = (7*Ok,,+). Also, (1 + 7Ok, x) =
(7P Ok, , +). Since p(1* O, , +) = (" Ok, +) (p) = (7)), so (1 + 12Ok, , x)P
(1 + 7Tp+1OKp, X).

(2) Fori+j > p—1,e;,;isap-thpowerby (1). Thus, by Question 4, (e;, 'e;) = (e;, €i1)(€irj, Tle;) =
1. Thus, 1 = (e;, w'e;) = (e;, ) (s, €5). Since (e;, ) = (1—7, ") = 1, we get the result.

(3) Hint is pretty much self-explanatory; the only issue is that z; converges, which is also
quite obvious as ¢; = 1 (mod 77) and j — oc.

(4) Note that, as K has only complex primes, the power reciprocity implies that ( %) (g) =
Mpt1 m
a,b),, so we need to show that (a,b), = 1. Note that by (3), a = ¢ ff ceeep PP b =
p p y ptl p
2

Tp+l

n
€,4i - ep'dP for some ¢, d € O, so
2
Mp+1 o T p41 np Ip Mp+1 m Np+1 n
— 2 2 J— 2 2
(a7 b)P - (eu pcp Cp+i e,’d ) — (eﬂ €p pﬂfm epp)
2 2 2 2
p
_ ming __
- H (ehe])p - 9
ii=r5

by (2), as desired.

6. Units, class numbers, and L-functions.

Exercise 6.1.
(1) Letu = {@J + Y41 Thenw = VQHJ YAl Asd > 1 u > {@J > 2] =1

2
,80 0 < —u < 1 (this is never 0 because ‘/;l;l

2
On the other hand, —u = @ — C?

is never an integer), which implies that —1 < w < 0, so that u has a purely periodic
continued fraction.
(2) The proof is exactly the same as in the case of d Z 1 (mod 4) case, noting that, for u =

x+y@withN( ) ==+1,z,y > 0, we have <az—l—y‘f“> <x+y_f+1) = ($+%)2_
dy = 7?2 + xy + 14dy2_j:1,sothat

|¢a_1 o e G | B
2

Yy Yy y(x—i—ny) y(x—ky@)

O

Exercise 6.2.
(1) The first statement is clear as the units of K are £¢”" and Ng/g(£€") = Ngjg(e)". If
disc(K) = 4d, then a unit is of the form = + v/dy, and N /g(z + Vdy) = 22 — dy?, so in

this case 72 — dy* = —1 has integer solutions, from which one gets integer solutions to
1? — 4dy? = —4 by doubling x. If disc(K) = d (i.e. d = 1 (mod 4)), then a unit is of the
form L;/Ey, r =y (mod 2), so NK/Q(H;/@) = z2_4dy2, so in this case 22 — dy? = —4 has

integer solutions.
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(2) If p|d, p = 3 (mod 4), then if N(K) = —1, then 22 = —4 (mod p) has a solution, which is
-1

impossible as - ) = -1

(3) Note that Cly; — CI(K) is an isomorphism if and only if P} — Pk is an isomorphism.
This means that, for any principal ideal (a), a € K*, there exists a generator b € (a) such
that b,b > 0, where, for b = 2 + \/dy, b = x — /dy. By possibly replacing a with —a,
we can assume that a > 0. If @ < 0, then this means that there exists a unit u € O} such
that v > 0 and u < 0; the existence of such unit is equivalent to Cly — CI(K) being
isomorphism. Note that if there exists a unit v of norm —1, then either v or —v is positive,
and the positive unit will exactly have this property, as v0 = —1. On the other hand, if all
units are of norm 1, then v and v will have the same sign for every unit v, so there is no
such unit. Thus, this establishes the equivalence.

(4) By (2) and (3), if d has a prime factor = 3 (mod 4), then C1} — CI(K), which is surjective,
is not an isomorphism, so K (m) is strictly bigger than H. As m; = 1, the ray class field
K (m) satisfies the desired properties of L in the problem.

Exercise 6.3.

(1) Note that

o 552 d o s _ﬂ_n2 d 8"—1 _s+1
[ B 5 i [y = S g () )
0 0

n>1 n>1

s 1
=75 <S—£ ) L(s, x).

(2) Note

Oliy) = Y x(b) D (mn+b)y/ge ™Y =N X (b)Y fyeln),

be(Z/mZ)* nez be(Z/mZ)* nez

where f, ,(z) = (mz + b)\/ye—ﬂmﬁbfy. By Poisson summation,

Oy) = > x)Y fun).

be(Z/mZ)* nez

Note that f,;(z) = f(\/y(mz + b)), where f(z) = ze”™ . As f(iL‘) = —ize ™,

— eIt T It iz’ iremt
Fonl) = f( ):—i o e
Y my/y" \m\/y MY /Y m2y
Thus
- Z,ﬂg%rﬂinb 7'rn2
0, (iy) = b - Cm?y |
= 3 oy (-
be(Z/mZ)* nez
Note that




Again the identity follows from

be(Z/mZ)*

U

Exercise 6.4.
(1) Really the whole sum is bounded by > > 7" p™ =3 L <2 >, P~ so the right

p

p 1—p=*°
hand side is absolutely convergent. This thing by the similar reason uniformly converges
on the region Re(s) > oy for any oy > 1, so the right hand side defines a holomorphic

function on Re(s) > 1.
(2) Note that log L(s,x) — >, x(P)p™° = 22, > 0t X(p)tbp_ns, so this difference is bounded

above by
0 —2s
DI IR P BE) PR aC)
P P

p n=2

(3) (2) implies the desired inequality. Note that log L(s, x), as s — 1T, goes to a finite num-
ber if x # 1, as L(1,x) # 0, and goes to +00 if x = 1,,. Thus, 37 10— o (modm) P
diverges as s — 17, which means that there are infinitely many primes that are =
a (modn).

—S

O

Exercise 6.5.
(1) This is immediate as 7, is a cube mod 75 and vice versa.

2_q
(2) Note that G(x)" ! = (pn)*5 = <§> (%) (mod q). Since any integer is a cube mod ¢,

(g) = 1, so the equality follows.
(3)

p—1 5 p—1 5

2miaq

G)T =Y x(@)e 7 =Y x(ae 7 (modg).

(4) We have >~ x(a)e2m @’ /? = G(x)x(¢®) ™! = G(x)x(q). so (2) and this gives the cubic
reciprocity.

O

Exercise 6.6.
(1) This is just B, 1 = B,,.
(2) Note that pB,, = >*_ >°" (")p'Bia"". So

a=1
P n—1
PBu=) (0" Buta 4+ (") P~ (pBy)a" ),
a=1 i=1
SO
(p—p"")Bn € Zy,
so pB,, € Zy.
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(3) Note that

p p p
(p—p"™)B, =) a"+) npBia" ' =) a" (modp).
a=1 a=1

a=1

Here, we use v,(npB;) > 1; this is obvious if p is odd, and if p = 2, this is true because

n is even. If n is not a multiple of p — 1, Y7 _ @” is a multiple of p. If not, Y > _ " =
p — 1 (modp). Since 1 — p™ = 1 (mod p), pB,, = —1 (mod p).
O
Exercise 6.7.
Let K = Q(v/—21). Then disc(K) = —84. Then
84
8dh = £ Y  x-sa(@)a = £ (xX—sa(1)+5x_5a(5)+11x_sa(11)+13x_5a(13)+17x_s4(17)+19x_54(19)

a=1

+23X-84(23) +25X -84(25) +29x-84(29) + 31 x84 (31) +37x 84(37) + 41X _84(41) +43x84(43)

+47X 84(47) + 53X -84(53) + 55X -84(55) +59x84(59) + 61X 84(61) + 65X _55(65) +67x—84(67)
+T1x—s84(71) + 73x—84(73) + TIx—54(79) + 83X —54(83))

— - ((1-83)xsa (1) (5=79)x_sa(5)+ (11—73)x_ga(11)+(13—71) X _sa(13) (17— 67)x_sa(17)
(19-65)x_s4(19)-+(23—61)_5a(28)-+(25—59) 54 (25)+(29—55) X _s4(29)+(31-53)x_sa(31)
(BT — A7) _sa(37) + (41 — 43)x_sa(41))
= £ (—82x-84(1)—T4x-84(5) —62x—84(11) =58 -84 (13) —50X -84 (17) —46x—54(19) —38x -84(23)
—34x-84(25) — 26X -84(29) — 22X -54(31) — 10X -584(37) — 2X-54(41))

() () () () () (52
() () () ()
e n(2)-w(k) w(3) w(5) w52
sron(3)-2(3) n(E) +(2)
= +(—82—-74—62—58 <$) —50+46 (%) —38 (%) —34-26 <?) —22-10 (%> —2)
s (2) () s (2) 0(2)
— +(—364 + 58 + 46 (%) +26 — 10 G))

= (=280 — 46 — 10) = 336.

Thus,hK:?’S?’—f:él. O

Exercise 6.8.

(1) This is immediate as ex = a + bv/d where a,b > 0.
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(2) By (1),
1

log Jex|

hx =

S o@Dy £ ()]

<a<2d, a odd
(sm( ))|——10g(sm( )) So, hK<— dlog(sin(ﬁl)).
(3) For0 <z < 1, sm(5 x) > x because sin(Fx) is concave downward. Thus

log(sin(7/4d)) > log(1/2d) = —log(2d),

Since sin (Z—g)

w0 log(2d)  log(2) 4 log(d)

hrg <d =
B Mog v 5 log(d)

< 4d.

7. Cyclotomic fields, redux.

Exercise 7.1.

(1) Let f(X, Z)[X™] be the formal power series in Z arising as the X-coefficient of f (X, 7).
Then

They coincide, which is what we want.
(2) Note that
i B,(X +1) — B,(X) ZeXHNZ _ 7eX2  7eXZ(eZ 1)

n! ez —1 eZ —1 ¢

n=0

Thus,

BuX + 1) = BuX) _ oy X
(n—1)V

n!

which gives what we want.
(3) This is an immediate consequence of (2) and the definition of B,,(X).
(4) Note that

p

w1 _ n+1 9 _ 9
Za = ((n—i—l)Bnp (n_l)Bn_lp + )_an (mod p?).

a=

5) Note that z, = |2 |. From ab = px, + T4,
(5) > p

(ab)" = ™ + np BbJ "1 (mod p?).

The equation follows from r, = ab (mod p).
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Adding the equation over 1 < a < p, we have

p p p—1
_ n_1 | @b
b" E a" = E 4 pnb™ ! E a” LEJ (mod p?).
a=1 a=1 a=1

Since {ry,72, -+ ,7,} ={1,2,--- ,p} (modp), we get the conclusion.
(6) Let s be a primitive root mod p. Then, for n even and not divisible by p — 1,

o s [
pBn =) "= 1 (
j=1

so for (n,p) =1,

mod p?),

mod p).

n— 1 :n—11sj
B, » Y2
n s —1 (
The right hand side only depends on the congruence class of n mod p — 1, so we get the
congruence.

O

Exercise 7.2.
(1) We want to find, for a, x such that w(a) = a + pxr (mod p?). The requirement is that it is
a (p — 1)-st root of unity, so

(a+ px)P~' =1 (mod p?),

SO

a4 (p — Dpra’=* = 1 (mod p?).

1—aP~1 ap_lfl

Sopr = (g jz = ‘o (mod p?).
(2) Note that By ,— = % Za L aw~*(a). Thus, since wP~*(a) = 1, we want to show that

p—1 p—1 pB
aw "(a) = awP ™1 i ] mod p?
; (a) azl (a) P ( ).

)
p—1 p—1
Zaw” a) = (p—1) Zap”' (p—i—1) ZaPQ’p’”l
a=1 a=1
p p ) ‘
=(p—1)Y_ a" ' —(p—i—1)Y a” P =p((p—i)By—i — (p—i—1)Bp_p_ir1) (mod p?),
a=1 a=1



since p — i and p> — p — i + 1 are even and not divisible by p — 1. Moreover, p — i =
p> —p—1i+1(modp — 1), so by Kummer congruence,

2 . . .
o pP=p—1+1 =i+ 1—1
BpQ—p—H-l = TBpfi = i Bpfi = TBpfi (HlOdp),
SO
. . 1—1 1
(p—i—1)Bp_piv1 =—(i+ 1)TBp,,- =(—i+ i B,_; (mod p).
Thus,
— p—i—1 . . . . 1 Bpfi Bpfi 2
> aw?™ N a) = p((p—i)Byi—(p—i—1)Bp_piy1) =p (p—i+i— o) Bri=p—— = P (mod p”),
a=1
which is what we want.
O

Exercise 7.3.

Hint is obvious as p is totally ramified in Q((p). As K := Hg(c,.) N Q((p) is a subextension
of Q(¢y»)/Q((pe) which is everywhere unramified over Q((ye), by H1nt K = Q({pe). Now the
argument as in the proof Theorem 20.3(1) works in the same way. O

Exercise 7.4.
(1) This follows from what we proved in the analytic proof of the quadratic reciprocity law

that G(xp) = iy/p-
(2) Note that

p—1

D xp(@a =Y xp(20)2a+ > xp(20)(2a—p) = > xp(20)2a+ > x,(2(p—a))(2(p—a)—p)

=N N
= Z Xp(2a)2a + Z Xp(2a)(2a — p),
a=1 a=1

which gives what we want.
(3) Note that 2x,(2) times the expression in (1) minus the expression in (2) gives

(2xp(2) — Dhx = x,(2) pr

or
p—1

Xp(2) -
hi = =57 xola) = Xp(
2><p(2)—1Z g 2—><p Zl :
—1
(4) Note that Za 1 is the number of quadratic residues minus the number of quadratic non-

residues. Since 2 — x,,(2) is either 1 or 3, we get the result.
O

Appendix A. Basic commutative algebra.
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Exercise A.1.
Fora € Aand f € Homa(M,N),or f : M — N an A-module homomorphism,

a-f:M—=N, a-f(m)=a-(f(m)),

where a - (f(m)) means you act by a € A on f(m) € N using the A-module structure on V.

Checking why this is an A-module is omitted (standard). O
Exercise A.2.

(1) One direction is obvious. Suppose M, My C M such that My " N = M, N N and

My Let M3z = M; NN = My N N. Then it is a B-submodule of M, so there

MinN — Ma mN
is a one-to-one correspondence between the B-submodules of % and the B-submodules
of M containing M3. As % = M2 C 1 it follows that My = M.

(2) For such a module M with a generator m define amap B — M by b — bm. By definition,
it is surjective. Its kernel [/ is an ideal, as if x € B is sent to zero in M, this means xm = 0,
so forany y € B, zym = 0,so xy € I.

(3) The base case is clear as Noetherianity of A implies that an ascending chain of ideals
stabilizes. Now suppose M is an A-module with n generators my,--- ,m,. Let N be the
submodule of M generated by mq,--- ,m,_1. Let M; C M, C be an increasing sequence
of submodules of M. Then M1NN C M,N C - - - is an increasing sequence of submodules
of N, which stabilizes by induction, say aftern > X. Let L = Mx N N. Then we still have
an ascending chain of submodules 2x M)z“ C---of % Since % is generated by one
element, again by induction this cham stabilizes. By (1), the original chain stabilizes.

O

Exercise A.3.

(1) Itis F-linear as A is an F'-algebra. It is injective as it is an integral domain.

(2) It is a finite-dimensional F'-vector space because that’s literally what it means to be a
finitely generated F'-module. Thus, m, is an injection between two F'-vector spaces of
the same finite dimension, so m, is surjective by rank-nullity theorem.

(3) For a € A nonzero, let a=' = m_(1). Then a™! is the desired multiplicative inverse to

show that A is a field.
O

Exercise A.4.

If a is an integral ideal of A such that a D I + J, thenboth a D [ and a O J, so a divides both
I and .J, which by the unique factorization means I + J divides [T, p!""““"). On the other
hand, for each 4, p;* D I, .J,sop5* D I+ J, so p;* divides I + J for each i, so we get the formula
for I + J.

The formula for / N J is even easier,asa C [ N J ifand onlyifa C / and a C J. O
Exercise A.5.
(1) It is obivous that it is sufficient to prove the case when ey, --- ,e, > 0 with b € A. Note
that p /p¢™ is an ideal of A/p¢"™" where
Afpit ‘
/pel+1 - A/pl :
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As #A[pf = N(p) = N(pi)*, we have ##p* /pi" = N(p:) "' /N(pi) = N(pi) > 1,

which means that p /p&*! is nonzero. This means that we can choose z; € p§'/pSi™
that is not zero for each i. As in the hint, we can use the Chinese Remainder Theorem to
find b € A such that b = 2 (mod p*!). This means that b € p& but b ¢ pS™'. Thus,
(b) C I, w5, or [T, ps* divides (b), but for each i, pi**" does not divide (b). This is
exactly what we want.

(2) Without loss of generalities, suppose that e1,--- ,e,, < 0 and e, 41,--- ,e, > 0 (if all
e;’s are nonnegative, then the strong approximation is the version of weak approximation

we proved above, so there is nothing more to prove). By using the weak approximation
theorem we proved, we can find b € A such that (b) = [[[, p;“ [[}_, q;cj for f; > 0

and q;’s different from p;’s. Also, by the weak approximation theorem we proved, we can
find b’ € A such that (V') is divisible by [[,, ., pi" [}, qu and — (Zli) —; is not

) | EESE e | P
divisible by any p;’s or q;’s. Then, % € Frac(A) satisfies the condition.

Exercise A.6.

(1) Straightforward.

(2) Asv(1l) = v(1) +v(1), v(1) = 0. Thus, v(n) > min(v(1),--- ,v(1)) = 0 for alln € N.
Also v(1) = v(—1) + v(—1) implies v(—1) = 0, so v(n) = v(—n) which means that
v(n) > 0foralln € Z. Let I = {n € Z | v(n) > 0}. This is an ideal as, if n € I, then for
allz € Z,v(axn) = v(z) +v(n) > v(n) > 0, so xn € I. Furthermore, if zy € I, 2,y € Z,
then v(zy) = v(x)+v(y) > 0,sov(z),v(y) > 0 implies that either v(x) or v(y) is strictly
positive, so either x or y is in I. Thus, [ is a prime ideal of Z, I = (p) for some rational
prime p. This implies that v(n) = 0 for n € Z coprime to p. Also, if z € I, then x = py for
some y € 7Z, so v(x) = v(p) + v(y) > v(p). Thus, v(p) is the minimum possible positive
value of v(x). As v is normalized, v(p) = 1. From v(p) = 1 and v(n) = 0 for n coprime
to p, we can determine v(n) for all n € Q, and see that v = Up.

O

Exercise A.7.

We just define g(a/s) = f(a)f(s)™' fora € A and s € S, which is a well-defined ring
homomorphism (check) and thus exhibits the existence part. This formula is forced upon us as
f(a) and f(s) are forced, so this shows the uniqueness part. O

Exercise A.8.

(1) Note that Z, is an integral domain (check). Let v : Z, — Zso U {c0} be defined as
v(ay,ag,-++) = min(n | a, # 0 (mod p™)) — 1 (if there are no such n, we interpret it as
oo, which is exactly when (aq,as,--+) = 0). This is a discrete valuation (check). Note
also that (p, p, - - - ) is not invertible and not zero, so Z, is not a field. So, Z, is a discrete
valuation ring.

(2) We can just take n~* (mod p*) for each k. By Question 2, we get a natural map Z,) — Z,,.
Since no nonzero element is sent to 0, this is an injection.

(3) Note that Z,) C Q is countable. On the other hand, Z, is not countable; informally
speaking, choosing a,, given a,,_; has p possibilities, so the cardinality of Z, is p", which is
uncountable. More precisely, we have a surjective map f : Z, — 2N, where 2" is the set of
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subsets of N, where n € f(ay,---)ifand only if 0 < a,, < p*lasa congruence class mod
p". This is surjective since, given I C N, we can take (a;, -+ )tobe a, = by +---+b,p" 1,
0 ifiel
1 ifigl
Thus Z, is uncountable as desired. This shows that Z,) — Z, can’t be surjective, and
also QQ,, also uncountable, is strictly bigger than Q.

b, = Thus the cardinality of Z, is at least that of 2N which is uncountable.

O
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CLsy, 55
SLs, 55
[in, 111
G, 130

absolute value, 75
oo-adic, 76
p-adic, 76
archimedean, 75
equivalent, 75
induced topology, 75
non-archimedean, 75
nontrivial, 76
Ostrowski’s theorem, 76
trivial, 76
adele, 103
algebra, 169
endomorphism, 170
finitely generated, 170
integrally closed, 170
algebraic integer, 9
analytic class number formula, 144
archimedean prime, 103
complex prime, 103
real prime, 103

Bernoulli number, 139
Bernoulli polynomial, 140
generalized Bernoulli number, 139
binary quadratic form, 55
discriminant, 55
equivalent, 55
nondegenerate, 55
positive definite, 55
primitive, 55
properly represented integers, 55
relation with ideal class group of
imaginary quadratic fields, 57
strongly equivalent, 55

Chebotarev density theorem, 105
Chinese remainder theorem, 178
complex embedding, 46
continued fraction, 125
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convergent, 126

finite, 125

infinite, 125

periodic, 125

purely periodic, 128

cyclotomic field, 39

Converse to Herbrand’s theorem, 162

Cyclotomic reciprocity law, 42

cyclotomic unit, 161
real cyclotomic unit, 161

Galois group of cyclotomic field, 40
Frobenius, 42

Herbrand’s theorem, 162

prime splitting of cyclotomic field, 41

regular prime, 158

relative class number, 155

ring of integers of cyclotomic field, 39, 41

Stickelberger ideal, 162

Stickelberger’s theorem, 162

unramified primes of cyclotomic field, 39,
41

Vandiver’s conjecture, 165

Dedekind domain, 173
ring of integers is Dedekind domain, 26
unique factorization of ideals, 176
Dedekind zeta function, 143
density, 105
different, 70
different and localization, 70
discriminant is norm of different, 72
transitivity of different, 70
Dirichlet L-function, 131
analytic continuation, 132
Euler product, 131
functional equation, 132
Generalized Riemann Hypothesis, 143
Riemann zeta function, 131
trivial zero, 141
values at the integers, 140
Dirichlet character, 129
1,130
1,,, 130
conductor, 130



even, 129

Gauss sum, 132

imprimitive, 130

Jacobi sum, 137

modulus, 129

odd, 129

primitive, 130

principal character, 130

quadratic character, 147

Teichmuller character, 160

theta series, 132
functional equation, 133

trace field, 140

discrete valuation, 184

normalized, 184
discrete valuation ring, 183
complete
field of fractions is complete discretely
valued field, 77
completion, 77
discrete valuation ring is a PID, 183
uniformizer, 184
discretely valued field, 75
complete, 75
Eisenstein polynomial, 84
extensions of a complete discretely
vaued field, 80
Hensel’s lemma, 78
Newton polygon, 84
slopes of a polynomial, 84
valuation ring is complete discrete
valuation ring, 77
completion, 77
discriminant, 15
conductor-discriminant formula, 158
discriminant detects ramified primes, 69
discriminant in terms of embeddings, 15,
69
discriminant is norm of different, 72
discriminant of a power basis, 17
discriminant of binary quadratic form, 55
discriminant of subfield divides
discriminant of bigger field, 21
relation between discriminant and index,
16
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relative discriminant, 68

Fourier transform, 133
fractional ideal, 175

Gauss’s lemma, 11
global class field theory, 103
Artin map, 105
Artin reciprocity, 107
existence theorem, 107
Hilbert class field, 108
principal ideal theorem, 110
Hilbert symbol, 111
Hilbert reciprocity law, 113
tame Hilbert symbol, 112
Kronecker—Weber theorem, 44
power reciprocity law, 113
power residue symbol, 113
ray class field, 107
ray class group, 106
Gram matrix, 15
group ring, 159

height, 121
Northcott property, 122

ideal class group, 27
class number, 27
finiteness of, 50
ideal class group of quadratic field, 51
algorithm for imaginary quadratic
fields, 61
correspondence with quadratic
numbers, 56
imaginary quadratic fields and strong
equivalence classes of binary
quadratic forms, 57
idele, 103, 107
infinite Galois theory, 185
Galois correspondence, 187
Galois group, 186
Krull topology, 186
integral, 170
integral closure, 170

lattice, 46
fundamental parallelopiped, 46



Minkowski’s theorem, 47
Legendre symbol, 6
local class field theory, 98
Hilbert symbol, 111
tame Hilbert symbol, 112
local Artin map, 98
local Artin reciprocity, 98
local conductor, 101
local existence theorem, 97, 99
local Kronecker—-Weber theorem, 97
power residue symbol, 113
local field, 78

p-adic localization of number field, 78

p-adic, 78
archimedean, 104
Galois group
decomposition group, 87
Frobenius, 84
inertia group, 87
ramification group, 87
tame quotient, 88
wild inertia group, 87
tamely ramified extension, 88

maximal tamely ramified extension, 88

totally ramified extension, 82
unramified extension, 82

maximal unramified extension, 82, 100
unramified extensions are Galois, 82

wildly ramified extension, 88
local ring, 183
residue field, 183
localization, 181
prime ideals of localization, 181
quotients and localizations, 181

module, 168
finitely generated, 169
free, 169
rank, 169
modulus, 104
J2, 104
conductor, 101, 107
empty, 106
finite, 104
infinite, 104
ray class group, 106

ray class group is finite, 106
Mordell’s equation, 4, 54
multiplicative set, 181

Noetherian, 173
finitely generated over Noetherian is
Noetherian, 174
modules, 173
rings, 173
norm, 12
general formula, 13
ideal norm, 27, 66
quadratic, 10
transitivity of norm, 12
units are detected by norms, 15
normal, 175
number field, 9
MK, 122
CM field, 155
Q. 155
relative class number, 155
totally real subfield, 155
degree, 9
Dirichlet’s unit theorem, 121
discriminant, 16
fundamental system of units, 124
fundamental unit, 124, 127
quadratic field, 9
quadratic character, 147
regulator, 144
ring of integers, 12
compositum when discriminants are
coprime, 22
ring of integers is finite free, 19
ring of integers of quadratic fields, 9
totally complex field, 155
totally real field, 155

Pell’s equation, 124
Possion summation formula, 133
prime splitting
decomposition group, 34, 73
Frobenius, 37, 74
Frobenius and prime splitting, 38
inertia group, 34, 73

Dedekind’s criterion, 32, 66
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Galois acts transitively, 34, 73
inert, 31, 66
quadratic fields, 28
ramification index, 31, 66
ramified, 31, 66

ramified primes are prime factors of

discriminant, 69

tamely ramified, 91
relations on e, f, g, 31, 64
residue degree, 31, 66
split completely, 31, 66
totally ramified, 31, 66
unramified, 31, 66

quadratic number, 56

correspondence with fractional ideals of

quadratic fields, 56
quadratic reciprocity law, 6
algebraic proof, 43

analytic proof, 135
class-field-theoretic proof, 114

rapidly decreasing function, 133

real embedding, 46
reciprocity, 7
cubic reciprocity law, 116
analytic proof, 138
primary number, 115
rational cubic residue symbol, 117
global Artin reciprocity law, 107
Hilbert reciprocity law, 113
local Artin reciprocity law, 98
power reciprocity law, 113
quadratic reciprocity law, 6, 43, 114
reduced, 70

Schwartz function, 133

topological group, 186
trace, 12
general formula, 13
quadratic, 10
transitivity of trace, 12

upper half plane, 59
fundamental domain, 59
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